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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 49 ]. This is test number [ 193 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi %9388 (46) | %612 (3)
Mathematica | % 95.92 (47 ) | % 4.08 (2)
Maple %97.96 (48) | %2.04 (1)
Maxima % 40.82 (20) | % 59.18 (29)
Fricas % 30.61 (15) | % 69.39 ( 34)
Sympy %16.33 (8) | % 83.67 (41)
Giac % 32.65 (16 ) | % 67.35 ( 33)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.88 0. 0. 6.12
Mathematica 73.47 0. 22.45 4.08
Maple 53.06 28.57 16.33 2.04
Maxima 22.45 18.37 0. 59.18
Fricas 14.29 12.24 4.08 69.39
Sympy 16.33 0. 0. 83.67
Giac 20.41 12.24 0. 67.35




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.43 268.2 0.98 190. 1.
Mathematica 5.78 314.53 1.3 272. 1.04
Maple 0.29 2060.08 4.59 355. 1.63
Maxima 14 326.95 212 281.5 2.23
Fricas 5.4 2540.87 10.26 697. 5.26
Sympy 15.02 615. 4.57 427. 3.3
Giac 7.11 419.12 2.61 381.5 2.05

1.4 list of integrals that has no closed form an-
tiderivative

(30,31

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {29}

Mathematica {5}[9}[10}[11}[12,[13,[14}[15}[16} 17} 19} [21} 22, [29},[36}[37} 38} [39} {40} 41} 42} [43} [44}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2}[3} [ B} 6} 7} 8} [0} [0} [T} 12} 13} [T4} [15} [16}, (17} [18} 19} 20} 2T} 22} 23} 24} 25 27, 29
B0} 31} [32}[33}[35}[36}[37}[38, [39} [40} [41} [42} [43] [44} [45}[46} [4 7} [48} [49] }

B grade: { }

C grade: { }

F grade: {[26][28][34}

2.1.2 Mathematica

A grade: { [T}[2[3)[4[6} 7,8} 9 10} [11} 15} [16}[17, [23}[24} 25} 27} 28} [29} [30} [31} [32} [33}[35}[36}, [37,
[38}[39} [40} [41} [42} [43} [45 47} [48] [49] }

B grade: { }

C grade: {[5}[12)[13)[14,[19} 21} 29} [26,[34} [44} [46] }

F grade: {

2.1.3 Maple

g}rader (BB6 7B I3 142223, 24 252627} [28} [30} 31} [82}[33} 85} 36, 4} 45} 46, 47} 48,
49

B grade: {[1} [2}[3}[9} [L0} 1T} [21} [37 [38} [39} [40} [41} (42} [43] }
C grade: ([13{15/I6, 7 B I 20 51
F grade: {}

2.1.4 Maxima

A grade: { [T}[2} B} [4}[6}[7 [30} 36} [37} 38} [39]
B grade: {[8}[0}[L0}[LT} [22} [40} [41} (42} [43] }
C grade: { }

F grade: { 19 [13[14}[19}16} 1718} 19} 20} 21} 23| 4} [25| 26 [27) [28) [29) 311 32} 33} 34} 35} 44}
(45} /46, 47 |48, |49}

13
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21.5 FriCAS

A grade: {[B}[4}[23}[24} 25,30} 31] }
B grade: {[IL[2}[6}[7}[81[27}
C grade: {[32,[33]}

F grade: { [)OYTO} TT)[T T34 [T5 [ [7 8} 1920} 21 2 25 28} 295 5 ) 37 8 )
O A R AR )

21.6 Sympy

A grade: (LB BRBEIERE)
B grade: { }

C grade: { }

F grade: ({7800, 1)1
555,50 5758 GOy RO, L, 0, ) A e ) A B 0

,,[;

2.1.7 Giac

A grade: {[4[6}[23} 2425} 27,30} 31}[32, 33}
B grade: (JBBRBE)
C grade: { }

F grade: {[F,0,[0} 11} 123 17 7 6, 7 16 0 20 21 22 26, 20 7 5,6, 7 53 B0, 1
L2 3, B O B A RS 9]

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ————— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 274 395 369 697 381 524
normalized size | 1 1. 1.84 2.65 2.48 4.68 2.56  3.52
time (sec) N/A 0.141 0.18 0.031 0977 1.733 5246 1.333
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 205 308 282 527 279 397
normalized size | 1 1. 1.64 2.46 2.26 4.22 223 318
time (sec) N/A 0.141 0.132 0.03 0966 1794 3.35 1.331
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 129 218 185 358 178 263
normalized size | 1 1. 1.34 2.27 1.93 3.73 1.85  2.74
time (sec) N/A 0.122 0.095 0.029 0.99 1.666  2.037 1.152
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 96 92 112 228 92 157
normalized size | 1 1. 1.14 1.1 1.33 2.71 11 1.87
time (sec) N/A 0.076 0.01 0.029 0973 1649 1184 1.163
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 114 114 257 148 0 0 0 0
normalized size | 1 1. 2.25 1.3 0. 0. 0. 0.
time (sec) N/A 0.081 0.245 0.132 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 102 114 134 387 782 176
normalized size | 1 1. 11 1.23 1.44 4.16 841 189
time (sec) N/A 0.067 0.119 0.031 0967 1911 8.629 1.173
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 133 154 257 933 0 791
normalized size | 1 1. 1.02 1.18 1.98 7.18 0. 6.08
time (sec) N/A 0.129 0.15 0.039 0971 2371 0. 1.742
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 173 223 458 1713 0 1511
normalized size | 1 1. 0.99 1.27 2.62 9.79 0. 8.63
time (sec) N/A 0.188 0.263 0.046 1.012 4121 0. 3.094
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 359 359 506 1430 1056 0 0 0
normalized size | 1 1. 1.41 3.98 2.94 0. 0. 0.
time (sec) N/A 0.534 0.887 0.058  1.799 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 257 257 319 1050 707 0 0 0
normalized size | 1 1. 1.24 4.09 2.75 0. 0. 0.
time (sec) N/A 0.409 0.636 0.049  1.795 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 174 462 423 0 0 0
normalized size | 1 1. 1.09 2.89 2.64 0. 0. 0.
time (sec) N/A 0.33 0.423 0.052 1.762 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 188 188 938 1170 0 0 0 0
normalized size | 1 1. 4.99 6.22 0. 0. 0. 0.
time (sec) N/A 0.05 12.51 0.549 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 321 321 317 605 0 0 0 0
normalized size | 1 1. 0.99 1.88 0 0 0. 0.
time (sec) N/A 0.313 4.383 0.117 0 0 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 480 480 470 824 0 0 0 0
normalized size | 1 1. 0.98 1.72 0 0 0. 0.
time (sec) N/A 0.499 7.508 0.069 0 0 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 614 614 830 6104 0 0 0 0
normalized size | 1 1. 1.35 9.94 0 0 0. 0.
time (sec) N/A 1.183 2.008 2.605 0 0 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 387 387 591 4600 0 0 0 0
normalized size | 1 1. 1.53 11.89 0. 0. 0. 0.
time (sec) N/A 0.804 1.296 2.211 0. 0. 0. 0.
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 244 244 331 12404 0 0 0 0
normalized size | 1 1. 1.36 50.84 0. 0. 0. 0.
time (sec) N/A 0.602 0.763 0.954 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 272 272 0 2367 0 0 0 0
normalized size | 1 1. 0. 8.7 0. 0. 0. 0.
time (sec) N/A 0.057 109.64 0.43 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 517 517 1110 3497 0 0 0 0
normalized size | 1 1. 2.15 6.76 0. 0. 0. 0.
time (sec) N/A 0.525 15.401 0.613 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 953 953 0 53538 0 0 0 0
normalized size | 1 1. 0. 56.18 0. 0. 0. 0.
time (sec) N/A 1.027 87.225 3.486 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 67 109 240 118 0 0 0 0
normalized size | 1 1.63 3.58 1.76 0. 0. 0. 0.
time (sec) N/A 0.07 0.276 0.04 0. 0. 0. 0.
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 88 108 272 127 194 0 0 0
normalized size | 1 1.23 3.09 1.44 2.2 0. 0. 0.
time (sec) N/A 0.066 0.099 0.036 1.45 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 220 254 306 0 1145 1083 423
normalized size | 1 1.21 1.4 1.68 0. 6.29 595 232
time (sec) N/A 0.223 0.284 0.031 0. 2.339 45228 2.399
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 170 223 0 918 1652 289
normalized size | 1 1. 1.08 1.41 0. 581 1046 1.83
time (sec) N/A 0.21 0.167 0.032 0. 1.809 34.135 1.915
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 94 104 91 0 616 473 166
normalized size | 1 0.8 0.89 0.78 0. 5.26 4.04 142
time (sec) N/A 0.093 0.058 0.043 0. 1.806 20.337 1.316
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C A F F F(-1) F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 325 0 285 362 0 0 0 0
normalized size | 1 0. 0.88 1.11 0. 0. 0 0
time (sec) N/A 0.063 17.47 0.07 0. 0. 0 0
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 261 181 0 1350 0 366
normalized size | 1 1. 1.57 1.09 0. 8.13 0. 2.2
time (sec) N/A 0.279 0.356 0.034 0. 26.882 0. 1.174
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F A A F(-2) F(-1) F@1) B
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 226 0 379 310 0 0 0 684
normalized size | 1 0. 1.68 1.37 0. 0. 0. 3.03
time (sec) N/A 0.066 0.712 0.04 0. 0. 0. 89.474
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 1085 1216 684 0 0 0 0 0
normalized size | 1 1.12 0.63 0. 0 0 0 0
time (sec) N/A 2.438 3.184 0.269 0 0 0 0
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.119 45.243 0.33 0. 0. 0 0
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.369 42.476 0.457 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) C F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 332 299 500 0 20131 0 527
normalized size | 1 0.99 0.89 1.49 0. 59.91 0. 1.57
time (sec) N/A 0.511 0.279 0.032 0. 18.189 0. 4.292
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) C F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 333 362 0 9110 0 432
normalized size | 1 1. 1.17 1.27 0. 31.96 0. 1.52
time (sec) N/A 0.452 0.102 0.031 0. 14.72 0. 2.18
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C C F F F(-1) F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 523 0 515 182 0 0 0 0
normalized size | 1 0. 0.98 0.35 0. 0. 0. 0.
time (sec) N/A 0.062 99.21 0.171 0. 0. 0. 0.
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-1) F(F1) F(ED)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 414 414 534 591 0 0 0 0
normalized size | 1 1. 1.29 1.43 0. 0. 0 0
time (sec) N/A 0.773 0.558 0.039 0. 0. 0 0
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 195 195 160 309 332 0 0 0
normalized size | 1 1. 0.82 1.58 1.7 0. 0 0
time (sec) N/A 0.601 0.552 0.053 1.796 0. 0 0
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 130 276 281 0 0 0
normalized size | 1 1. 0.81 1.72 1.76 0. 0. 0.
time (sec) N/A 0.429 0.38 0.05 1.751 0. 0. 0.
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 120 120 96 243 224 0 0 0
normalized size | 1 1. 0.8 2.02 1.87 0. 0. 0.
time (sec) N/A 0.26 0.22 0.051 1.752 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 78 78 75 186 136 0 0 0
normalized size | 1 1. 0.96 2.38 1.74 0. 0 0
time (sec) N/A 0.125 0.097 0.046  2.075 0. 0 0
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 69 69 72 217 215 0 0 0
normalized size | 1 1. 1.04 3.14 3.12 0. 0 0
time (sec) N/A 0.244 0.125 0.053 1.624 0. 0 0
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 117 117 118 315 335 0 0 0
normalized size | 1 1. 1.01 2.69 2.86 0. 0 0
time (sec) N/A 0.363 0.324 0.057  1.784 0. 0 0
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 157 157 158 348 393 0 0 0
normalized size | 1 1. 1.01 2.22 2.5 0. 0 0
time (sec) N/A 0.456 0.537 0.066 1.785 0. 0 0
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 192 192 187 381 446 0 0 0
normalized size | 1 1. 0.97 1.98 2.32 0. 0 0
time (sec) N/A 0.571 0.753 0.062 1.796 0. 0 0
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 460 460 558 651 0 0 0 0
normalized size | 1 1. 1.21 1.42 0. 0. 0. 0.
time (sec) N/A 0.783 2.97 0.06 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 374 374 337 539 0 0 0 0
normalized size | 1 1. 0.9 1.44 0. 0. 0. 0.
time (sec) N/A 0.485 1.447 0.057 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 318 318 551 462 0 0 0 0
normalized size | 1 1. 1.73 1.45 0. 0. 0. 0.
time (sec) N/A 0.322 1.534 0.053 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 358 358 302 540 0 0 0 0
normalized size | 1 1. 0.84 1.51 0. 0. 0. 0.
time (sec) N/A 0.587 1.124 0.062 0. 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 413 413 360 620 0 0 0 0
normalized size | 1 1. 0.87 1.5 0. 0. 0. 0.
time (sec) N/A 0.72 1.624 0.068 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 506 506 394 741 0 0 0 0
normalized size | 1 1. 0.78 1.46 0. 0. 0. 0.
time (sec) N/A 0.872 2.673 0.072 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [29] had the largest ratio of [ 2.167 ]




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\./ative leaf size intogrand leaf size
used rules leaf size

1 A 6 4 1. 16 0.25
2 A 6 4 1. 16 0.25
3 A 6 4 1. 16 0.25
4 A 6 4 1. 14 0.286
5 A 4 4 1. 16 0.25
6 A 6 4 1. 16 0.25
7 A 4 3 1. 16 0.188
8 A 4 3 1. 16 0.188
9 A 19 14 1. 18 0.778
10 A 15 12 1. 18 0.667
11 A 12 9 1. 16 0.562
12 A 1 1 1. 18 0.056
13 A 12 6 1. 18 0.333
14 A 18 10 1. 18 0.556
15 A 29 15 1. 18 0.833
16 A 20 13 1. 18 0.722
17 A 14 10 1. 16 0.625
18 A 1 1 1. 18 0.056
19 A 9 7 1. 18 0.389
20 A 21 11 1. 18 0.611
21 A 4 4 1.6 17 0.235
22 A 4 4 1.23 15 0.267
23 A 19 10 1.21 18 0.556
24 A 12 10 1. 18 0.556
25 A 10 7 0.8 16 0.438
26 F 0 0 N/A 0 N/A
27 A 10 7 1. 18 0.389
28 F 0 0 N/A 0 N/A
29 A 104 39 112 18 2.167
30 A 0 0 0. 0 0.
31 A 0 0 0. 0 0.
32 A 25 14 0.99 18 0.778
33 A 23 13 1. 16 0.812
34 F 0 0 N/A 0 N/A
35 A 20 12 1. 18 0.667
36 A 19 10 1. 26 0.385
37 A 14 10 1. 26 0.385
38 A 9 9 1. 24 0.375
39 A 5 4 1. 23 0.174
40 A 5 7 1. 26 0.269
41 A 9 9 1. 26 0.346
42 A 14 9 1. 26 0.346
43 A 20 9 1. 26 0.346

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size
44 A 20 11 1. 23 0.478
45 A 15 10 1. 21 0.476
46 A 11 5 1. 20 0.25
47 A 15 11 1. 23 0.478
48 A 19 13 1. 23 0.565
49 A 24 13 1. 23 0.565
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Chapter 3

Listing of integrals

31  [(d+ex)*(a+btanh™ (cx)) dx
Optimal. Leaf size=149

(d + ex)® (a +btanh™ (cx)) N be?x? (10c2d2 + ez) N bdex (2c2d2 + ez) b(cd — e)® log(cx +1)  b(cd + e) log(1 — .
5e 10c3 c3 10c5e 10c5e

[Out] (bxd*ex(2*xc™2*xd"2 + e72)*x)/c”3 + (b*e™2*x(10*%c™2*%d"2 + e72)*x"2)/(10*c~3) +
(b*xd*e~3%x73) /(3*c) + (b*e"4*xx74)/(20%c) + ((d + e*xx) 5*(a + bxArcTanh[c*x

1))/ (5%e) + (b*(cxd + e) bxLogl[l - c*x])/(10%c"5xe) - (b*(c*d - e) 5xLogl[1

+ c*xx])/(10*c"5*e)

Rubi [A] time = 0.140575, antiderivative size = 149, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, "> —

integrand size
0.25, Rules used = {5926, 702, 633, 31}
(d + ex)® (a +btanh™ (cx)) be?x? (10(:2012 + ez) bdex (2c2d2 + eZ) b(cd — e)Plog(cx +1)  bled + e)° log(1 —
—~ +

+ +
5e 10c3 c3 10c®e 10c®e

Antiderivative was successfully verified.

[In] Int[(d + e*x) 4x(a + bxArcTanh[c*x]),x]

[Out] (b*d*xex(2xc™2*d"2 + €72)*x)/c”3 + (b*e”™2*%(10*%c™2*d"2 + e72)*x72)/(10%c~3) +
(bxd*e~3%x73) /(3*c) + (b*e~4*xx74)/(20*c) + ((d + e*x) 5*x(a + bxArcTanh[c*x
1))/(5*e) + (bx(cxd + e) bxLog[l - c*x])/(10*c~5*xe) - (bx(c*d - e) 5*Logl[1

+ c*x])/(10*c"5*e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢c™2%x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 702

Int[((d_) + (e_.)*(x ))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

25
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Rule 633

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (c*xd)/(2*%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2xq), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
L (d+ex) (a+btanh (@) (k) [ L ax
f (d + ex)* (a + btanh (cx)) dx = = - 5: =
5de?(2c2d%+e?) (102 +e2)x  5dta?  5ad
(d + ex)® (a +b tanh_l(cx)) (be) f (_ 4 B o T e a2
B 5e - 5e
bde (2c2d2 + ez) x  be? (1002d2 + ez) X> pdedd  betxt  (d+ex) (a + btanh
= + + + +
c3 10c3 3¢ 20c 5e
bde (2c2d2 + ez) x  be? (10(:21712 + ez) X> pded®  betxt  (d+ex) (a + btanh
= + + + +
c3 10¢3 3c 20c 5e
bde (2C2d2 + ez) x  be? (1Oc2d2 + 62) x> pdedd  betat  (d+ex) (a + btanh
B 3 " 108 T T 0 T 5e

Mathematica [A] time = 0.179837, size = 274, normalized size = 1.84

6c%ex? (20ac3d3 + be (10c2d2 + ez)) + 60c%dx (ac3d3 + be (202012 + ez)) + 3c*e3x*(20acd + be) + 20c*de?x3(6acd + be) +

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 4*(a + b*ArcTanh[c*x]),x]

[Out] (B0*c™2*d*(a*xc™3*d"3 + b*xe*x(2*%c™2*d"2 + e72))*x + 6%c”2%e*x(20*a*c™3*d"3 + b
*ex (10%c™2%d"2 + €72))*x72 + 20%c”4*xd*xe 2% (6xa*xckd + bke)*x"3 + 3*c"4d*xe”3*(
20*a*c*d + b*e)*x™4 + 12xaxc”5xe”4*x"5 + 12*b*xc”5xx*(5%d"4 + 10*%d"3%e*x + 1
0*d~2%e”2*x"2 + bxd*e " 3*x"3 + e 4*x"4)*ArcTanh[c*x] + 6xb*x(5xc~4*d"4 + 10*c
“3*%d"3%e + 10%c”2xd"2%e”2 + bxckdxe”3 + e 4)*Logl[l - c*xx] + 6*bx(5xc”4*xd"4

- 10%c™3xd"3*e + 10%c™2xd"2*e”2 - bkc*xd*e”3 + e”4)*Log[l + c*x])/(60*c”5)

Maple [B] time = 0.031, size = 395, normalized size = 2.7

ad®  ae*x® beldx  be*x®  be*ln(cx—1) be*ln(cx+1) bln(ex+1)d® bl
2 be? Artanh 3d2 + — at - —
e~ Artanh (cx) x°d“ + P + 5 + axd* + 3 + 106 + 100 + 100 100

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 4% (atb*arctanh(c*x)),x)

[Out] 1/5*%a/e*xd”5+1/5*xaxe”4*xx"b+a*xx*xd~4+b/c 3*xe " 3*xd*x+1/10/c”3*b*e”4*xx"2+1/10/c”5
*bxe”~4x1n(c*x—1)+1/10/c 5*bxe~4*x1n(c*x+1)-1/10%b/e*1n(c*xx+1)*d"5+1/10*b/ex*x1
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n(cxx-1)*d"5+1/5*b/e*arctanh (c*x) *d~5+1/5*b*e " 4*arctanh (c*x) *x~5+b*arctanh (
c*x) *x*d~4+1/2/cxbx1n(cxx+1) *d"4+1/2/cxb*1ln(c*xx-1) *d~4+a*e”3*x"4*xd+2*xa*xe” 2%
X" 3%d72+2%akexx " 2*%d"3+2xbxe " 2*xarctanh (cxx) *x"3*xd "2+ 2*b/c*xexd " 3*x+1/cxb*xe” 2%
x"2%d"2+2xb*exarctanh (c*x) *x~2*d"3+b*e” 3*arctanh (c*x) *x~4*d-1/c” 2*xbxex1n(c*
x+1)*d"3+1/c"3*b*e"2*1In(c*x-1) *d"2+1/c”3*b*xe"2*1n (c*x+1) *d"2+1/c " 2*b*ex1n(c
*x-1)*d"3+1/2/c " 4*xbxe”3*1n(c*x—-1)*d-1/2/c " 4*xbxe”3*1n (c*x+1) *d+1/20*b*e”~4*x"
4/c+1/3*xbxd*e~3%x"3/c

Maxima [A] time = 0.977438, size = 369, normalized size = 2.48

1 2 | +1 | -1
z ae*x® + ade3x* + 2 ad?e®x3 + 2 ad%ex? + (2 x% artanh (cx) + c(c—; _ 2% (Z;C ) + 28 (Z;C )))bd3e + [2 x3 arta

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~4*(atb*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/5*a*xe”4*x”5 + akxd*e”3*x"4 + 2%a*xd ™ 2%e”2%x"3 + 2¥a*xd 3*e*x”2 + (2%x~2*arct
anh(c*x) + cx(2*xx/c”2 - log(cxx + 1)/c”3 + log(c*x - 1)/c”3))*b*xd"3*e + (2%
x"3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x™2 - 1)/c™4))*b*d"2%xe”2 + 1/6%(6*x
“4xarctanh(c*x) + c*(2%(c”™2*x"3 + 3%x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*log(c*x
- 1)/c75))*bxd*e”3 + 1/20%(4*x"b*arctanh(ckx) + c*((c™2%x74 + 2xx72)/c"4 +
2x1log(c™2*x72 - 1)/c”6))*b*xe”™4 + axd~4*x + 1/2%(2*c*xx*arctanh(cxx) + log(-
cT2%x72 + 1))*bxd~4/c

Fricas [B] time = 1.7327, size = 697, normalized size = 4.68

12ac%e*x® + 3 (20 ac’de® + bc4e4)x4 +20 (6 ac’d%e® + bc4de3)x3 +6 (20 ac®d3e + 10 bc*d?e? + bcze4)x2 + 60 (a05d4 +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) “4*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/60*%(12*a*xc~5xe~4*xx~5 + 3*(20*a*c”™5xd*e”3 + bxc 4*e”4)*x"4 + 20*%(6*xaxc~5*d
“2%e”2 + bxcT4xd*xe”3)*x”3 + 6% (20*axc”5*xd"3*xe + 10*bxc”4*xd"2*%e”2 + bkxc 2xe”
4)*x”2 + 60*(a*xc”5+%d"4 + 2*bkc"4*d"3*e + bxc"2*%d*e”3)*x + 6*%(5xbkxc"4*xd"4 -
10*b*c™3*d"3*%e + 10%b*c”~2xd"2%e”2 - b¥bkckxd*e”3 + bxe”4)*log(cxx + 1) + 6%(
Bxbxc™4*d"4 + 10%b*c”3*d"3xe + 10*b*c™2xd"2*e”2 + b*bkckd*e”3 + bxe”4)x*log(

cxx — 1) + 6%(b*c™5*e”4*x"5 + bxbxc~5*xd*e”3*%x"4 + 10*b*c~5xd"2*xe"2*xx~3 + 10
*xb*c"5%d"3%e*x”"2 + bBxb*xc"5xd"4*x)*log(-(c*x + 1)/(c*x - 1)))/c”5

Sympy [A] time = 5.24591, size = 381, normalized size = 2.56

4.5
ad*x + 2ad3ex? + 2ad?e?x® + ade3x* + == + bd*x atanh (cx) + 2bd3ex? atanh (cx) + 2bd2e?x3 atanh (cx) + bde3x

€4x5
a (d4x + 2d3ex? + 2d%e%x3 + dedx* + —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**4*(atb*atanh(c*x)) ,x)
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[Out] Piecewise((axd**4*x + 2kaxd**3kexx**2 + 2kaxdrkke*x*2+xx*x*3 + a*xdkex*x3kx**4
+ akxexxdxxx*5/5 + bxd**4+x*atanh(c*x) + 2xbxdx*x3xexx**2*atanh(c*x) + 2*xbxdx*
*2xex*x2kxkk3*katanh (cxx) + bxd*e*x*3*x**4*xatanh(cxx) + bxexx4dxx**5*atanh (c*x)

/5 + bxd**4*xlog(x - 1/c)/c + bxd*x4*atanh(cxx)/c + 2%bkdx*3*e*x/c + bxd**2x*
ex*x2*x**%2/c + bkdkex*x3xx*x*x3/(3*c) + brexkdkxk*d/(20%c) - 2xb*d**3*xe*atanh(c

*xx) /cx*2 + 2xbkxd*x2ke*xx2xlog(x - 1/c)/c**3 + 2*bkd**2*ex*2*atanh(c*x)/c**3

+ brdkex*3xx/cx*3 + bxex*x4*xx**2/(10*c**3) - bxdrxexx3*atanh(c*x)/c**4 + bkxex
x4xlog(x - 1/c)/(B*cx*5) + bkexkx4dxatanh(c*x)/(5xc*xx5), Ne(c, 0)), (a*x(d**4x*

X + 2kd*x3kexxk*2 + 2kdFkkkex*xkxk*x3 + dkex*k3kxkkd + exxdxxxx5/5), True))

Giac [B] time = 1.33342, size = 524, normalized size = 3.52

6 bc>xOet log( s 1) + 30 bcddxte’ log( s 1) + 60 b d?x3e? log( = 1) + 60 bcPd®x%e log( = 1) +12ac®x%e* + 60

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~4*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/60%(6*b*c™b*x"6%e”~4xlog(-(c*x + 1)/(c*x - 1)) + 30%bxc~5*xd*xx"4*e~3*xlog(-(
ckx + 1)/(c*x - 1)) + 60*bxc~5*xd"2*x"3*e"2x1log(-(c*x + 1)/(c*x - 1)) + 60%*b
xc"Bxd"3*%x"2%exlog(—-(c*xx + 1)/(c*x - 1)) + 12%axc™b*x"b*e"4 + 60*axc”5xd*x"
4xe”3 + 120*a*c”5*xd"2xx"3*%e”2 + 120%axc”5xd"3*x"2%e + 30%b*xc~5*xd 4*x*log(-(

cxx + 1)/(c*xx - 1)) + 60*axc”b*d~4*xx + 3*b*c™4*xx"4*e”4 + 20%bkc~4*d*x"3%e”3

+ 60*b*c”™4*d"2*x"2%e"2 + 120%bxc”4*d"3*x*e + 30*b*c"4*d"4*xlog(c™2*x"2 - 1)

- 60*b*c”3*d"3*exlog(c*x + 1) + 60*b*c~3*d"3*exlog(c*x - 1) + 60%b*xc~2xd"2
xe"2x1log(c™2%x72 - 1) + 6*b*xc™2*%x"2%e"4 + 60%bxc”2xd*x*e”3 - 30*b*ckd*e”3%1
og(cxx + 1) + 30*b*cxd*e”3xlog(c*x - 1) + 6xb*e"4xlog(c™2*x"2 - 1))/c”5
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32  [(d+ex)?(a+btanh™ (cx)) dx

Optimal. Leaf size=125

(d +ex)* (‘1 +btanh™ (cx)) . bex (602d2 + 32) _ bled - ¢)*log(cx +1) . b(cd + e)*log(1 - cx) . bde*x? s be3x3
4e 4¢3 8cte 8cte 2c 12¢

[Out] (bxex(6%c™2xd"2 + e72)*x)/(4*c™3) + (b*d*xe™2xx72)/(2xc) + (b¥xe”3*x"3)/(12%c
) + ((d + exx)"4x(a + bxArcTanh[c*x]))/(4xe) + (b*(c*d + e) 4xLog[l - c*x])
/(8xc™4*xe) - (bx(cxd - e) 4xLog[l + c*x])/(8*c 4xe)

Rubi [A] time = 0.141063, antiderivative size = 125, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e -

0.25, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)* (a +btanh™ (cx)) . bex (6C21712 + 62) b(cd - e)*log(cx + 1) . b(cd + e)* log(1 — cx) N bde?x? N be3x®
de 4¢3 8cte 8cte 2c 12¢

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~3%(a + bxArcTanh[c*x]),x]

[Out] (b*ex(6xc™2+d"2 + e"2)*x)/(4*c™3) + (b*dxe"2%x72)/(2xc) + (b*e~3%x73)/(12xc
) + ((d + exx)”4x(a + bxArcTanh([c*x]))/(4*xe) + (bx(cxd + e) 4xLog[l - c*x])
/(8xc”4xe) - (b*(c*d - e) 4xLogl[l + c*xx])/(8*c™4xe)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 702

Int[((d_) + (e_.)*(x )) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d_) + (e_.)*(x ))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2*%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQl[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x] /; FreeQ[{a, b}, xl]

Rubi steps
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(d + ex)* (a + btanh_l(cx)) (be) f (1d+ezx)2 dx

f (d + ex)? (a +b tanh_l(cx)) dx =

4e 4e
b 6c2d2+e ) 4ddy A2 rdr+6cid2e et 4c
(d +ex)* (a +b tanh_l(cx)) (be) f 2 ~ a2t 41—
B 4e 4e
9m o : 1 ctd+6c2d%e
be (6c d-+e )x bde*x?  be3x®  (d+ex) (a + btanh (cx)) b f
- 13 T T T de
be (602d2 + 62) X bder® b3 (d+ex)* (a +b tanh_l(cx)) (b(cd - e)4) f
= + + + +
4¢3 2c 12¢ 4e 8c2e
be (6c2d2 + 62) X pde2® b (d+ex)t (a +b tanh_l(cx)) b(cd + ¢)* log
B 4¢3 - 2c - 12¢ - e 8cte

Mathematica [A] time = 0.131718, size = 205, normalized size = 1.64

6cx (4ac3d3 + be (6c2d2 -+ ez)) +2c3e2x3(12acd + be) + 12c3dex?(3acd + be) + 6acte3x* + 6bctx tanh™ (cx) (6dzex + 4d°
24c4

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx)”~3%(a + b¥ArcTanh[c*x]),x]

[Out] (B*xckx(4d*xaxc™3*d"3 + brxe*x(6*%c™2*d"2 + €72))*x + 12%c”3*d*e*(3*a*xckd + b*e)*x
"2 + 2%c73*ke” 2% (12*%axckd + bxe)*x”3 + 6*akc 4*ke"3*x"4 + 6xbxc 4¥xx* (4473 +
6*xd"2xe*x + 4*d*e”2%x"2 + e”3*x"3)*ArcTanh[c*x] + 3*b*(4*c~3*%d"3 + 6*c”™2%d”

2%e + 4xckd*e”2 + e"3)*Logl[l - c*x] + 3*b*(4*c™3*d"3 - 6xc”2xd"2%e + 4xckdx

e”2 - e73)xLogl[l + c*xx])/(24%c”4)

Maple [B] time = 0.03, size = 308, normalized size = 2.5

aedx* 3 aex?*d? ad*  beArtanh (cx) x*

+ a023d + + o + 3 beArtanh (cx) x2d?
4

2

+ be? Artanh (cx) x3d + + bArtan

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (a+b*arctanh(c*x)),x)

[Out] 1/4*axe”3*x"4+axe”2xx"3*d+3/2*a*e*xx”2*xd"2+a*xx*xd~3+1/4*a/e*d"4+1/4*b*e” 3*arc
tanh (c*x) *x"4+bxe”2*xarctanh (c*x) *x~3*d+3/2*b*exarctanh (c*x) *x~2*d"~2+b*arcta

nh (c*x) *x*d~3+1/4*b/exarctanh (c*x) *d~4+1/12%b*e”~3%x~3/c+1/2*b*xd*e”2*x"2/c+3
/2*%b/c*xe*xx*xd~2+1/4%b/c”3xx*e”3+1/8*b/ex1ln(c*xx-1)*d~4+1/2/c*¥b*1n(c*x-1)*d~3+
3/4/c”2*xbxex1ln(cxx-1) *d~2+1/2/c"3*b*e~2*%1n(c*x-1) *d+1/8/c 4*b*e~3*1n(cxx-1)
-1/8*b/e*1In(cxx+1)*d~4+1/2/c*b*1n(c*x+1) *d"3-3/4/c” 2*xbxex1n (c*x+1) *d"2+1/2/
c"3*b*xe”2%1n(c*x+1) *d-1/8/c " 4*xbxe~3*1n (c*x+1)

Maxima [A] time = 0.966265, size = 282, normalized size = 2.26

2x log(cx+1) log(cx—1)

1 3 3 1
—ae®x* + ade®x® + = ad?ex? + = [2x% artanh (cx) + c[ — - + bd%e + = | 2 x3 artanh (cx) +
4 2 4 c? 3 e 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~3*(atb*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/4*a*xe”3*x"4 + axd*e”2*x”3 + 3/2%a*xd”2*e*xx”2 + 3/4x(2xx"2*xarctanh(c*x) + ¢
*x(2xx/c”2 - log(c*x + 1)/c”3 + log(cxx - 1)/c™3))*b*d"2%e + 1/2x(2xx"3*arct
anh(c*x) + cx(x72/c”2 + log(c™2%x"2 - 1)/c”4))*b*xd*e”2 + 1/24x(6%x"4*arctan
h(c*x) + c*(2*%(c™2%xx"3 + 3*x)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog(cxx - 1)/c”5
))*b*e”3 + axd”"3*x + 1/2%(2*cxx*arctanh(c*x) + log(-c”™2*xx"2 + 1))*b*d~3/c

Fricas [B] time = 1.79442, size = 527, normalized size = 4.22

6actex* +2 (12 actde® + bc3e3)x3 +12 (3 actd%e + bc3dez)x2 +6 (4 ac*d® + 6 bccd%e + bce3)x +3 (4 bc3d® — 6 bc?d?e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/24x(6*a*xc”4*e”3%x"4 + 2% (12*axc™4*xd*e”2 + b*xc™3*e”3)*x"3 + 12%(3*a*xc™4*d”
2%e + bxc"3*%d*xe”2)*x72 + 6% (4*axc”4*d”3 + 6xb*c”3*d"2%e + bxc*e"3)*x + 3x(4
*xb*c73%d"3 - 6%b*xc"2xd"2%e + 4xbxckdxe”2 - b*e~3)xlog(c*x + 1) + 3% (4xb*c”3

*d~3 + 6*%bxc”2xd"2%e + 4xbxckd*e”2 + b*e"3)*xlog(cxx - 1) + 3% (bxc 4*e”3*x"4

+ 4xbxcT4*d*xe”2%x"3 + 6xbkcT4*d"2%e*x"2 + 4xbkxcT4*d"3*x)*log(-(cxx + 1)/(c

*x - 1)))/c™4

Sympy [A] time = 3.34995, size = 279, normalized size = 2.23

3 ]

3ad2ex? a3y 3bd2ex? atanh (c b33 atanh (c bd log(x—-

ad®x + 2= + ade?x® + = + bdPx atanh (cx) + T—— 2 9 + bde?x® atanh (cx) + — ajn fe) - :
3d2ex? eSxt
a (d3x +—+ dex® + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(a+b*atanh(c*x)),x)

[Out] Piecewise((a*xd**3xx + 3ka*xd**2ke*xx**2/2 + akxdrxex*x2¥x**3 + akxe*x*3*xx**4/4 + b
*d**3xx*atanh (c*x) + 3xbxd**2*xexx**2*xatanh(c*x)/2 + b*drex*2*x**x3*atanh (c*x

) + bxex*3kxxx*x4*atanh(c*xx)/4 + bxd**x3*log(x - 1/c)/c + b*xd**3*atanh(c*x)/c

+ 3xbkxd*x*x2%exx/(2%c) + bkxdxex*x2xx*x*x2/(2%c) + bkxex*3*xx**x3/(12%c) - 3xb*xd**2x%
exatanh(c*x)/(2*c**2) + b*d*xex*2xlog(x - 1/c)/c**3 + bkxdxe*x*2*atanh(c*x)/cx*

*3 + bke*x*3*xx/(4d*c**3) — bxexx3*atanh(c*x)/(4dxc*x*4), Ne(c, 0)), (a*x(d**3*x

+ 3kd**2ke*x*k*x2/2 + dkex*2kx**3 + ex*k3xx*k*x4/4), True))

Giac [B] time = 1.33147, size = 397, normalized size = 3.18

3 bctxted log (— zj) +12bc*dx3e? log (—z—j) + 18 b*d?x?elog (—z—j) + 6actxte® + 24 actdx3e? + 36 ac*d?’x%e +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(atb*arctanh(c*x)),x, algorithm="giac")
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[Out] 1/24x%(3xbxc”4*x"4*e"3xlog(-(cxx + 1)/(c*xx - 1)) + 12%bkc™4xd*x"3*e”2x1log(-(
ckx + 1)/(c*x - 1)) + 18*bxc™4*d"2*x 2*e*xlog(-(c*x + 1)/(c*x - 1)) + 6*axc”
4xx"4%e”3 + 24xa*xcT4*xd*x"3*%e”2 + 36%axc”4xd"2*xx"2%e + 12%bkxcT4*d"3*x*Llog(-(

ckx + 1)/(c*x - 1)) + 24xaxc™4*d"3*x + 2%b*c™3*x"3%e”3 + 12%b*c~3*d*x"2%e”2

+ 36%bxc”3*d"2*x*e + 12xbxc”3*%d"3*log(c”2*x"2 - 1) - 18xbxc~2*d 2*xexlog(cx

x + 1) + 18%bxc”2*d"2*exlog(c*x - 1) + 12%bxcxd*e”2*log(c™2*x™2 - 1) + 6%b*
cxx*e”3 - 3xbk*e”3xlog(c*kx + 1) + 3xbxe”3xlog(c*x - 1))/c”4
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33  [(d+ex?(a+btanh™ (cx)) dx
Optimal. Leaf size=96

(d + ex)? (a +btanh™ (CX)) _ bled — )’ log(cx +1) . b(cd + e)® log(1 - cx) s bdex .\ be?x?
3e 6c3e 6c3e c 6¢c

[Out] (bxdxexx)/c + (b*e™2%x"2)/(6%c) + ((d + e*x)"3x(a + b*ArcTanh[c*x]))/(3%e)
+ (bx(c*d + e)~3xLogl[l - cxx])/(6%c”3%e) - (b*(cxd - e) 3xLogl[l + cx*x])/(6%
c”~3x%e)

Rubi [A] time = 0.121853, antiderivative size = 96, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e -

0.25, Rules used = {5926, 702, 633, 31}

integrand size

(d +ex) (11 +btanh™’ (cx)) b(cd - e)®log(cx + 1) N b(cd + e)® log(1 — cx) s bdex .\ be?x?
3e 6c3e 6c3e c 6¢c

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~2%(a + bxArcTanh[c*x]),x]

[Out] (b*xd*exx)/c + (b*e™2xx72)/(6%c) + ((d + e*x)~3x(a + b*ArcTanh[c*x]))/(3*e)
+ (bx(cxd + e)"3*Log[l - c*x])/(6%c”3%e) - (b*(c*d - e) 3*xLogl[l + cx*xx])/(6x
c”3%e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 702

Int[((d_) + (e_.)*(x )) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d_) + (e_.)*(x ))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2*%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQl[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x] /; FreeQ[{a, b}, xl]

Rubi steps
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f (@ + ex)? (a + btanh™ () dx = (@ +ex)° (a J;b tanh (@) (o) [ o
e 3e
3y cPd3+3de?+e(3c?d?+e?)x
(d + ex)® (a + btanh_l(cx)) (be) f( e ﬁ + Cz(l_c(zxz) ) ) x
3e 3e
bdex . bex2 N (d + ex)? (a + btanh_l(cx)) b f o +:2i§2d2+6 i dx
c 6¢ 3e 3ce
_bdex b @+ ex)® (a + btanh™ (cx) . (bled—e)®) [ —dx  (b(cd+e
c 6¢ 3e 6ce
_bdex b (d+ ex)? (a+b tanh‘l(cx)) bled + ¢ log(l —cx)  bled — ¢)°L
c 6¢c 3e 6c3e 6¢*

Mathematica [A] time = 0.0953217, size = 129, normalized size = 1.34

2(6acd + be)  6dx(acd + b b (3c%d? + 3cde + €%) log(1 —cx)  b(3c?d? — 3cde + %) log(cx +1
: ex(uc; e)+ x(acc e)+2aezx3+ ( - ) a( )+ ( , ) g( )+21

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 2x(a + b¥ArcTanh[c*x]),x]

[Out] ((6xdx(a*xcxd + bxe)*x)/c + (ex(Bxakxcxd + bkxe)*x"2)/c + 2*a*xe”2*x"3 + 2%bxx*
(3%xd"2 + 3xdxexx + e 2*xx"2)*ArcTanh[c*x] + (b*(3*%c™2%d"2 + 3*xc*d*xe + e”2)*L
ogll - c*x])/c™3 + (b*(3*%c™2*d"2 - 3xc*d*e + e~2)xLogl[l + cxx])/c"3)/6

Maple [B] time = 0.029, size = 218, normalized size = 2.3

3¢2 d®  be?*Artanh 3 bArtanh 4 be*x?
IXC oy alde +axd? + 22 220 ()x + beArtanh (cx) x2d + bArtanh (cx) xd2 + oot () + 22

3e 3 3e 6¢c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (atb*arctanh(c*x)),x)

[Out] 1/3*a*xx”3*e”2+axx~2xd*e+a*x*d”2+1/3*a/e*xd”3+1/3*xbxe~2*arctanh (c*x) *x~3+b*ex*
arctanh (c*x)*x~2*xd+b*arctanh (c*x) *x*d~2+1/3*b/e*arctanh (c*x) *d~3+1/6*bxe~ 2%
x"2/c+bxd*e*x/c+1/6*b/ex1ln(cxx-1)*d~3+1/2/c*xb*1n(c*x-1)*d"2+1/2/c” 2xb*e*x1n (
cxx-1)*d+1/6/c”3*b*e”2x1n(c*x-1)-1/6*b/e*x1ln(c*x+1) *d"3+1/2/c*b*x1n(c*x+1)*d"
2-1/2/c”2%b*ex1n(c*x+1)*d+1/6/c”3*b*e”2*1n(c*x+1)

Maxima [A] time = 0.989791, size = 185, normalized size = 1.93

2x log(cx+1) log(cx—1) x2 log (C:

1 1 1
— ae®x® + adex? + = |2 x? artanh (cx) + c| = — + bde + = |2 x3 artanh (cx) + c| = +
3 2 c? 3 3 6 c?

(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x)),x, algorithm="maxima")
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[Out] 1/3%a*xe”2%x"3 + axdkexx™2 + 1/2x(2xx"2*arctanh(c*x) + c*x(2*x/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c73))*bxd*e + 1/6%(2xx"3*%arctanh(c*x) + c*(x72/c”2

+ log(c™2*x72 - 1)/c”4))*b*e”2 + axd~2*x + 1/2%(2*c*x*arctanh(c*x) + log(-c
T2%x72 + 1))*b*d"2/c

Fricas [A] time = 1.66562, size = 358, normalized size = 3.73

2ac’e?x® + (6 ac3de + bczez)x2 +6 (ac3d2 + bczde)x + (3 bc2d? — 3 bede + bez) log (cx +1) + (3 bc2d? + 3 bede + bez)

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/6%(2*axc”3%e"2*x"3 + (6*a*xc”3xd*e + b*c™2*e”2)*x"2 + 6*(a*c™3*%d"2 + b*xc™2
xd*e)*x + (3*b*c”2*%d"2 - 3xb*cxd*e + b*e"2)*xlog(cxx + 1) + (3*b*c™2*d"2 + 3
xb*xckxd*e + b*e”2)*xlog(cxx - 1) + (b*c™3%e”2%x"3 + 3*b*c~3*d*e*x”2 + 3*b*c”3
*xd"2*xx)*log(~(c*x + 1)/(c*x - 1)))/c”3

Sympy [A] time = 2.03709, size = 178, normalized size = 1.85

2 1
be?x3 atanh (cx) bd* log (x— E) bd? atanh (cx)  bdex  be’x
+ + +— + —
3 c c c 6¢

odx + adex® + "2 + bilxatanh (cx) + bdex? atanh (cx) +

a (dzx + dex? + ;)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(at+bxatanh(c*x)),x)

[Out] Piecewise((axd**2xx + a*xdke*xx**2 + akxex*2xx**3/3 + bxd**2*x*atanh(c*x) + bx*
dxexx**2*xatanh (c*x) + b¥xex*2*xxx*3*atanh(c*x)/3 + bxd*x2*log(x - 1/c)/c + bx
d**2*atanh(c*x)/c + bxd*exx/c + bkex*x2*xx**2/(6*c) — bxd*xexatanh(c*x)/cx*2 +
bxex*x2xlog(x - 1/c)/(3*c**3) + bxex*2*xatanh(c*x)/(3*c**3), Ne(c, 0)), (ax(
d*k*k2%x + dkexx**2 + ex*x2*x**x3/3), True))

Giac [B] time = 1.15238, size = 263, normalized size = 2.74

bc® 3210g( C+1)+3bc3dx elog( )+2ac3 x3e? + 6 ac3dx? e+3bc3d2xlog( )+6ac3’alzx+bc2 2¢2 + 61

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) " 2x(a+b*arctanh(c*x)),x, algorithm="giac")

[Out] 1/6*(b*c~3*x"3xe"2xlog(-(c*x + 1)/(c*x - 1)) + 3*xb*xc~3xd*x"2%e*log(-(c*x +
1)/(cxx = 1)) + 2%a*xc™3*x"3%e”2 + 6xa*xc”3xd*x"2%e + 3*bxc”3*xd"2*x*log(-(c*x

+ 1)/(c*x - 1)) + 6%axc™3+xd"2*x + bxc™2*x"2%e"2 + 6*bkc”2xd*x*e + 3xb*xcT2x
d"2%log(c™2*x"2 - 1) - 3xb*ckdxexlog(c*x + 1) + 3xbkcxd*exlog(cxx - 1) + bx
e"2xlog(c™2*x"2 - 1))/c”3
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34  [(d+ex)(a+Dbtanh™ (cx)) dx

Optimal. Leaf size=84

(d + ex)? (ﬂ +b tanh_l(cx)) _ b(ed = e)* log(cx +1) . b(cd + e)? log(1 — cx) . bex
2e 4c%e 4c2e 2c

[Out] (bxexx)/(2*xc) + ((d + exx)"2*(a + bxArcTanh[c*x]))/(2*e) + (b*(cxd + e) 2*L
ogll - c*x])/(4*xc™2xe) - (bx(cxd - e) 2xLogl[l + cxx])/(4xc™2%e)

Rubi [A] time = 0.0762702, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 14, e .

0.286, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)? (ﬂ +b tanh_l(cx)) b(cd — e)? log(cx + 1) . b(cd + e)? log(1 — cx) . bex
2e 4c2e 4c2e 2c

Antiderivative was successfully verified.

[In] Int[(d + e*xx)*(a + b*ArcTanh[c*x]),x]

[Out] (b*xex*x)/(2xc) + ((d + exx)"2*(a + b*ArcTanh[c*x]))/(2xe) + (b*(c*d + e) 2xL
ogll - c*xx])/(4*xc™2xe) - (bx(cxd - e) 2xLogl[l + cx*x])/(4*xc™2%e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[((d + e*x)"(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 702

Int[((d_) + (e_.)*(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + a*xe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 21)

Rule 633

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
*d)/(2%q), Int[1/(q + c*x), x], x]1] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
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(d + ex)? (a +b tanh_l(cx)) (bo) [ (1d +€2x)2 dx
2e - 2e

f(d + ex) (u + btanh_l(cx)) dx =

2 a2 +e2+2c%dex
~ (d + ex)? (a + btanh_l(cx)) (be) f (_C_Z + 2(1-c22) ) d

2e 2e
bex (d + ex)? (a +b tanh_l(cx)) b f deJlre ;jzczdex
BT 2e 2ce
_ bex . (d + ex)? (a + btanh_l(cx)) N (b(cd —~ e)z) i _C_lczx dx (b(cd + 3)2) [ C__i
2c 2e 4e 4e
_ bex N (d + ex)? (ﬂ +Db tanh_l(cx)) blcd +e)*log(1 —cx)  b(cd - e)*log(1 + ¢
2c 2¢ 4c2e 4c%e

Mathematica [A] time = 0.0096586, size = 96, normalized size = 1.14

1

bd log (1 — c?x? _
adx + 5 ex g( ) " belog(l —cx) belog(cx +1)

2c 4c2 4c2

2

_ 1 - b
+ + bdx tanh™ (cx) + Ebex2 tanh ' (cx) + %

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTanh[c*x]),x]

[Out] a*d*x + (bxe*x)/(2xc) + (a*exx"2)/2 + bxd*x*xArcTanh[c*x] + (b*e*xx~2%ArcTanh
[cxx])/2 + (b*exLogl[l - c*x])/(4*c™2) - (b*exLogl[l + c*x])/(4*c”2) + (b*xd*L
ogll - c™2xx~2])/(2%c)

Maple [A] time = 0.029, size = 92, normalized size = 1.1

2 A h 1 -1 1 -1 1 1 In (c:
H+adx+b rtan (Cx)xe+bArtanh(cx)xd+bix+bn(cx )d+bn(cx )e+bn(cx+ )d_bn(c
2 2 2¢ 2¢ 4 c? 2¢ 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x)),x)

[Out] 1/2*a*x”2*e+axd*x+1/2*xb*arctanh(c*x)*x”2*e+b*arctanh(c*x)*xx*d+1/2xb*xe*xx/c+1
/2/cxbx1ln(c*x—-1)*d+1/4/c”2*xbx1n(c*x—1) *e+1/2/cxb*x1ln(c*xx+1)*d-1/4/c”2*b*x1n(c
*x+1) *e

Maxima [A] time = 0.972936, size = 112, normalized size = 1.33

(2 cx artanh (cx) + log (—czx2 + 1))l
2c

1og (cx+1) N log (cx —1)

3 3 ))be + adx +

1 1 2 X
— aex? + - |2 x?artanh (cx) + ¢
2 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/2%axe*x”2 + 1/4%(2%x"2*arctanh(c*x) + cx(2xx/c”2 - log(c*x + 1)/c”3 + log
(c*x - 1)/c™3))*b*e + axd*x + 1/2x(2xc*x*arctanh(c*x) + log(-c™2*x72 + 1))x*
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b*xd/c

Fricas [A] time = 1.64868, size = 228, normalized size = 2.71

2 ac%ex? + 2 (2 ac’d + bce)x + (2 bcd - be) log (cx + 1) + (2 bed + be) log (cx — 1) + (bczex2 +2 chdx) log (—Cx+1)

cx—1
4c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/4%(2%axc™2%e*xx”2 + 2% (2%a*xc”™2xd + bxcke)*x + (2*bxc*d - b*e)*log(cxx + 1)
+ (2xb*ckxd + bxe)*xlog(c*xx - 1) + (b*c™2%e*x™2 + 2xbkxc™2*d*x)*log(-(c*x + 1
)/ (c*x - 1)))/c”2

Sympy [A] time = 1.18385, size = 92, normalized size = 1.1

1
bex? atanh (cx) bdlog (x— E) bdatanh(cx)  bex  beatanh (cx)
+ + —_
2 c c 2c 2c2

€x2 .
a (dx + 7) otherwise

forc#0

2
adx + == + bdx atanh (cx) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+bxatanh(c*x)),x)

[Out] Piecewise((a*d*x + akxexx**x2/2 + b*dxx*atanh(c*x) + bkexx**x2kxatanh(c*x)/2 +
bxd*log(x - 1/c)/c + bxd*atanh(c*x)/c + bxe*xx/(2%c) - bkexatanh(ckx)/(2xc*x*
2), Ne(c, 0)), (ax(d*x + exx*x2/2), True))

Giac [A] time = 1.16253, size = 157, normalized size = 1.87

bc?x%e log( x—j) + 2 ac’x%e + 2 bc*dx log ( X—H) + 4 ac’dx + 2 bexe + 2 bed log (czx2 - 1) — belog (cx +1) + belog (c

c c
cx cx—1

4c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/4%(b*c”2*xx"2xexlog(-(cxx + 1)/(cxx - 1)) + 2xaxc™2%x"2%e + 2%bkc™2xd*x*lo
g(-(cxx + 1)/(cxx - 1)) + 4xaxc™2*d*xx + 2xb*ckxxe + 2xbkcxd*log(c™2*xx"2 - 1
) - bxexlog(c*x + 1) + b*exlog(c*xx - 1))/c”2
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-1
35 f a+btanh “(cx) dx

d+ex

Optimal. Leaf size=114

2¢(d+ex) 2 -1 2c(d+ex) 2
_bPOIYLOg (2,1 - m) .\ bPOIYLOg (2,1 — m) .\ (a + btanh (CX)) log (m) 10g (m) (ﬂ + bt

2e 2e e e

[Out] -(((a + bxArcTanh[cx*x])*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])*Log[(2
xcx(d + exx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLog[2, 1 - 2/(1 + c*xx)])/(
2xe) - (b*PolyLog[2, 1 - (2*xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2%e)

Rubi [A] time = 0.0807015, antiderivative size = 114, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 4, number of rules used = 4, integrand size = 16, e o e

= 0.25, Rules used = {5920, 2402, 2315, 2447}

integrand size

2¢(d+ex) 2 -1 2c(d+ex) 2
_bPOIYLOg (2,1 - m) .\ bPOIYLOg (2,1 — m) .\ (a + btanh (CX)) log (m) 10g (m) (ﬂ + bt

2e 2e e e

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])*Log[(2
xck(d + e*xx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLogl[2, 1 - 2/(1 + c*xx)])/(
2xe) - (b*PolyLogl[2, 1 - (2*xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2%e)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b¥ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xc*x(d + e*x))/((cxd + e)*(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cx*d, 0]

Rule 2447

Int [Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps
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2
-1 2c(d+ex) ox
Jﬂa-+btanh_%cx)d (a4-btanh (cxﬁlog(1+w)_+(u-+btanh (CxDIOg(&§$5HZEB) (bo) [ 1(22) (
X = _
d+ex e e e

(a + btanh™ (cx)) log ( 1+Cx) (a +b tanh_l(cx) log ( (C;i(;:ﬁx)) bLi, (1 - —(C;i(gaeﬁx))

T e * e 2e
-1 2c(d+ex) . 2 _
B (a + btanh™ (cx)) log (1+cx) . (a + btanh “(cx))log ((Cd+e)(1+cx)) bLi, (1 - 1+cx) bL
T e e 2e -

Mathematica [C] time = 0.245294, size = 257, normalized size = 2.25

- nh™! o nh7! - _
iy (—iPolyLog (2,e 2{tant” ( tank (C"))) — iPolyLog (2, —2tanh 1(”)) - log( )(n —2itanh™ (cx)) + (tar

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*x),x]

[Out] (axLogld + e*xx] + b*ArcTanh[c*x]*(Log[l - c”2*x"2]/2 + Log[I*Sinh[ArcTanh/[(
ckd)/e] + ArcTanh[c*x]]]) - (I/2)*b*x((-I/4)*(Pi - (2*I)*ArcTanh[c*x])"2 + I
*x(ArcTanh[(c*d)/e] + ArcTanh[c*x])~"2 + (Pi - (2*I)*ArcTanh[c*x])*Log[l + E
(2%ArcTanh[c*x])] + (2+I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[l - E~(-2%(
ArcTanh[(c*d)/e] + ArcTanh([c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt[1

- ¢c”2*xx72]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTa
nh[(cxd)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*%ArcTanh[c*x])] - I*PolyLo
gl2, E7(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/e

Maple [A] time = 0.132, size = 148, normalized size = 1.3

aln (cxe + cd) N bln (cxe + cd) Artanh (cx) _ bln (cxe + cd) I ( cxe + e) ~ b

cxe +e bln (cxe + cd) o
— ) + In (
—cd+e/ 2e

dil ( ‘
1og —cd +e 2¢

e e 2e —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x))/(exx+d) ,x)

[Out] a*ln(ck*e*xx+c*xd)/e+bx1ln(ckxe*x+c*d)/e*xarctanh(c*xx)-1/2*b/e*xln(c*xe*x+c*d) *1n((
cxexx+e) /(-cxd+e))-1/2xb/exdilog((cxe*xx+e) /(-c*xd+e))+1/2*xb/e*1ln(cxe*xx+cx*d) *
1n((c*xexx-e)/(-cxd-e))+1/2*b/exdilog((c*e*x-e)/(-c*d-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

lbflog(cx+1) log (- cx+1) alog(ex+d)
ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="maxima")
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[Out] 1/2*b*xintegrate((log(c*x + 1) - log(-c*xx + 1))/(exx + d), x) + axlog(e*x +
d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
ex +d

7

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="fricas")

[Out] integral((bxarctanh(cx*x) + a)/(e*xx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a + batanh (cx)
f dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x))/(e*xx+d),x)

[Out] Integral((a + b*atanh(c*x))/(d + exx), x)

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
f dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(exx + d), x)
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-1
36 f a+btanh ~(cx) dx

(d+ex)?

Optimal. Leaf size=93

a+btanh™ (cx) ~ bclog(d + ex) ~ bclog(1 — cx) N bclog(ex +1)
e(d + ex) c2d? — e2 2e(cd + e) 2e(cd - e)

[Out] -((a + bxArcTanh[c*x])/(ex(d + e*x))) - (bk*cxLogl[l - c*x])/(2xex(cxd + e))
+ (bxc*xLog[l + c*x])/(2%(c*d - e)*e) - (bkxcxLogl[d + exx])/(c™2*%d"2 - e72)

Rubi [A] time = 0.0670172, antiderivative size = 93, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e

0.25, Rules used = {5926, 706, 31, 633}

integrand size

a+ btanh_l(cx) _be log(d + ex) _be log(1 — cx) N bclog(cx +1)
e(d + ex) c2d? — 2 2e(cd + e) 2e(cd — e)

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])/(ex(d + e*x))) - (b*cxLogl[l - c*x])/(2xex(cxd + e))
+ (bxcxLog[l + c*x])/(2%(c*d - e)*e) - (b*xcxLogld + exx])/(c”2%d"2 - e72)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + exx)~(q + 1)*(a + bxArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 706

Int[1/(((d_) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd”2 + a*e”2), Int[(c*xd -
ckxexx)/(a + c*xx"2), x], x] /; FreeQl{a, c, d, e}, x] && NeQ[c*xd~2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rubi steps
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1
f a + btanh ™' (cx) gy +btanh™ (cx) N (be) f (d+ex)(1-c22) dx

(d + ex)? r= e(d + ex) e
—2d+c? 1
_a+b tanh '(cx) (bo) f Cl_;izex dx  (bce) f T X
- e(d + ex) e (c2d2 - ez) c2d? — e

_a+ btanh_l(cx) ~ belog(d + ex) ~ (bc3) f _C_lczx dx (bc3) f c—in dx

e(d + ex) c2d? — e? 2(cd — e)e 2e(cd + e)
_a+b tanh_l(cx) bclog(1 — cx) N bclog(l + cx)  belog(d + ex)
B e(d + ex) 2¢(cd + e) 2(cd - e)e c2d? — 2

Mathematica [A] time = 0.119348, size = 102, normalized size = 1.1

_a B bclog(d + ex) B bclog(1 — cx) ~ bclog(cx +1) _ btanh_l(cx)
e(d + ex) c2d? — e? 2e(cd + e) 2e(e — cd) e(d + ex)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh([c*x])/(d + e*x)~2,x]

[Out] -(a/(ex(d + e*x))) - (b*ArcTanh[c*x])/(ex(d + e*x)) - (b*cxLogl[l - c*x])/(2
xex(c*d + e)) - (b*cxLogl[l + c*x])/(2xex(-(c*d) + e)) - (b*cxLogld + ex*xx])/
(c™2xd"2 - e72)

Maple [A] time = 0.031, size = 114, normalized size = 1.2

~ ac ~ bcArtanh (cx) ~ bcIn (cxe + cd) B bcln (cx —1) N beln(ex +1)
(cxe +cd)e (cxe +cd)e (cd+e)(cd—e) e(Rcd+2e) e(2cd-2e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d)~2,x)

[Out] -c*a/(cxexx+cxd)/e-c*b/(cxexx+c*xd)/exarctanh(c*x)-c*b/ (cxd+e)/(cxd-e)*1n(c*
exx+cxd) -cxb/e/ (2xcxd+2*e) *1n(cxx-1)+cxb/e/ (2xc*xd-2%e) *1n (c*xx+1)

Maxima [A] time = 0.967194, size = 134, normalized size = 1.44

cde — e? cde + e2 c2d2 — e2

1( (log(cx+1) log(cx—1) 2log(ex+d)\ 2 artanh(cx) a
2\° e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~2,x, algorithm="maxima")

[Out] 1/2%(c*(log(c*x + 1)/(c*d*e - e72) - log(c*x - 1)/(c*kd*e + e72) - 2xlog(e*xx
+ d)/(c72%d"2 - e72)) - 2*arctanh(c*x)/(e”2xx + d*xe))*b - a/(e”2xx + dxe)
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Fricas [B] time = 1.91065, size = 387, normalized size = 4.16

2ac’d?> — 2 ae? - (bc2d2 + bede + (bczde + bcez)x) log (cx +1) + (bczd2 — bede + (bczde - bcez)x) log (cx —1) + 2 (bcez.
2 (c2d3e —de’ + (czdze2 - e4)x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(exx+d)~2,x, algorithm="fricas")

[Out] -1/2%(2xaxc”2*%d"2 - 2%a*e”2 - (b*c™2xd"2 + bkxcxd*e + (b*c™2%d*e + b*cke™2)x
x)*xlog(cxx + 1) + (b*c™2%d”2 - b*cxd*e + (b*c™2+d*e - bkxcxe”2)*x)*log(cxx -

1) + 2% (bkcxe™2*xx + bxckdxe)*log(exx + d) + (b*c™2%d"2 - b*e”2)*log(-(c*x
+ 1)/(c*x - 1)))/(c”2*%d"3%e - d*e”3 + (c™2xd"2*e”2 - e74)*x)

Sympy [A] time = 8.62908, size = 782, normalized size = 8.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(e*xx+d)**2,x)

[Out] Piecewise((a*x/(d**2 + dxexx), Eq(c, 0)), ((a*x + bxxxatanh(c*x) + bxlog(x
- 1/c)/c + bxatanh(c*x)/c)/d*x2, Eq(e, 0)), (-2*%axd/(4xd**2xe + 4*xd*ke*x*2*x)
+ 2%axexx/ (4*d**2xe + 4*xd¥exx2xx) + 2xbxd*atanh(exx/d)/(4*xd**2xe + 4dxd*ex*
2xx) + b*d/(4xd*x*2*e + 4xdxex*2*x) - 2xbkxexx*atanh(exx/d)/(4*xdx*2*xe + 4xdxe
*xk2xx) — bxexx/(4xd*x*2xe + 4dxdxex*2xx), Eq(c, -e/d)), (-2*axd/(4*d**2xe + 4
*d*ke*x*2*x) + 2kakxexx/(4xdxx2xe + 4xd*ex*2*x) - 2*xbxdxatanh(exx/d)/(4*d**2x*e
+ Axdxe*x*2%x) - bkxd/(4*d*x2xe + 4d*xd¥exx2*xx) + 2xbxexx*atanh (exx/d)/(4*xd*x2
xe + 4xdkex*k2xx) + bxexx/(4xd**x2%e + 4*xdxexx2xx), Eq(c, e/d)), (zoox(axx +
b*x*atanh(c*x) + bxlog(x - 1/c)/c + b*atanh(c*x)/c), Eq(d, -exx)), (-axc*x*2
*dx*x2/ (cx*2kd**x3%ke + CkkDkd**xQkex*kkx — dkex*k3 — ex*xd*xx) + akxe*x*x2/(ckx*xQkxd*x*
ke + Ckkkd**kQkexx2xx — d¥e**3 - exkdkxx) + brckx2xdxexx*atanh(c*x)/ (ckx*x2xd
xk3ke + CR*xkdk*k2kex*k2*x — dkex*k3 - ex*k4xx) + bkckdkexlog(x — 1/c)/(c*x*2xdx*
x3%e + Ckk2kdx*k2ke**2%x — dxex*3 — exx4dxx) - bxckdxexlog(d/e + x)/(c*k*2*d*x*
ke + Ckkkd**2xex*k2kx — d¥xex*3 - ex*4xx) + bkckdxexatanh(c*x)/(cx*2*xd**3xe
+ CRAkdRkDxe*xx2*kx — dkex*k3 — ex*kdxx) + brckex* 2xxxlog(x - 1/c)/(c**2%d**3
xe + CHkkkdk*k2kex*2kx — dkex*k3 - exk4xx) - bkcxex*x2*xxlog(d/e + x)/(ckx*2xdx*
*x3ke + Ckk2kd*k*kkexkx2kxx — d¥xe*x*3 — exx4dxx) + b¥xckex*x2xx*atanh (ckxx)/ (ck*x2xd*
*3ke + CkkkQk*kDke*kk2kxx — d¥xe*x*x3 - exxdxx) + bkexx2xatanh (c*xx)/(cx*2kxd**x3xe
+ cHk*kd*kDkexk2xx — dkxex*3 — ex*xdxx), True))

Giac [A] time = 1.1734, size = 176, normalized size = 1.89

cd e cx+1
_“ _ & (-1) e

) log (|C xe+d — xe+d ) o2 € lOg( cx—l) b aeD
cded — et cded + e* xe+d xe +d

cd e
log (|c— —+ —

xe+d xe+d

1
=|c
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~2,x, algorithm="giac")
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[Out] 1/2%(cx(log(abs(c - c*d/(xxe + d) + e/(xxe + d)))/(cxd*e”3 - e74) - log(abs
(c - cxd/(xxe + d) - e/(x*xe + d)))/(c*xd*xe”3 + e74))*e"2 - e~ (-1)*log(-(c*x
+ 1)/(cxx - 1))/ (x*xe + d))*b - a*xe”(-1)/(x*e + d)
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-1
37 fa+btanh (cx) dx

(d+ex)3

Optimal. Leaf size=130

_a+b tanh ™ (cx) s be _ bc3d log(d + ex) _ bc? log(1 — cx) s bc? log(cx +1)
2e(d + ex)? 2 (c2d2 _ ez) (d + ex) (cz g ez)z de(cd + e)? 4e(cd — e)?

[Out] (b*c)/(2x(c™2*%d"2 - e72)*(d + exx)) - (a + bxArcTanh[cxx])/(2xex(d + exx)"2
) = (b*xc™2*Log[1l - c*x])/(4*xex(cxd + e)”2) + (b*c™2xLog[l + c*xx])/(4x(c*xd -
e)"2xe) - (bxc”3*xd*Logld + exx])/(c™2%d"2 - e72)72

Rubi [A] time = 0.12943, antiderivative size = 130, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, e e -

integrand size
0.188, Rules used = {5926, 710, 801}

_a+b tanh ™ (cx) s bc _ bc3d log(d + ex) _ bc? log(1 — cx) s bc? log(cx + 1)
2e(d + ex)? 7 (Czdz _ ez) (d + ex) (c2 g2 62)2 de(cd + e)? 4e(cd — e)?

Antiderivative was successfully verified.

[In] Int[(a + b*xArcTanh([c*x])/(d + e*x)~3,x]

[Out] (b*xc)/(2x(c™2*%d"2 - e72)*(d + exx)) - (a + bxArcTanh[cxx])/(2xex(d + exx)"2
) = (bxc™2*xLog[l - c*x])/(4*xex(cxd + e)~2) + (b*c™2xLog[l + c*x])/(4*x(c*d -
e)"2xe) - (b*c”3*d*Logld + e*xx])/(c™2xd"2 - e72)72

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2xx72), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 710

Int[((d_) + (e_)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd”2 + a*xe”2)), x] + Distl[c/(c*d"2 + a*e”2), In
t[((d + exx)"(m + 1)*(d - e*x))/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d"2 + axe”2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*(x_))"m )*x((£f_.) + (g_.)*x_)))/((a)) + (c_)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[cxd"2 + a*e”™2, 0] && IntegerQ[m]

Rubi steps
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1
f a + btanh™ (cx) P + btanh ™ (cx) N (be) f (d+ex)2(1-c2x2) dx

(d + ex)3 r= 2e(d + ex)? 2¢
3 d—ex
3 bc a+ btanh_l(cx) N (bc )f (d+ex)(1-c222) X
2 (czd2 -~ ez) (d + ex) 2e(d + ex)? 2e (02d2 -~ ez)
3 —cd+e cd+e 2d¢
3 bc _a+ btanh_l(cx) (bc )f (2(cd+e)(—1+cx) + 2(cd—e)(1+cx) + (~cd-+e)(cdA
7 (c2d2 _ ez) (d + ex) 2e(d + ex)? 2e (czd2 - ez)
3 bc a+ btanh_l(cx) bc? log(1 — cx) N bc? log(1 + cx) ~ bc3d log(d -
"o (c2d2 _ ez) (d + ex) 2e(d + ex)? de(cd + e)? 4(cd — e)%e ( 2P — ¢

Mathematica [A] time = 0.149741, size = 133, normalized size = 1.02

1 2a s 2bc 4bc3dlog(d + ex)  bc?log(l - cx) .\ bc? log(cx +1) 2b tanh ™ (cx)
4| e(d+ ex)? (czdz _ ez) (d + ex) ( 22 d2)2 e(cd + e)? e(e — cd)? e(d + ex)?
Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTanh[c*x])/(d + e*x)~3,x]

[Out] ((-2xa)/(ex(d + exx)~2) + (2%b*c)/((c™2*d"2 - e72)*(d + e*x)) - (2xbxArcTan
hlc*x])/(ex(d + e*x)~2) - (bxc~2xLogl[l - c*x])/(e*x(c*xd + e)~2) + (b*xc~2*Log

[1 + c*x])/(ex(=(c*d) + e)72) - (4xb*xc™3xd*Logld + exx])/(-(c"2%d"2) + e72)

"2)/4

Maple [A] time = 0.039, size = 154, normalized size = 1.2

ac? c?bArtanh (cx) . c%b bcdd In (cxe + cd) _ c2bln(cx -1) . c?b In (ca
2 (cxe+cd)’e 2 (cxe+cd’e (cd+2e)(cd—e)(cxe+cd) (cd+e)(cd-e)®  4e(cd +e) 4 (cd -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d)~3,x)

[Out] -1/2*c”2*a/(c*xexx+c*xd) "2/e-1/2*xc”2*xb/ (cxe*xx+c*d) ~"2/exarctanh (c*x)+1/2*c”~2*b
/ (c*xd+e) /(cxd-e) / (c*xexx+c*d) -c~3*xb*xd/ (c*d+e) "2/ (c*d-e) "2x1n(cxe*xx+cxd) -1/4%*
c"2xb/e/ (cxd+e) "2x1n(c*xx-1)+1/4*xb*xc”2%1n(c*xx+1)/(cxd-e) "2/e

Maxima [A] time = 0.970935, size = 257, normalized size = 1.98

1 ([ 4c%dlog (ex + d) clog(cx +1) clog(cx —1) 2 2 artanh (.

- - - c+
4| ctdt —2c2d%e2 + et 2d%e—2cde? +e3  c2d%e +2cde? + €3 2243 — de2 + (CZdZe _ e3)x e3x2 + 2 dex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="maxima"
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[Out] -1/4x((4*c”2xdxlog(e*x + d)/(c”4*d™4 - 2*c™2xd"2%e”2 + e74) - cxlog(c*x + 1
)/ (c™2xd"2%e — 2xckd*e”2 + e73) + cxlog(cxx - 1)/(c™2*%d"2%e + 2*c*xd*e”2 + e

~3) - 2/(c72*d"3 - d*e”2 + (c72*%d"2%e - e73)*x))*c + 2*xarctanh(c*x)/(e”3*x”

2 + 2xd*e”2%x + d"2%e))*b - 1/2%a/(e"3*x72 + 2*xdxe”2*x + d"2*e)

Fricas [B] time = 2.3707, size = 933, normalized size = 7.18

2actd* = 2bcBd3e — 4 ac?d?e? + 2 bede® + 2 ae* - 2 (bC3d2€2 - bce4)x - (bc4d4 +2bc3d%e + bc2d%e? + (bC4d2€2 +2bc3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="fricas")

[Out] -1/4*%(2*xaxc™4*xd~4 - 2%b*c~3*d"3*e - 4*xaxc™2xd"2xe”2 + 2xb*c*d*e”3 + 2*xaxe™4
- 2% (b*c™3*d"2*e”2 - bxcxe"4)*x - (b*c”™4*d"4 + 2xbxc”3*%d"3%e + b*c”2*d"2*e

"2 + (b*cT4*xd"2*%e”2 + 2xbxc”3*d*e”3 + b*cT2*e”4)*x72 + 2% (b*c”4*d"3*e + 2*b
*xC"3%d"2%e”2 + bxc"2xd*e”3)*x)*xlog(cxx + 1) + (b*c™4%d™4 - 2%b*xc”~3xd"3%e +
bxc"2xd"2*xe"2 + (b*c"4*d"2%e”2 - 2*bxc"3xd*e”3 + b*c 2%e”4)*x"2 + 2x(bxc"4*

d"3%e - 2%b*c73xd"2%e”2 + b¥xc 2*d*e”3)*x)*log(ckxx - 1) + 4*x(b*c"3*kd*e”3*x"2

+ 2%b*c73*d"2%e”2xx + b*c"3*d"3%e)*log(exx + d) + (b*c™4xd™4 - 2%b*xc”2xd"2

xe”2 + bxe"4)xlog(-(c*xx + 1)/(c*x - 1)))/(c™4*d"6%e - 2%c”2xd"4*e”3 + d"2x*e

"5 + (cT4*xd"4%e”3 - 2%c”T2x%d"2*%e”5 + e 7)*x"2 + 2% (cT4*d"b*e”2 — 2%c”2*xd"3*e

4 + d*e”6)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(exx+d)**3,x)

[Out] Timed out

Giac [B] time = 1.7422, size = 791, normalized size = 6.08

bctd?x?e? log (cx + 1) + 2 bc*dBxelog (cx + 1) — be*d?x%e? log (cx — 1) — 2 be*dPxelog (cx — 1) + be*d* log (cx + 1) — bea

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="giac")

[Out] 1/4*(b*c™4*d~2xx"2xe"2*xlog(cxx + 1) + 2*bxc~4*xd"3*x*exlog(c*x + 1) - bxc 4
d"2*x72xe"2xlog(cxx — 1) - 2%bxc”4*xd"3*xx*e*xlog(ckx — 1) + b*c™4xd"4xlog(c*x
+ 1) - bxc™4*xd"4*log(c*xx - 1) - b*c™4xd"4xlog(-(c*x + 1)/(c*x - 1)) - 2%ax
cT4*d”4 + 2xb*c”3xd*x"2%e”3*xlog(ckx + 1) + 4xbxc”3*d"2*kx*e"2xlog(cxx + 1) +
2¥bxc”3*d"3*kexlog(c*kx + 1) + 2xbxc™3*d*x"2xe"3*log(ckx — 1) + 4*b*xc™3xd™2%
x*xe"2xlog(c*xx — 1) + 2%b*c”~3*d"3*%exlog(c*x - 1) - 4xb*c™3*d*x"2%e”3*log(x*e
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+ d) - 8*%bxc”3*d"2*kx*e"2%log(x*e + d) - 4*bkxc”3xd"3*exlog(x*e + d) + 2%b*c
T3*%d72%x*%e”2 + 2xb*c”3*%d"3%e + b*xcT2xx"2*%e"4*xlog(ckx + 1) + 2¥bkcT2*d*x*e”3
xlog(c*xx + 1) + b*xc™2*xd"2*e"2xlog(c*x + 1) - bxc™2*xx"2*e"4xlog(c*x - 1) - 2
xb*xc"2xd*x*xe”3xlog(cxx — 1) - b*c™2*xd"2%e"2xlog(c*x - 1) + 2xb*xc~2xd " 2%e”2x
log(-(cxx + 1)/(c*xx - 1)) + 4xaxc™2*xd"2%e”2 - 2*bxc*x*e”4 - 2*b*cxd*e”3 - b
xe"4xlog(-(c*x + 1)/(c*xx - 1)) - 2%axe”4)/(c™4*d"4*x"2%e”3 + 2%c”4*d b*xx*e”
2 + cT4*d"6xe - 2%cT2*%d"2%x"2%e”5 - 4xcT2%d"3%x*e"4 - 2%cT2%d"4*e”3 + x"2%e
“7 + 2%d*x*e”6 + d"2%e”b)
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-1
38 fa+btanh (cx) dx

(d+ex)*

Optimal. Leaf size=175

a+ btanh ™ (cx) .\ 2bc3d .\ bc ~ bc (302012 + 62) log(d + ex) b log(l - cx) .
3e(d + ex)3 3 (62d2 3 ez)z d+ex) 6 <02d2 - 32) (d + ex)? 3(cd — e)3(cd + e)3 6e(cd + e)3

[Out] (b*c)/(6%(c™2%d™2 - e72)*(d + e*xx)"2) + (2%bxc™3*d)/(3x(c™2xd"2 - e72)"2x(d
+ exx)) - (a + bxArcTanh[c*x])/(3xex(d + e*x)~3) - (bxc"3*Logl[l - c*x])/(6
xex(cxd + e)73) + (bxc™3*xLogl[l + c*x])/(6%(cxd - e)~3xe) - (b*c™3*(3*c™2xd”

2 + e"2)*Logld + e*x])/(3*(c*d - e)~3*x(cxd + e)~3)

Rubi [A] time = 0.188482, antiderivative size = 175, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, e .

0.188, Rules used = {5926, 710, 801}

integrand size

a + btanh ™ (cx) .\ 2bc3d . bc bc® (302d2 + 62) log(d +ex)  bcdlog(l - cx) .
3e(d + ex)? 3 ( 242 — 62)2 d+ex) 6 (c2d2 - e2) (d + ex)? 3(cd — e)3(cd + e)3 6e(cd + e)3

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])/(d + e*xx)~4,x]

[Out] (bxc)/(6%(c™2*%d™2 - e72)*(d + exx)72) + (2%b*c™3*d)/(3%(c™2*d"2 - e72)72x(d
+ exx)) - (a + b*ArcTanh[c*x])/(3*ex(d + e*x)~3) - (b*c~3*Logl[l - c*x])/(6
xex(cxd + e)73) + (bxc™3*xLogl[l + c*x])/(6*%(cxd - e)~3xe) - (b*c™3*(3*c™2xd”

2 + e72)xLogld + exx])/(3*%(cxd - e)73*(c*xd + e)73)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx72), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 710

Int[((d_) + (e_.)*x(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd”2 + a*e”2)), x] + Dist[c/(c*d"2 + a*e”2), In
t[((d + exx)"(m + 1)*(d - e*x))/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d"2 + axe™2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rubi steps
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1
f a + btanh™ (cx) P + btanh ™ (cx) (be) f (d+ex)3(1-c22) ax

(d + ex)* r= 3e(d + ex)3 " 3e
3 d—ex
3 bc a+ btanh_l(cx) N (bc ) f (d+ex)?(1-c2x2) dx
6 (czd2 - ez) (d + ex)? 3e(d + ex)? 3e (c2d2 - ez)
3 _ c(cd—e) c(cd+e)
be a+ btanh_l(cx) (bC )f( 2(cd+e)?(~1+cx) + 2(cd—e)2(1+cx) + (—cd+
6 (c2d2 - ez) (d + ex)? 3e(d + ex)? 3e (czd2 —e
bc 2bc3d a+b tanh_l(cx) bcdlog(l —cx)  bc®
= + 2 - 3 37T g
6 (c2d2 - ez) (d+ex)> 3 (Czdz _ ez) d + ex) 3e(d + ex) 6e(cd + e) 6
Mathematica [A] time = 0.263068, size = 173, normalized size = 0.99
1 20 4bc3d .\ be 2bc® (3C2d2 +¢2)log(d +ex)  bc3log(l - cx) s bc*
6| ed+ex) (- Czdz)2 d+ex) (B —e)(d+ex) (22 - 62)3 e(cd + e)?

Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTanh[c*x])/(d + e*x)~4,x]

[Out] ((-2*a)/(ex(d + exx)"3) + (b*c)/((c™2*d"2 - e”2)*(d + e*x)"2) + (4*xb*c~3*d)

/((=(c™2%d"2) + e72)72x(d + e*x)) - (2*bk*ArcTanh[c*x])/(ex(d + e*x)"3) - (b

*xc"3%Log[1l - c*x])/(ex(c*d + e)73) + (b*c™3*xLogl[l + c*x])/((cxd - e)"3%e) -
(2xb*c™3* (3*%c™2*d"2 + e”2)*Logld + exx])/(c”2*d"2 - e72)73)/6

Maple [A] time = 0.046, size = 223, normalized size = 1.3

c3a c3bArtanh (cx) b cPbln(cxe +cd)d?>  c3be? In (cxe + cd)

3(cxe+cdle 3(cxetcdle (6cd+60)(cd—e)(cxe+cd? (cd+e(cd—eP 3(cd+el(cd-e) :

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d) "4,x)

[Out] -1/3*c~3*a/(c*xe*x+c*d) ~3/e-1/3*c"3*b/ (c*e*x+cxd) “3/e*arctanh(c*x)+1/6*c”3*b
/ (cxd+e) /(c*xd-e) / (cxexx+cxd) “2-c~5%b/ (c*d+e) "3/ (cxd-e) “3*1n(cke*x+c*d) *d™2-
1/3*c"3*bxe~2/ (c*d+e) "3/ (c*d-e) "3*1n(cxexx+cxd)+2/3*c”4*b*d/ (cxd+e) "2/ (c*xd-

e) "2/ (cke*xx+c*xd)-1/6*xc"3xb/e/ (c*d+e) "3*1n(c*x-1)+1/6*bxc~3*1n(c*x+1) /(c*d-e

)~"3/e

Maxima [B] time = 1.0115, size = 458, normalized size = 2.62

1 ([ 2log (cx +1) 2log (cx — 1) 2(3c%d? + c%?) log (ex + d)

= - - +
6 || 3d3e — 3c2d?e? + 3cde® — et 3d3e + 3c%d%e? + 3cde® + et c0d® — 3 ctdte? + 3c2d%et —e® 446 — 2 2442

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))/(e*x+d) 4,x, algorithm="maxima")

[Out] 1/6*((c”2*log(c*xx + 1)/(c™3*d"3*e - 3*c™2xd"2%e”2 + 3*c*kd*e”3 - e74) - c™2x%
log(c*x - 1)/(c™3%d"3%e + 3*c™2*d"2%e”2 + 3xc*xd*e”3 + e74) - 2x(3*c”4xd"2 +
c"2xe"2)*log(exx + d)/(c™6*%d™6 - 3*c”4*d"4*e”2 + 3*c”2+d"2%e"4 - e76) + (4
*CT2xd*e*xx + bxcT2*xd"2 - €72)/(cT4*d"6 - 2%cT2xd"4*e”2 + d72xe”4 + (c74xd"4

*e72 - 2*cT2xd72*%eT4 + e76)*xx"2 + 2% (cT4*d"5*xe - 2*xcT2xd"3%e”3 + d*e”5)*x))

xc — 2¥arctanh(c*xx)/(e"4*xx~3 + 3*d*e”3*x"2 + 3*%d"2*e"2*x + d"3*e))*b - 1/3%
a/(e”4*x"3 + 3*xd*e"3*x72 + 3*%d"2%e"2*x + d"3x*e)

Fricas [B] time = 4.12074, size = 1713, normalized size = 9.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~4,x, algorithm="fricas")

[Out] -1/6*%(2*%a*xc”6*xd"6 — 5xb*c~5*%d"5*e - 6*axc”4*xd"4*xe”2 + 6xb*c~3*d"3*e”3 + 6*a
*cT2xd"2%e"4 - bxcxd*e”5 — 2%axe”6 - 4x(b*c"bxd"3*e”3 - b*xc~3*kd*e”5)*x"2 -
(9%b*c~5*xd"4*e”2 - 10*b*c™3*d"2*xe"4 + b*c*xe”6)*x - (b*c"6*d"6 + 3*xbxc~5%d~5
xe + 3*xb*c”4*xd"4*e”2 + b*xc”3*d"3*e”3 + (b*cT6+%d"3*e”3 + 3*b*c”5xd"2*e”4 + 3
*bxc"4*xd*e”5 + b*c"3*%e"6)*x"3 + 3*(bxc"6*d"4*e”2 + 3*xb*c"5*xd"3*e”3 + 3xbxc”
4xd"2*e"4 + b*c”3*d*e”5)*x"2 + 3*(b*xcT6xd"5xe + 3*b*c”5*d"4*e”2 + 3xbxc~4xd
“3%e73 + bxc”3xd"2*e"4)*x)*log(c*kx + 1) + (b*c"6*%d"6 - 3xb*c~5xd"bxe + 33xbx
c"4*xd"4*e”2 — b*c"3*%d"3*e”3 + (b*xc"6*d"3%e”3 - 3*bkxc~5*d"2%e"4 + 3xbkcT4xdx
e”5 - b*c"3%e"6)*x"3 + 3x(b*c"6*xd"4xe”2 - 3*b*c”5xd"3*e”3 + 3*xbxc”4*d"2xe”4
- b*c”3*d*e”"5)*x"2 + 3% (b*c"6*d"5*e - 3*bkxcT5xd"4*e"2 + 3%b*c”4*d"3*%e”3 -
b*c”~3*d"2%e"4) *x) *log(c*x — 1) + 2% (3*b*c”b*d"5%e + b*c~3*d"3*%e”3 + (3*b*c”
5%¥d"2%e"4 + b*c"3*e”6)*x"3 + 3% (3*b*c”5*d"3*e”3 + b*c"3xd*e”5)*x"2 + 3*(3*b
xC"bxd"4*e”2 + bxc”3*d"2*%e"4)*x)*log(e*x + d) + (b*xc"6*d"6 - 3xbkcT4*xd"4xe”
2 + 3xbxc”2*d"2*%e"4 - b*e”6)*log(-(c*x + 1)/(cxx - 1)))/(c”6*d"9%e - 3*c™4x
d"7xe"3 + 3%c”2xd"5%e”5 - d73*%e”7 + (cT6*d"6%xe”4 - 3*%cT4xd"4*e”6 + 3xcT2*d”
2%e”8 - €710)*x73 + 3*(c"6*%d"7T*e"3 - 3*%c”4*d"5%e”5 + 3*cT2%d"3*e”7 - dxe”9)
*x72 + 3*%(cT6xd"8*%e”2 — 3*xcT4*%d"6%e”4 + 3*kcT2xd"4*e”6 - d"2xe”8)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(e*xx+d)**4,x)

[Out] Timed out

Giac [B] time = 3.09371, size = 1511, normalized size = 8.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctanh(c*x))/(exx+d)~4,x, algorithm="giac")

[Out] 1/6*(b*c~6%d~3*x"3*e"3*%log(cxx + 1) + 3*bxc™6*xd~4*x"2%e"2xlog(c*x + 1) + 3%
bxc~6xd "b*xxxe*xlog(ckx + 1) - b*c™6xd"3*x"3*e"3*log(c*x — 1) - 3*b*c~6*xd"4xx
~2xe"2*log(cxx - 1) - 3*bkxc”6xd b*x*exlog(c*x - 1) + bxc~6xd”"6*log(c*x + 1)
- bxc"6xd"6*log(c*x - 1) - b*c™6*xd 6xlog(-(c*x + 1)/(c*x - 1)) - 2*xa*xc™6*d
76 + 3%bkcTbxd"2*x"3*%e"4xlog(ckx + 1) + O%b*xcT5xd"3*x"2*e"3xlog(c*kx + 1) +
O9*%bxc~bxd 4*xxxe”"2xlog(cxx + 1) + 3%bxc~5xd"b*xexlog(c*x + 1) + 3*xb*xc™5xd~2%x
“3%xe”4xlog(c*x - 1) + 9xb*c~5xd"3*xx"2*e"3*xlog(c*kx — 1) + 9*bxc 5*xd 4*x*ke 2%
log(cxx - 1) + 3*b*c™bxd b*e*xlog(cxx — 1) - 6*bkc~5xd~2*x"3*e"4xlog(x*e + d
) - 18%b*c”5*d"3*x"2%e”"3xlog(x*e + d) - 18%bkc™bxd 4*x*e"2xlog(x*e + d) - 6
xb*c”5*d"bxe*xlog(x*e + d) + 4xbkc”b*d"3*x"2%e”3 + O*bxc”5xd"4*x*e”2 + b¥b*c
“b*d"b%e + 3*bkcT4*d*x"3*%e bklog(ckx + 1) + 9xbkcT4*d"2+x"2xe"4xlog(cxx + 1
) + 9xb*xc~4*d"3*x*e"3*log(c*kx + 1) + 3xb*c”4*xd"4xe”2xlog(cxx + 1) - 3*bxc™4
*xd*xx"3*%e"bxlog(c*xx — 1) - 9xbxc™4*d"2*xx"2xe"4*xlog(cxx — 1) - 9*bkc™4xd ™ 3*x*
e"3*%log(c*x - 1) - 3*bxc™4*d"4*e"2xlog(ckx - 1) + 3*bkxc™4*xd"4*e”2*log(-(c*x
+ 1)/(c*x - 1)) + 6*axc™4*d"4*e”2 + b*c 3*x"3%e"6xlog(c*x + 1) + 3*b*c™3*d
xx"2%e bklog(ckx + 1) + 3*bxc™3*xd"2*x*e"4*log(ckx + 1) + b*c™3*d~3*e”3*log(
ckx + 1) + bxc”3*x"3*%e"6*log(ckx — 1) + 3*bkc™3*d*x"2*e"b*xlog(ckx - 1) + 3%
bxc~3*d”"2*xx*e 4*log(cxx — 1) + b*c~3*%d"3xe"3xlog(cxx — 1) - 2*b*c™3*x"3%e”6
xlog(x*e + d) - 6xbkxc”3*d*x"2%e"bklog(x*e + d) - 6%bkc™3xd 2*x*e 4xlog(x*e
+ d) - 2xbxc”3xd"3xe"3xlog(x*e + d) - 4*b*c”3*d*x"2%e”5 - 10%bk*c”3*d"2%x*e”
4 - 6xb*c”3%d"3%e”3 - 3*bxc”2*xd"2*e"4xlog(-(c*xx + 1)/(c*xx - 1)) - 6xa*xc”™2xd
“2%e”4 + bxc*x*e”6 + bxckdxe”5 + bkxe"6xlog(-(cxx + 1)/(cxx - 1)) + 2xa*xe”6)
/(cT6*%d"6%x"3xe”4 + 3*%cT6*xd"T*x"2%e”3 + 3*cT6+xd"8xx*e”2 + c"6*%d"9%e - 3*xc”4
*d"4*x73%e"6 - 9*%CcT4*d"5xx"2%e”5 - 9%xcT4*d"6*x*e”4 - 3xcT4xd"T7*e”3 + 3*cT2x
d"2*x73%e”8 + 9*kcT2*d"3*x72%e”7 + 9*cT2%d"4*x*e”6 + 3*c”2+d"b*e”5 - x"3xe”1
0 - 3*%d*x"2*%e”9 - 3*d"2*x*e”8 - d"3%e”7)
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39  [(d+ex)(a+btanh(cx)) dx

Optimal. Leaf size=359

b*d (Czdz + 32) PolyLog (2,1 - 1_Zcx) abex (602512 + ez) d (czd2 + ez) (a + btaunh_l(cx))2 (6c2d262 +ctd* + 64)
- c3 - 2¢3 - c3 - 4c4

[Out] (b72*d*e”2*xx)/c”2 + (axbkxe*x(6%xc™2xd"2 + e72)*x)/(2*c”3) + (b"2*e”3%x72)/(12
*c72) - (b™2*xd*e"2xArcTanh[c*x])/c”3 + (b 2*xe*x(6xc™2*xd"2 + e~2)*x*xArcTanh|[c
*xx])/(2*%c”3) + (b*d*e 2*x"2*x(a + b¥ArcTanh[c*x]))/c + (b*e”3*x"3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*x(c™2%d"2 + e”2)*(a + bxArcTanh[c*x])"2)/c~3 - ((c™4x*
d”4 + 6xc”2xd"2*xe”2 + e"4)*(a + b*ArcTanh[c*x])~2)/(4xc"4*e) + ((d + e*x)"4
*(a + b*ArcTanh[c*x])~2)/(4xe) - (2%b*d*(c”2*d"2 + e"2)*(a + bxArcTanh[c*x]
)*Log[2/(1 - cxx)]1)/c™3 + (b~2*%e"3*Logl[l - c™2xx72])/(12xc™4) + (b~ 2xex(6%c
“2xd"2 + e"2)*Logl[l - c™2*x72])/(4xc”4) - (b~2xd*(c”2*%d"2 + e~2)*PolyLogl[2,
1 -2/(1 - ¢c*x)]1)/c”3

Rubi [A] time = 0.533985, antiderivative size = 359, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 14, integrand size = 18, ==
integrand size

= 0.778, Rules used = {5928, 5910, 260, 5916, 321, 206, 266, 43, 6048, 5948, 5984, 5918,
2402, 2315}

b>d (Czdz + 32) PolyLog (2,1 - ﬁ) abex (6C2d2 + ez) d (czd2 + ez) (a + btanh_l(cx))2 (6C2d2€2 +ctdt + 64)
- c3 - 2¢3 " c3 - 4c4

Antiderivative was successfully verified.

[In] Int[(d + exx)~3%(a + b*ArcTanh[c*x]) 2,x]

[Out] (b~2*d*e”2*x)/c”2 + (axbxe*x(6*c™2*%d"2 + e72)*x)/(2%c”3) + (b™2*e"3*x72)/(12
*c”72) - (b™2xd*e”2xArcTanh[c*x])/c”3 + (b 2*%ex(6*%c™2%d"2 + e~ 2)*xxArcTanh[c
*x])/(2%c”3) + (bxd*e"2*xx"2x(a + b*ArcTanh[c*x]))/c + (b*e~3*x"3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*(c™2*d"2 + e"2)*(a + b¥ArcTanh[c*x])~2)/c”3 - ((c™4x*
d"4 + 6xc”2xd"2*xe"2 + e~ 4)*(a + b*ArcTanh[c*x])~2)/(4xc"4*e) + ((d + e*x)"4
*(a + b¥ArcTanh[c*x])~2)/(4*e) - (2*bxd*(c™2*d"2 + e"2)*(a + b*ArcTanh[c*x]
)*¥Log[2/(1 - cxx)])/c™3 + (b™2*e"3*Log[l - c™2xx72])/(12xc™4) + (b~ 2xex*(6%c
~2%d72 + e"2)xLogl[l - c™2%x72])/(4*c™4) - (b™2xd*(c"2*d"2 + e~2)*PolyLogl[2,
1 -2/(1 - ¢c*xx)])/c”3

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& 1GtQlp, 1] && IntegerQl[ql && NeQlq, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c™2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260
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Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(dx(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*x(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]) || LtQ[9*m + 5(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*x((f) + (g_)*(x D))" (m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && I
GtQ[p, 0] &% EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLogl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - 72, 0
]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x ))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQl[c, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rubi steps
2 (6c2d2+ez) (a+b tanh ™! (cx)) 4desx(a+b tanh™(
2 - —
L2 (@vet(a+btanh i) O J ( - .
f(d +ex)? (a + btanh (cx)) dx = - B
2 4d4 6 2d2 2,4 42d zdz 2 bt nh_l
(d + ex)4 (ﬂ + btanh_l(cx)) bf (C +6c°d“e“+e*+4c leEcczx;e )x)(a+ a (cx))
) e B 2c3e -l

abe (6c2d2 + 62) x  bde*x? (a +b tanh_l(cx)) be3x3 (a +b tanh_l(cx)) d+
- 2¢3 " c " 6¢c "

b2de2x  abe (602512 + ez) x b2 (6c2d2 + ez) xtanh ™ (cx)  bde?x? (a + btanh
T2 - 2¢3 - 2¢3 - c

V2de2x  abe (6c2d2 + ez) X pde?tanhY(cx) bPe (6c2d2 + ez) x tanh ™ (cx)
= - +

+ +
c2 2c3 c3 203

B2de2x  abe (6c2d2 + ez) X p23x2  b2de?tanh(cx) bPe (6c2d2 + ez) xtan
= + + - +
c2 2¢3 12¢2 c3 2¢3

b2de2x  abe (602d2 + ez) X p2e3x2  bde?tanh(cx) DbPe (6c2d2 + 62) x tan
= + — +

+
c? 2c3 12¢2 c3 203

b2de2x  abe (6c2d2 + ez) X 2By p2de?tanh M(cx) bPe (6c2d2 + ez) x tan
= + + - +
c2 2¢3 12¢2 c3 2¢3

Mathematica [A] time = 0.886709, size = 506, normalized size = 1.41

12b%cd (c2d? + ¢?) PolyLog (2, —e‘“anh_l(cx)) +18a2c*d%ex? + 12a2c*d®x + 12a%c*de®x® + 3a2c*e3x* + 2bc tanh ™ (cx) (

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3*(a + b*ArcTanh[c*x])~2,x]

[Out] (-(b"2*%e”3) + 12*xa~2%c~4*d"3*x + 36*axbxc”3*xd"2*exx + 12¥b~2%c 2*d*e”2*x +
6*xaxbxcke 3xx + 18*a”2%c”4*d " 2xe*x"2 + 12*%axb*c”3*d*e"2*%x"2 + bT2*%c"T2*xe”3*x
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T2 + 12xa”2%cT4xdxe”2%x”3 + 2%axb*c"3%e”3%x73 + 3xa”2*c 4*e"3%x74 + 3xb72x(
-4*%c”3%d"3 - 6%c72*%d"2%e - 4*cxd*e”2 - e73 + cT4*xx*(4*d"3 + 6xd"2%exx + 4xd
xe72%x72 + e73%x73))*ArcTanh[c*x] "2 + 2*bxckArcTanh [c*x]* (3*a*xc™3*xx(4*d~3

+ 6xd"2%e*xx + 4xd*e”2%x"2 + e73%x73) + bxex(18%cT2xd"2%x + 6kdxex(-1 + c72x%
X72) + e72*x*(3 + cT2*%x72)) - 124b*d*(c"2*d"2 + e”2)*Log[l + E~(-2*ArcTanh[
c*¥x])]) + 18*%axb*xc”2*xd"2xexLogl[l - c*x] + 3*axbk*e”3xLog[l - c*xx] - 18%axbxc
~2%d"2%exLog[1 + c*x] - 3*axbxe”3*xLogl[l + c*x] + 12*axb*c~3*xd"3*Log[l - c~2
*xx"2] + 18%b~2xc”2*xd"2%exLog[l - c72%xx"2] + 4xb”2xe"3*xLogl[l - c™2%x72] + 12
xaxbxckxd*e”2+Log[-1 + c72%x72] + 12%b72xc*kd*(c”2*%d"2 + e~2)*PolyLog[2, -E~(
-2*xArcTanh [c*x])])/(12*c™4)

Maple [B] time = 0.058, size = 1430, normalized size = 4.

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((ex*x+d) "3*(at+b*arctanh(c*x))”2,x)

[Out] a™2*e”2%x"3*d+3/2%a~2xe*xx”2*d~2+1/2*a*b/c 3*xx*e”~3+1/4%a~2/e*xd"4+3/cxb"2*xe*a
rctanh (c*xx)*x*d~2+1/c”3*b"2*e " 2*xarctanh (c*x) *1n(c*xx+1) *d-1/2/c~3%b"2*e~2*1n
(1/2+1/2*c*x)*1n(c*xx-1) *d+1/c”3*b"2*%e”"2*xarctanh (c*x) *1n(c*xx—1) *d+1/c*b™2%e”
2*arctanh (c*x) *x~2xd+3/2/c”2*¥b"2*e*arctanh (c*x) *1n (cxx—1)*d~2+3/4/c~2*%b"2*e
*1n(1/2+1/2*%c*x) *1n(-1/2*cxx+1/2)*d"2-3/2/c”2*b" 2*e*xarctanh (c*x) *1n (c*x+1) *
d~2+1/c”3*a*xb*e”2x1n(c*x+1)*d-3/2/c " 2*axbxex1n (c*x+1)*d~2+3/2/c~2*a*b*e*1n (
cxx-1)*d"2+1/c"3*a*b*e”2x1n(cxx—1)*d+1/4*a"2*xe " 3*x"4+a" 2xx*d"3+1/16/c~4*b"2
*e”3*In(c*x+1) "2+1/3/c"4*xb"2xe " 3*1n(c*x-1)+1/3/c” 4*xb"2xe"3*1n(c*x+1)-1/4/c*
b~ 2*1n(cxx+1) "2%d~3-1/c*b"2*dilog(1/2+1/2xc*x) *d~3+1/4/c*b"2*1n (c*kx-1) ~2*d~
3+1/16/c”4*xb"2xe"3*1n(c*x-1) "2+1/4*b"2*e”3*arctanh (c*x) "2*x~4+1/16*b"2/e*x1n
(c*x+1) "2%d~4+1/16%b"2/ex1n(c*x-1) “2*xd~4+1/4%b"2/e*xarctanh (cxx) ~2*d~4+3*ax*b
/cxx*d"2%e-3/4/c”2xb"2xex1n (1/2+1/2*c*x) *1n(c*x-1) *d~2+2*a*xbxe~2*arctanh (c*
X) *x~3xd+3*ax*b*e*xarctanh (c*x) *x~2*xd”~2+1/c*axbxx”~2*d*e”2-1/2/c”3*%b"2xe”2*1n(
1/2+1/2xcxx)*1n(-1/2%c*x+1/2) *d-3/4/c"2xb"2%e*x1n(-1/2*c*x+1/2) *1n (cxx+1) *d~
2+1/2/c”3*%b"2*xe”2x1n(-1/2*cxx+1/2) *In(c*x+1) *d-1/2/c*b™2*x1n (1/2+1/2%c*x) *1n
(c*x-1)*d"3+1/6/c*b"2*e"3*arctanh (c*x)*x~3-1/2/c*b™2*x1n(1/2+1/2*c*x)*1n(-1/
2xcxx+1/2)*d"3+1/2/c*b™2x1n(-1/2*c*x+1/2) *1n(c*x+1) *d"3+1/cxb~2*arctanh (c*xx
)*¥1n(c*x-1)*d~3-1/2/c”3%b"2%e"2x1n(c*xx+1)*d-1/c”3%b"2%e"2*dilog (1/2+1/2%c*x
)*d+3/8/c”2xb"2*e*1n (cxx+1) "2*d"2+1/6/c*a*xb*x~3*e”~3+1/4%b"2/e*arctanh (c*x) *
In(c*x-1)*d"4-1/4*b"2/exarctanh (c*x) *1n(c*x+1) *d~4+1/8*b"2/e*x1n(1/2+1/2*c*x
Y*x1n(-1/2%c*x+1/2) *d"4+b"2xe"2*xarctanh (c*x) "2*x"3*d-1/8*b"2/ex1n(-1/2*c*x+1
/2)*1n(c*x+1) *d"4-1/8*b"2/ex1n (1/2+1/2%c*x) *1n(c*xx—1) *d~4+2*a*b*arctanh (c*x
)*xx*xd~3+3/2%b"2*e*arctanh (cxx) “2xx~2%d"2+1/2*a*b*e” 3*arctanh (cxx)*x~4+1/2%*a
*b/e*arctanh (c*xx)*d~4+1/2/c~3%b"2%e " 2*1In(c*x-1) *d+1/2/c~3*xb"2*e~3*arctanh(c
*x)*x-1/8/c”4*xb"2xe " 3*1n(-1/2%c*x+1/2) *In(c*x+1)-1/8/c"4*b" 2%~ 3*1n(1/2+1/2
*c*x)*In(c*x-1)+1/4*axb/ex1n(c*xx-1)*d"4-1/4*a*b/ex1n(cxx+1)*d~4+1/c*a*xb*1n(
cxx+1)*d"3+1/c*a*b*ln(c*x—1)*d~3+1/c*¥b"2*arctanh (c*x) *1n(c*x+1)*d~3+1/4/c"4
*b~2*xe~3*arctanh (cxx) *1n(c*x-1)-1/4/c~4*b"2*xe~3*arctanh (c*x) *1n(c*x+1)+1/8/
CTAxb"2%e"3*1In(1/2+1/2*xc*xx) *1n(-1/2%c*x+1/2)-1/4/c”3*b"2xe”~2x1n (cxx+1) “2*d+
1/4/c”4xaxbxe”3*1n(cxx-1)-1/4/c 4*xaxb*e”3*1n(c*x+1)+3/8/c”2*b~2*xex1n(c*x-1)
~2%d"2+1/4/c”3%b"2xe"2x1n (c*x-1) "2%d+3/2/c " 2xb " 2*%ex1n (cxx—1) *d"2+3/2/c”2%b"
2xex1n(c*x+1)*d"2+b~2*arctanh (c*x) “2xx*d~3+1/12xb"2*e " 3*x~2/c”2+b " 2*d*e~2*x
/c”2

Maxima [B] time = 1.79891, size = 1056, normalized size = 2.94

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="maxima"

[Out] 1/4*a~2*e”3*x"4 + a™2xd*e”2*x"3 + 3/2*a”2xd"2%e*xx”2 + 3/2*x(2*x”~2*arctanh(c*
x) + cx(2xx/c”2 - log(c*x + 1)/c™3 + log(ckx - 1)/c73))*axb*d™2%e + (2%x"3%
arctanh(c*x) + c*(x72/c”2 + log(c™2*x72 - 1)/c™4))*a*xbxd*xe”2 + 1/12%(6%x~4x
arctanh(c*x) + c*(2%(c™2*x"3 + 3*x)/c”4 - 3xlog(cxx + 1)/c”5 + 3*log(c*x -
1)/c7B))*a*bxe”3 + a~2xd"3*x + (2*cxx*arctanh(c*x) + log(-c™2xx"2 + 1))*ax*b
*d~3/c + (c72*%d"3 + d*e”2)*(log(c*x + 1)*log(-1/2*cxx + 1/2) + dilog(1/2*cx
x + 1/2))*%b72/c”3 + 1/6%(9%c™2+d"2%e - 3*ckd*e”2 + 2%e”3)*b"2*log(c*x + 1)/
c™4 + 1/6%(9%c™2+d"2%e + 3kckd*e”2 + 2%e”3)*b"2*log(ckx - 1)/c”4 + 1/48%(4x
bT2xCcT2%e73%x72 + 48*b72xcT2xd*e 2xx + 3% (bT2*cT4*xe”3%x74 + 4*xb~2xc"4xd*e”2
*x"3 + 6*¥b72%CcT4xd"2%xe*x"2 + 4xb72%cT4*d"3*%x + (4*c73*%d"3 - 6%xcT2%d"2%e + 4
xcxd*e”2 - e73)*b"2)*xlog(c*xx + 1)72 + 3x(b72xc"4*e”3*%x"4 + 4*xbT2%xcT4xd*e” 2%
K73 + 6*%b72xCcT4*d"2%e*xx"2 + 4*b72xcT4*d"3*%x - (4xc”3%d”3 + 6xcT2*d"2%e + 4%
ckdxe”2 + e73)*b"2)xlog(-c*xx + 1)72 + 4x(b72%c"3%e”3%x"3 + 6*%b"2*c"3xd*e 2%
X72 + 3% (6*%c73xd"2xe + c*e”3)*b"2*x)*log(ckx + 1) - 2% (2%b72%c"3%e”3*%x"3 +
12%b72xc"3*d*e"2%x"2 + 6% (6*%c"3*d"2%e + c*ke"3)*b72xx + 3% (bT2*kc"4*xe"3%x74 +
4%b72%CcTA*d*e”"2%x "3 + 6xbT2xcT4*xd"2%exx”2 + 4*b72xc”4xd"3*x + (4*c”3xd"3 -
6*%c”"2*%d"2%e + 4*ckxd*e”2 - e73)*b"2)*log(ckx + 1))*log(-c*x + 1))/c”4

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (aze3x3 + 3a%de?x? + 3 a®d%ex + a®d® + (b233x3 + 3b2de?x? + 3 b?d%ex + b2d3) artanh (cx)® + 2 (abe3x3 +3ab
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”3*x~3 + 3*a~2xd*e”2%x"2 + 3*%a~2*d"2%e*xx + a~2+%d"3 + (b"2%e”3
*x73 + 3*b72xd*e"2*x"2 + 3*%b"2*%d"2%e*x + b72xd"3)*arctanh(c*x) "2 + 2% (axbke
“3*%x73 + 3*xaxb*d*e”2*%x”2 + 3*kaxb*xd”"2*exx + axb*d”~3)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))? (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(atbxatanh(cxx))**2,x)

[Out] Integral((a + bxatanh(c*x))**2%(d + exx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)*(b artanh (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) " 3x(a+b*arctanh(c*x))~2,x, algorithm="giac")



[Out] integrate((exx + d)~3*(bxarctanh(cxx) + a)~2, x)

59
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310  [(d+e?(a+btanh(cx)) dx

Optimal. Leaf size=257

2) (3 + @) (a+ branh o) (3 + ) (a+ branh (@) 26 (3%
.

v? (3c2d2 + ez) PolyLog (2,1 -
3¢c3 3¢c3 - 3e -

[Out] (2*axbkxd*exx)/c + (b™2%e"2*x)/(3*c”2) - (b~ 2*xe"2xArcTanh[c*x])/(3*c”3) + (2
*xb~2kd*exx*xArcTanh[c*x])/c + (b*e 2%x~2%(a + bxArcTanh[c*x]))/(3%c) + ((3%c
“2xd”"2 + e"2)x(a + b*ArcTanh[c*x])~2)/(3*c”3) - (d*x(d"2 + (3*xe”2)/c"2)x(a +
bxArcTanh[c*x])~2)/(3*e) + ((d + exx) 3*(a + bxArcTanh[c*x])~2)/(3%e) - (2

*xb* (3%c™2+%d”2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(3%c”3) + (b~2x
dxexLog[l - c”2*x72])/c”2 - (b™2*(3*c™2%d"2 + e"2)*PolyLog[2, 1 - 2/(1 - cx
x)]1)/(3%c™3)

Rubi [A] time = 0.408535, antiderivative size = 257, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 12, integrand size = 18, o o e
integrand size

= 0.667, Rules used = {56928, 5910, 260, 5916, 321, 206, 6048, 5948, 5984, 5918, 2402, 2315}

v? (3c2d2 + ez) PolyLog (2,1 - %) (302d2 + 32) (a +btanh™ (cx))z d (iizz + d2) (u +btanh™" (cx))2 2b (302c
3¢3 i 3¢3 - 3e -

Antiderivative was successfully verified.

[In] Int[(d + exx) 2x(a + bxArcTanh[c*x]) 2,x]

[Out] (2*axbkxd*exx)/c + (b™2%e"2*x)/(3*c”2) - (b~ 2*xe"2xArcTanh[c*x])/(3*c”3) + (2
*xb~2kd*exx*xArcTanh[c*x])/c + (b*e 2%x"2%(a + bxArcTanh[c*x]))/(3%c) + ((3%c
“2xd”"2 + e"2)x(a + b*ArcTanh[c*x])~2)/(3*c”3) - (d*x(d"2 + (3*xe”2)/c"2)x(a +
bxArcTanh[c*x])~2)/(3*e) + ((d + exx) 3*(a + bxArcTanh[c*x])~2)/(3%e) - (2

*xb* (3%c™2+%d"2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(3%c”3) + (b~2x
dxexLog[1l - c™2*x72])/c”2 - (b™2*(3*c™2%d"2 + e"2)*PolyLog[2, 1 - 2/(1 - cx
x)]1)/(3%c™3)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*xc*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1)/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQLc~2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - "2, 0
]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e™2*f + d~2x*g, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]



62

Rubi steps

3dez(a+b tanh_l(cx)) e3x(a+b tanh™! (cx)) ((

d+ex)®(a+b tanh_l(cx))z (2be) [ (‘ z 2
3e - 3e

f (d + ex)? (a + btaunh_l(cx))2 dx =

-1
d+ ex)3 (11 b tanh_l(cx))z (2b) f (C2d3+3de2+e(3c2d12_+ce222;)(a+b tanh (cx)) Q@b
B 3e - 3ce T
c2d3(
@b) [

2abdex  be*x? (u +btanh™ (cx)) (d + ex)? (a +b tanh_l(cx))
B c - 3c * 3e

_ 2abdex N b2e?x N 2b%dex tanh ™ (cx) N be*x? (ﬂ + btanh_l(cx)) N (d + ex)® (” +
o 3c? c 3c ’

_ 2abdex . b2e%x  b%e tanh™ (cx) s 2b2dex tanh ™ (cx) s be*x? (ﬂ +btanh™ (cx
o 3c? 3¢3 c 3c

_ 2abdex . b2e2x  b%e tanh ™ (cx) s 2b2dex tanh ™ (cx) s be*x? (11 +btanh™ (cx
o 3c? 3¢3 c 3c

_ 2abdex .\ b2e2x  b2e2 tanh ™ (cx) . 2b2dex tanh ™! (cx) N be*x (11 +btanh™ (cx
o 3¢2 3c3 c 3c

_ 2abdex . b2e2x  b?e tanh ™ (cx) . 2b2dex tanh ™ (cx) s be*x? (11 +btanh™ (cx
o 3c? 3¢c3 c 3c

Mathematica [A] time = 0.635976, size = 319, normalized size = 1.24

b? (3c2d? + ez) PolyLog (2, —e? tanhfl(”‘)) + 3a2c3d%x + 3a2c3dex? + a2c3¢2x® + btanh ™ (cx) (Zacg’x (3d2 + 3dex + €2x?

Warning: Unable to verify antiderivative.

[In] Integratel[(d + e*xx)"2x(a + bxArcTanh[cx*x])~2,x]

[Out] (3*a™2%c~3*d"2*x + 6xaxbxc ™ 2*d*exx + b7~ 2%c*e”2xx + 3*a~2xc”3*xd*e*x”2 + axb*
CT2%e72%x72 + a”2*c”3*%e”2*x”3 + b72x (-1 + c*x)*(e”2 + cxex(3*d + exx) + c72
*(3*xd~2 + 3xd¥e*xx + e 2*x"2))*ArcTanh[c*x] "2 + bxArcTanh[c*x]*(bxex(-e + 6%
CT2xd*x + CT2%e*x72) + 2xaxcT3xx*x(3*%d72 + 3kdkexx + e72%xx72) — 2%b* (3*xc”2*d

2 + e72)*Log[1l + E~(-2*ArcTanh[c*x])]) + 3*a*xbkckxdxexLogl[l - c*x] - 3*a*bx
ckdxexLog[1l + c*x] + 3%axbkxc™2*d"2xLog[l - c™2xx72] + 3%b~2*cxd*exLogl[l - c
"2%x72] + axbxe”2xLogl[-1 + c72*x72] + b~2*(3*%c"2*%d"2 + e"2)*PolyLog[2, -E7(
-2%ArcTanh[c*x])])/(3*%c”3)

Maple [B] time = 0.049, size = 1050, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (a+b*arctanh(c*x))”~2,x)
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[Out] 1/3/c”3*b"2*e"2*arctanh(c*x)*1n(c*x-1)+1/6/c~3*b"2*xe"2*x1n(-1/2*c*xx+1/2)*1n(
cxx+1)+1/3/c " 3*a*xb*e”2x1In(c*x—1)+b~2xexarctanh (c*x) ~2*x~2*xd+2/3*a*xbxe~2*arc
tanh(c*x)*x"3-1/6%b"2/ex1In(-1/2*%c*x+1/2) *1n(c*x+1)*d"3-1/6*%b"2/e*x1n(1/2+1/2
*cxx)*1n(cxx—1)*d"3+1/3/c"3*%b"2xe " 2*arctanh (c*x) *1n(c*x+1)-1/6/c~3*b" 2*%e~ 2%
In(1/2+1/2*c*x)*1n(c*x-1)-1/6/c"3*%b"2*%e"2x1n(-1/2*c*xx+1/2) *1n(1/2+1/2*c*x) +
1/2/c*b™2%In(-1/2*c*xx+1/2) *1n(c*x+1) *d~2+1/c*axb*x1ln(c*xx-1) *d~2+1/c*a*b*1n(c
*xx+1)*d"2+1/3%a"2/e*xd"3+1/4/c*b”"2x1n(c*x-1) "2*%d"2-1/cxb~2*dilog(1/2+1/2*c*x
)*%d"2-1/4/cxb"2*%1n(c*x+1) "2%d"2-1/12/c”3%b" 2*xe"2*%1n(c*x+1) "2+1/6/c~3*b"2%e”
2x1n(c*x-1)-1/6/c"3*%b"2xe 2x1n(c*x+1)-1/3/c"3%b"2xe"2xdilog(1/2+1/2*c*x)+1/
12/c"3xb"2%e"2x1n(cxx—1) "2+1/3*%b"2/e*xarctanh (c*x) ~2*d~3+1/3*b~2%e”~2*arctanh
(c*x) "2%x"3+a"2%e*xx"2*%d-1/3%b"2/exarctanh (c*x) *1n (cxx+1) *d~3+1/3*a"2*e”~2%x"
3+a"2*x*d"2-1/c”2¥b " 2*%exarctanh (c*x) *1n(cxx+1) *d-1/2/c”2%b" 2*ex1n(1/2+1/2*c
*x)*In(c*x-1) *d+1/2/c"2*xb"2xe*x1n (-1/2%c*x+1/2) *1n(1/2+1/2*cxx) *d+1/c”2%b~ 2%
exarctanh (c*x) *1n(c*x-1)*d+2*axb*e*arctanh (cxx) *x~2*%d-1/c”2*axbxex1ln (cxx+1)
*d+1/c " 2*%axbxexIn(cxx—1)*d-1/2/c”2%b " 2%e*x1n(-1/2*c*x+1/2) *1n (c*x+1) *d+1/3/c
~3xaxb*e”2x1n(ckx+1)+1/4/c”2%b"2%e*x1ln (ckx+1) "2*xd+1/c”2xb " 2*xex1n (c*x+1) *d-1/
3*xaxb/ex1n(cxx+1)*d~3+2/3*a*b/e*arctanh (c*x)*d~3+1/3*a*xb/e*In(c*x-1)*d~3+1/
6*%b~2/e*xIn(-1/2*%cxx+1/2)*1n(1/2+1/2*c*x) *d~3+2*a*b*arctanh (c*x) *x*d~2+1/3*b
~2/exarctanh (c*x)*1n(cxx—1) *d"3+1/3/c*xa*xb*x"2%e”2+1/c " 2xb"2*ex1n (c*x—1) *d+1
/4/c”2x%b" 2xex1n(cxx-1) "2xd+1/3/c*b"2xe~2*xarctanh (c*x) *x~2+1/c*xb~2*arctanh(c
*x)*1n(c*xx—1)*d"2+1/c*xb"2*arctanh (c*xx)*1n(cxx+1)*d~2-1/2/c*b"2x1n(1/2+1/2%*c
*x)*1n(c*x—-1)*d"2-1/2/cxb™2+%1In(-1/2*%c*xx+1/2) *1n(1/2+1/2*c*x) *d"2+b"2*arctan
h(c*x) "2*xx*d"2+1/12*b"2/ex1n(c*x+1) "2%d"3+1/12*b"2/e*x1n (c*x—-1) "2*d~3+1/3*b~
2%e”2xx/c”2+2*xaxbxd*e*xx/c+2*¥b” 2xd*e*xx*arctanh (c*x) /c

Maxima [B] time = 1.79474, size = 707, normalized size = 2.75

2 lo

2x 1 1) 1 -1 1
2,243 ad Og(Cx+)+og(cx d}mu+§memmm@m+c&5+—

1
— a2e%x3® + a?dex? + |2 x? artanh (cx) + c[ — —
3 c? 3 c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2x(a+b*arctanh(c*x))~2,x, algorithm="maxima")
g g

[Out] 1/3%a”2%e”2xx"3 + a~2xd*e*xx”2 + (2xx"2*xarctanh(c*xx) + c*x(2*xx/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c”3))*axbxd*e + 1/3x(2*x"3*arctanh(c*x) + c*x(x72/c”
2 + log(c™2*x"2 - 1)/c”4))*a*b*e”2 + a~2xd"2*x + (2*ckx*arctanh(c*x) + log(
-cT2%x72 + 1))*a*xb*d"2/c + 1/3%(3*%c72xd"2 + e72)*(log(c*xx + 1)*log(-1/2%c*x
+ 1/2) + dilog(1/2%cxx + 1/2))*b"2/c”3 + 1/6%(6%c*d*e - e72)*b"2xlog(c*xx +
1)/c™3 + 1/6%(6*xc*xd*e + e72)*xb~2xlog(cxx — 1)/c™3 + 1/12%(4*b"2%c*e”2*x +
(b™2%c™3%e"2%x73 + 3*%b~2*c"3*d*kexx"2 + 3*%b"2*c"3*d"2xx + (3*cT2*d"2 - 3xc*d
*xe + e72)*b"2)*xlog(cxx + 1)72 + (b72%c™3%e™2%x"3 + 3*%b"2xc”3*d*e*xx"2 + 3*b”
2%c7T3%d"2%x - (3*%cT2%d72 + 3kckdxe + e72)*b72)*log(-c*kx + 1)72 + 2x(b72xc"2
*e"2%x72 + 6xbT2%c”2kd*exx)*log(ckx + 1) - 2x(b72%xcT2%e”2%x"2 + 6%b72%c72xd
xexx + (b72%c73%e"2%x73 + 3*bT2%c”3kd*exx"2 + 3%b72%c”3*%d"2xx + (3xcT2%d”2
- 3xc*dxe + e72)*b"2)*log(c*x + 1))*log(-c*x + 1))/c”3

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azezxz + 2 a%dex + a?d® + (bzezx2 + 2 b%dex + bzdz) artanh (cx)® + 2 (abezx2 + 2 abdex + abdz) artanh (cx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(atb*arctanh(c*x))~2,x, algorithm="fricas")
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[Out] integral(a™2*e”2%x72 + 2%a”2kd*e*xx + a”2*%d™2 + (b72%e”2*x”2 + 2%b~2kd*kexx +
b~2%d"2) *arctanh(c*x) "2 + 2% (a*xb*e™2*x"2 + 2%axbxd*e*x + axb*d~2)*arctanh(

c*x), X)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx) (d + ex)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x))**2,x)

[Out] Integral((a + b*atanh(c*x))**2*(d + e*xx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)2(b artanh (cx) + 11)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~2*(atb*arctanh(c*x))~2,x, algorithm="giac")

[Out] integrate((exx + d) " 2x(bxarctanh(c*x) + a)~2, x)
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311 [(d+ex)(a+btanh™(cn) dx

Optimal. Leaf size=160

2 2 _ 2
b*dPolyLog (21 1- 1_Cx) (i_z + dz) (” +btanh 1(cx)) (d + ex)? (a +b tanh_l(cx))2 d (a +b taunh_l(cx))2
- - + +

c 2e 2e c

[Out] (ax*b*exx)/c + (b~ 2*exx*ArcTanh[c*x])/c + (d*(a + b*ArcTanh[c*x])~2)/c - ((d
"2 + e72/c”2)*(a + bxArcTanh[c*x])~2)/(2*e) + ((d + exx)~2x(a + b*ArcTanh[c
xx])7"2)/(2%xe) - (2*b*d*(a + bxArcTanh[cx*x])*Log[2/(1 - c*x)])/c + (b~2*exLo

gll - c™2xx72])/(2%xc”2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rubi [A] time = 0.329908, antiderivative size = 160, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 9, integrand size = 16, number of rules

= 0.562, Rules used = {5928, 5910, 260, 6048, 5948, 5984, 5918, 2402, 2315}

integrand size

2 &2 — 2
b*dPolyLog (211 - @) (c_z + dz) (” +btanh 1(cx)) (d + ex)? (a +btanh™ (cx))2 d (a + btaunh_l(cx))2
- - + +
c 2e 2e c

Antiderivative was successfully verified.

[In] Int[({d + exx)*(a + bxArcTanh[c*x])"2,x]

[Out] (ax*b*exx)/c + (b~ 2*exx*ArcTanh[c*x])/c + (d*(a + b*ArcTanh[c*x])~2)/c - ((d
"2 + e72/c”2)*(a + bxArcTanh[c*x])~2)/(2*%e) + ((d + exx)"2*x(a + b*ArcTanh[c
xx])7"2)/(2xe) - (2*b*d*(a + bxArcTanh[cx*x])*Log[2/(1 - c*x)])/c + (b~2*exLo

gll - c™2xx72])/(2%xc”2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]I*(b_.)) " (p_.)*x((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)7m, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQLc2*d + e, 0] && IGtQ[m, O]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bx*ArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, O
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps

(d + ex)? (a +b tanh_l(cx))2

(bc) f( a+btanh (cx)) N (c2d2+62+2c2dex)(u+btanh_l(

cz(l—czxz)

[@+ex)(a+btanh @) dx = > ;

c2d2+ez+2c2dex)(u+b tanh ! (cx))

_ (d + ex)? (u + btaunh_l(cx))2 B b [ ( )

dx

2e ce

2
czd2(1+ 572)(“”’ tanh_l(cx))
C

b b
+(e)f(a+ t

2c2dex(u+b tar

1-c2x2

b
abex  (d+e? (a+btanh () [
+ —

1-c2x

c 2e

c c 2e

2 ht d+ex)?(a +btanh (cx
abex+bextan (cx) ( ) ( ( ) _ @be )f

a + btanh”

c2x2

d2 + ) a+btanh” (cx))

abex N b2ex tanh_l(cx) . (a + btanh™ (cx)

c c *
2
abex . b2ex tanh ™! (cx) s (a +btanh” (cx) (dz + e—z) a+btanh" (cx)) .
c c
2
abex N b2ex tanh ™' (cx) N (a +btanh (cx) (dz + i_) a+btanh" (cx)) \
c c
2
abex | b2ex tanh ™ (cx) .\ d(a+btanh” (cx) (dz + i_z) a+btanh- (cx)) .

c c c
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Mathematica [A] time = 0.423255, size = 174, normalized size = 1.09

2b?cdPolyLog (2, —e7? tanh_l(c")) + 2a%c?dx + a®c?ex? + 2abed log (1 - szz) + 2bc tanh ™ (cx) (ucx(Zd +ex) - 2bd Ic

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x])~2,x]

[Out] (2*%a™2%c™2xd*x + 2%axbxcke*x + a~2*xc ™ 2%e*x”2 + b72*x (-1 + c*x)*(2%cxd + e +
cxexx)*ArcTanh[c*x] "2 + 2*b*cxArcTanh[c*x]*(b*e*xx + akxckx*x(2*xd + exx) - 2%b
xd*Log[1 + E~(-2%ArcTanh[c*x])]) + axb*exLogl[l - c*x] - axbxexLog[l + c*x]

+ 2xaxbkckd*Log[l - c¢72*x72] + b™2%exLogl[l - c”2*x72] + 2xb~2*c*d*PolyLog[2

, “E7(-2xArcTanh[c*x])])/(2%c”2)

Maple [B] time = 0.052, size = 462, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)x*(at+b*arctanh(c*x))~2,x)

[Out] 1/2*%a”2*x"2*e+a”2xd*x-1/4/c”2xb"2*%1In(-1/2*c*x+1/2) *1n(c*x+1)*e-1/4/c”2*xb~ 2%
In(1/2+1/2%c*x)*1n(c*x-1)*e-1/2/c*¥b™2x1n(1/2+1/2%c*xx) *1n(-1/2*xc*xx+1/2) *d+1/
2/cxb”2*%1In(-1/2*c*x+1/2)*1n(c*x+1) *d-1/2/c*b"2%1n(1/2+1/2%c*x) *1n (c*x-1) *d+
1/cxb~2*arctanh (c*x) *1n(c*x-1) *d+1/c*xaxbx1n(c*xx+1)*d+1/c*a*b*1ln(c*x—-1)*d+1/
c¥b~2*arctanh (c*x) *1n (c*x+1) *d+2*a*b*arctanh (c*x) *x*xd+a*b*arctanh (c*x) *x~ 2%
e+1/2/c”2*xaxb*x1ln(cxx-1) *e-1/2/c " 2*xaxbx1n(cxx+1) *e+1/2/c”2xb~2*%arctanh (c*xx) *
In(c*xx-1)*e+1/4/c”2%b™2x1n(1/2+1/2*%cxx) *1n(-1/2*%cxx+1/2) *e-1/cxb~2*dilog(1/
2+1/2*%c*x) *d+1/2/c”2+%b"2x1n(c*x+1) *e+1/8/c”2+%b"2x1n(c*x-1) "2xe+1/2/c”2%b" 2%
In(c*xx-1) *e+1/8/c”2*%b"2*1n(c*x+1) "2%xe-1/4/c*b~2x1n(c*x+1) “2xd+1/4/c*b~2x1n(
c*¥x-1) "2%d+1/2%b~2*arctanh (c*x) ~2*x~2*%e+b " 2*arctanh (c*x) ~2*x*d-1/2/c”2*b~ 2%
arctanh (c*x) *1n(c*xx+1) *xe+axb*e*x/c+b " 2*e*x*arctanh(c*xx)/c

Maxima [B] time = 1.76164, size = 423, normalized size = 2.64

2x  log(cx+1) N log (cx —1) (2 cx artanh (cx) + log (_szz +]

1 1
> a?ex? + 5 (2 x% artanh (cx) + c(— -

c? c3 c3

))abe + a%dx + ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”2,x, algorithm="maxima")

[Out] 1/2*%a”2*xexx"2 + 1/2x(2*xx"2%arctanh(c*x) + c*(2xx/c”2 - log(c*x + 1)/c"3 + 1
og(c*xx - 1)/c”3))*axb*xe + a”2xd*x + (2*c*x*arctanh(c*x) + log(-c™2*xx"2 + 1)
)*axb*xd/c + (log(c*x + 1)*log(-1/2%c*x + 1/2) + dilog(1l/2%c*xx + 1/2))*b~2*d

/c + 1/2*%b"2%exlog(cxx + 1)/c”2 + 1/2xb"2%exlog(c*xx - 1)/c”2 + 1/8x(4*b~2%c
xexx*xlog(cxx + 1) + (b72%c™2%exx™2 + 2%b72%c”2xd*x + (2%c*d - e)*b~2)*log(c

*x + 1)72 + (b72%c72%e*xx”2 + 2%xb"2*%cT2*d*x - (2%cxd + e)*b”2)*log(-c*xx + 1)

T2 - 2% (24b72xckexx + (DT2xCT2%e*x”2 + 2%xbT2kcT2*d*x + (2%cxd - e)*b”2)*log

(c*x + 1))*log(-c*x + 1))/c™2
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azex +a%d + (bzex + bzd) artanh (cx)* + 2 (abex + abd) artanh (cx), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atbxarctanh(c*x))”2,x, algorithm="fricas")

[Out] integral(a™2*exx + a”2*%d + (b~™2*%e*x + b~2*xd)*arctanh(c*x)~2 + 2% (axbkexx +

axb*d)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))2 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x))**2,x)

[Out] Integral((a + b*atanh(cx*x))**2*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(bartanh (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~2, x)
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1 2
3.12 f(m ) g

d+ex

Optimal. Leaf size=188

_ 2c(d+ex)
(cx+1)(cd+e)

b (a +0b tanh_l(cx)) PolyLog (2, 1 ) . bPolyLog (2, 1- %) (a +b tanh_l(cx)) b*PolyLog (3, 1-

e e 2e

[Out] -(((a + b*ArcTanh[c*x]) 2*xLog[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])~2*Lo
gl(2%cx(d + e*xx))/((cxd + e)*x(1 + c*x))])/e + (b*x(a + b*ArcTanh[c*x])*PolyL

ogl2, 1 - 2/(1 + c*x)])/e - (bx(a + b*ArcTanh[c*x])*PolyLog[2, 1 - (2*cx*(d

+ exx))/((cxd + e)*(1 + c*x))])/e + (b™2xPolyLogl[3, 1 - 2/(1 + c*x)])/(2%e)

- (b™2*%PolyLog([3, 1 - (2%c*(d + exx))/((c*d + e)*(1 + c*x))])/(2%e)

Rubi [A] time = 0.0499903, antiderivative size = 188, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 1, number of rules used = 1, integrand size = 18, e =

= 0.056, Rules used = {5922}

integrand size

2c(d+ex)
(cx+1)(cd+e)

e e 2e

b (a +b tanh_l(cx)) PolyLog (2,1 -

) bPolyLog (2,1 - ﬁ) (a + btanh_l(cx)) b*PolyLog (3,1 -
+

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) 2*xLog[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])~2*Lo
gl(2%cx(d + exx))/((cxd + e)*x(1 + c*x))])/e + (bx(a + b*ArcTanh[c*x])*PolyL

ogl2, 1 - 2/(1 + c*x)])/e - (b*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - (2*cx*x(d

+ exx))/((cxd + e)*x(1 + c*x))])/e + (b™2xPolyLogl3, 1 - 2/(1 + c*xx)])/(2%e)

- (b72*%PolyLog[3, 1 - (2%c*(d + exx))/((c*d + e)*(1 + c*x))])/(2%e)

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"2/((d_ ) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) “2+Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*xLog[(2*%cx(d + exx))/((c*xd + e)*(1 + cxx))])/e, x] + Simp[(bx*(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2*cx(d + e*xx))/((c*xd + e)*(1 + cxx))])/e, x] + Sim
p[(b~2%PolyLog[3, 1 - 2/(1 + c*x)])/(2*%e), x] - Simp[(b~2xPolyLogl[3, 1 - (2
kcx(d + exx))/((cxd + e)*(1 + c*x))]1)/(2%e), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps
_ 2 -1, 3\ 2 -1, 1)\? 2c(d-+ex)
f (a + btanh 1(cx)) . (a + btanh (cx)) log (m) . (a + btanh (cx)) log (m) . b (a + btanh
d+ex T e e

Mathematica [C] time = 12.5105, size = 938, normalized size = 4.99

result too large to display

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + bxArcTanh[c*x])~2/(d + ex*x),x]

[Out] (6*%a~2*Logld + e*x] + 6*axbxArcTanh[c*x]*(Logl[l - c™2%x72] + 2*Log[I*Sinh[A
rcTanh[(c*d)/e] + ArcTanh[c*x]]1]) - (6%I)*a*xbx((-I/4)*(Pi - (2*I)*ArcTanh[c
*x]) 72 + Ix(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2*I)*ArcTanh[c*x])*
Log[1l + E7(2*%ArcTanh[c*x])] + (2*%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Logl[1
- E7(-2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*%I)*ArcTanh[c*x])*Lo
gl2/8qrt[1 - c™2*x72]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)x*
Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2%ArcTanh[c*x])]
- I*PolyLog[2, E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]) + (b~2x(-8*c*d*Ar
cTanh[c*x]~3 + 4*exArcTanh[c*x]~3 - (4*Sqrt[l - (c72*d"2)/e"2]*exArcTanh[c*
x]73)/E"ArcTanh[(c*d) /e] - 6xc*dxArcTanh[c*x] " 2%Log[1 + E~(-2xArcTanh[c*x])
] - (6*I)*c*xd*Pi*ArcTanh[c*x]*Log[(E~(-ArcTanh[c*x]) + E~ArcTanh[c*x])/2] -
6xckxdxArcTanh [c*x] "2xLog[1 + ((c*d + e)*E~(2xArcTanh[c*x]))/(c*d - e)] + 6
xcxd*ArcTanh [c*x] “2%Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*Ar
cTanh [c*x] "2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*ArcTanh[c
xx] "2*Log[1 - E~(2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 12%c*d*ArcTanh[(cx
d) /el *ArcTanh [c*x]*Log[(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(
2% (ArcTanh[(cxd) /e] + ArcTanh[c*x])))] + 6*ckdxArcTanh[cxx] “2*Log[(e*x(-1 +
E~(2*ArcTanh[c*x])) + c*d*(1 + E~(2xArcTanh[c*x])))/(2*E"ArcTanh[c*x])] - 6
kckdxArcTanh [cxx] "2*Log[(cx(d + e*x))/Sqrt[1 - c™2xx72]] - (3*I)*c*xd*Pi*Arc
Tanh [c*x]*Log[1 - c¢™2%x72] - 12xc*d*ArcTanh[(c*d)/e]l*ArcTanh[c*x]*Log[I*Sin
h[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] + 6*cxd*ArcTanh[c*x]*PolyLog[2, -E~(-2%
ArcTanh[c*x])] - 6*c*d*ArcTanh[c*x]*PolyLog[2, -(((c*d + e)*E~(2xArcTanh[c*
x]1))/(c*xd - e))] + 12xc*d*ArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d)/e] + Ar
cTanh[c*x])] + 12xcxd*ArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] + ArcTanh
[c*x])] + 6*xc*d*ArcTanh[c*x]*PolyLog[2, E~(2x(ArcTanh[(c*d)/e] + ArcTanh[c*
x]))] + 3%cxd*PolyLog[3, -E~(-2xArcTanh[c*x])] + 3*c*d*PolyLog[3, -(((c*xd +
e)*E~ (2xArcTanh[c*x]))/(c*d - e))] - 12*c*xd*PolyLog[3, -E~(ArcTanh[(cx*d)/e
] + ArcTanh[c*x])] - 12*c*dxPolyLog[3, E~(ArcTanh[(c*d)/e] + ArcTanh[cx*x])]
- 3%cxd*PolyLog[3, E~(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c*d))/(6xe)

Maple [C] time = 0.549, size = 1170, normalized size = 6.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*x+d),x)

[Out] a"2*1ln(cxe*x+c*d)/e+b~2*1n(cke*x+c*d)/e*xarctanh(c*x) " 2-b~2/e*arctanh(c*x) "2
*1n (((cxx+1) 72/ (—c™2%x72+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x"2+1)+1) ) +1/2%I*b"2/
exarctanh (c*xx) "2+Pi*xcsgn(I/ ((cxx+1) 72/ (-c™2xx"2+1)+1) ) *csgn (I* (((cxx+1)~2/(
-cT2xx72+1) -1) *xe+cxdx ((cxx+1) "2/ (—c™2%x72+1)+1) ) / ((c*xx+1) 72/ (-c™2xx"2+1) +1)
)*kcsgn (I (((cxx+1) 72/ (-c™2%xx72+1)-1) *e+ckd* ((cxx+1) "2/ (-c™2%xx"2+1)+1)))-1/2
*I*b~2/e*xarctanh (c*x) "2*Pi*csgn (I* (((c*x+1) "2/ (-c™2%x72+1) -1) *e+ckd* ((c*xx+1
)72/ (—c72xx72+1)+1) ) / ((c*x+1) 72/ (-c™2*%x"2+1)+1) ) "2*xcsgn (I* (((cxx+1) "2/ (-c"2
*xx"2+1) -1) xe+ckd* ((cxx+1) "2/ (—c™2xx"2+1)+1) ) ) +1/2%I*b~2/e*xarctanh (c*xx) “2%Pi
xcsgn(Ix(((c*xx+1)72/(-c™2*x72+1) -1) *e+ckd* ((c*x+1) 72/ (-c™2*x72+1)+1) ) / ((c*x
+1)72/(-c”2*%x"2+1)+1)) "3-1/2*Ixb~2/e*arctanh (c*x) ~2*Pi*csgn (I/((c*xx+1)~2/ (-
c™2xx72+1)+1) ) kcsgn (I* (((cxx+1) "2/ (—c™2xx"2+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x~
2+1)+1))/ ((c*x+1) 72/ (-c™2*x72+1)+1) ) "2-b"2/e*arctanh (c*x) *polylog(2,- (c*x+1
)72/ (—c72xx72+1) ) +1/2%b"2/e*polylog(3,-(c*xx+1) "2/ (-c™2%x72+1) ) +b~2/ (c*xd+e) *
arctanh (c*x) "2*1n(1-(c*d+e)* (cxx+1) "2/ (-c"2*x"2+1) / (~c*d+e) ) +b~2/ (c*d+e) xar
ctanh (c*x)*polylog(2, (cxd+e) * (c*xx+1) "2/ (-c™2%x"2+1) /(-cxd+e) ) -1/2xb~2/ (c*xd+
e)*polylog(3, (ckd+e)* (cxx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) +c*xb~2/e*d/ (cxd+e) *arc
tanh (c*x) "2%1n(1-(c*kd+e) * (cxx+1) 72/ (-c™2xx72+1) / (-c*d+e) ) +c*b~2/e*d/ (cxd+e)
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*xarctanh (c*xx)*polylog(2, (c*xd+e) * (cxx+1) "2/ (-c™2*x"2+1) / (~c*d+e) ) -1/2*c*b~2/
exd/ (cxd+e) *polylog(3, (ckd+e)* (c*x+1) "2/ (-c72%x72+1) / (-c*xd+e) ) +2*a*xb*1n(c*e
xx+c*xd) /exarctanh (c*x) -a*xb/e*x1ln(cxe*x+c*d) *1n((c*xexx+e) /(-c*d+e))-a*xb/e*xdil
og((c*xexx+e) /(-cxd+e))+axb/e*x1ln(cxe*x+c*d) *1n((c*xexx-e)/(-c*xd-e))+a*xb/e*dil
og((c*xexx-e)/(-cxd-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

a?log (ex + d) v2(log (cx +1) = log (—cx + 1))*  ab(log (cx + 1) - log (=cx + 1))
+ f + dx
e 4(ex +d) ex+d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="maxima")

[Out] a"2*log(e*xx + d)/e + integrate(1/4xb~2x(log(c*x + 1) - log(-c*xx + 1))72/(ex
x + d) + axbx(log(c*x + 1) - log(-c*xx + 1))/(e*xx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)? + 2 ab artanh (cx) + a2 )
X

int |
integra ( p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axbxarctanh(cxx) + a~2)/(exx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batanh (cx))2
dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**2/(exx+d) ,x)

[Out] Integral((a + bxatanh(c*x))**2/(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2

d
ex+d *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="giac")

[Out] integrate((bxarctanh(c*x) + a)~2/(exx + d), x)
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1 2
3.13 f(m ) g

(d+ex)?

Optimal. Leaf size=321

2 2
) b*cPolyLog (2,1 - E) b*cPolyLog (2,1 - —)

2
cx+1 (cx+1)(cd+e) cx+1

+
c2d? — e? c2d? — e? 2e(cd + e) 2e(cd — e)

b*cPolyLog (2,1 - _) b?cPolyLog (2/1 _ 2c(d+ex)
- +

[Out] -((a + bxArcTanh[c*x])~2/(ex(d + e*x))) + (b*cx(a + b¥ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(cxd + e)) - (bkxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/((cx*
d - e)*e) + (2xbxckx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/(c™2%d"2 - e72) -
(2%b*cx(a + bxArcTanh[c*x])*Log[(2*cx(d + e*xx))/((c*xd + e)*(1 + c*xx))])/(c
“2%d72 - e72) + (b"2xc*PolylLogl[2, 1 - 2/(1 - cxx)])/(2*ex(cxd + e)) + (b~2x
c¥PolyLog[2, 1 - 2/(1 + c*x)])/(2%(cxd - e)*e) - (b~2*cxPolyLogl[2, 1 - 2/(1
+ c*x)])/(c72%d"2 - e72) + (b"2*xc*PolyLogl[2, 1 - (2%cx(d + exx))/((c*xd + e
)x(1 + c*x))]1)/(c™2xd™2 - e72)

Rubi [A] time = 0.312857, antiderivative size = 321, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 6, integrand size = 18, e e e

= 0.333, Rules used = {5928, 5918, 2402, 2315, 5920, 2447}

integrand size

2 2
) b?cPolyLog (2,1 - @) b*cPolyLog (2,1 - —)

2
cx+1 (cx+1)(cd+e) cx+1

c2d? — e? c2d? — e? 2e(cd + e) * 2e(cd - e)

bcPolyLog (2,1——) b2cPolyLog (2,1_ 2c(d ex)
- +

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])~2/(ex(d + exx))) + (bxc*(a + b¥ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(cxd + e)) - (bkxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/((c*
d - e)*e) + (2xbxcx(a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(c"2*%d"2 - e72) -
(2%b*cx(a + bxArcTanh[c*x])*Log[(2*cx(d + e*x))/((c*xd + e)*(1 + c*xx))])/(c
“2%d"2 - e72) + (b"2*xc*PolyLogl[2, 1 - 2/(1 - cxx)]1)/(2%ex(cxd + e)) + (b™2x
c¥PolyLog[2, 1 - 2/(1 + c*x)])/(2%(cxd - e)*e) - (b~2*cxPolyLogl[2, 1 - 2/(1

+ c*xx)])/(c72%d"2 - e72) + (b~2*xc*PolylLogl[2, 1 - (2*xcx(d + exx))/((c*xd + e
)x(1 + c*x))]1)/(c™2xd™2 - e72)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q + 1)/(1 - c™2%x"2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - 72, 0
]

Rule 2402
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Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
-1 -1 > -1
5 5 _c(a+b tanh (cx)) c(a+b tanh (cx)) e (a+b tanh (cx))
(a + btanh_l(cx)) (a + btanh_l(cx)) (2be) f ( 2(cd+e)(—1+cx) + 2(cd—e)(1+cx) + (—cd+e)(cdre)d+en) |
=- +
f (d + ex)? * e(d + ex) e
2 a+btanh ™! (cx a+btanh ™ (cx a
(a+btanh () (b?) [ S (pe?) [ D gy (pee) [
=- + - +
e(d + ex) (cd —e)e e(cd +e) (—cd +

(a + btanh_l(cx))z bc (a + btanh_l(cx)) log (i) bc (a + btanh_l(cx)) log (E

- e(d + ex) * e(cd + e) (cd —e)e
(a +b tanh_l(cx))z bc (a +b tanh_l(cx)) log (1_%) bc (a +b tanh_l(cx)) log (ﬁ

- e(d + ex) " e(cd + e) - (cd —e)e
) (a +b tanh_l(cx))z be (a +btanh™ (cx)) log (&) bc (a +b tanh_l(cx)) log (E

e(d + ex) " e(cd + e) - (cd —e)e

Mathematica [C] time = 4.38318, size = 317, normalized size = 0.99

[4

oftanh=1 () stanh—L 2(tanh™ () +tanh™? _
cd| PolyLog| 2,e 2(tan ("’ )+tan (Cx)) —iTt tanh_l(cx)—1 log(1-c2x%)|-2 tanh_l(cx) log| 1—e (tan ("’ >+tan (Cx)) “2tanh (9 log| 1-
b2

2d2_o2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*x])~2/(d + e*xx)~2,x]

[Out] -(a"2/(ex(d + e*x))) + (a*xb*xcx((-2xArcTanh([c*x])/(cxd + cxexx) + ((-(cxd) +
e)*Log[l - c*x] + (cxd + e)*Logl[l + cxx] - 2*xexLoglc*(d + e*xx)])/((c*xd - e
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)*¥(cxd + e))))/e + (b~2*(-(ArcTanh[c*x]~2/(Sqrt[1 - (c™2xd"2)/e"2]*exE~ArcT
anh[(cxd)/e])) + (x*ArcTanh[c*x]~2)/(d + e*x) + (cxd*(I*Pi*Log[l + E~(2*Arc
Tanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]
))] - I*Pix(ArcTanh[c*x] - Logl[l - c™2%x72]/2) - 2*ArcTanh[(c*d)/e]*(ArcTan
h[c*x] + Logl[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - Log[I*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2, E~(-2%(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))]1))/(c™2*d™2 - €72)))/d

Maple [A] time = 0.117, size = 605, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x)) "2/ (e*xx+d)"2,x)

[Out] -c*a”2/(cxexx+cxd)/e-c*¥b~2/ (cke*xx+c*xd) /exarctanh (c*x) "2-2*c*b~2*arctanh (c*x
)/ (c*d+e) /(c*d-e) *1n(cke*xx+cxd) —2*xc*¥b~2/e*xarctanh (c*xx) / (2*xcxd+2*e) *1n (c*x-1
)+2*xc*b~2/exarctanh (cxx) / (2*c*d-2xe) *1n(c*x+1)+c*xb”2/ (c*d+e) / (c*d-e) *1n((c*
exx+e) / (-cxd+e) ) *1n(ckexx+c*d) +cxb~2/ (cxd+e) / (cxd-e) *dilog((ckexx+e) /(—c*d+
e))-c*b”2/(c*xd+e) /(cxd-e)*1n((c*e*xx-e) /(-c*d-e) ) *1n(cxexx+c*d) -c*¥b~2/ (c*d+e
)/ (c*d-e)*dilog((c*e*xx-e)/(-cxd-e))-1/2xc*b"2/e/(c*d-e)*1n(-1/2*%cxx+1/2)*1n
(1/2+1/2%cxx)+1/2*c*¥b~2/e/ (c*d-e) *1n(-1/2*c*x+1/2) *1n(c*x+1)-1/2*c*b~2/e/ (c
*xd-e)*dilog(1/2+1/2%c*x)-1/4*c*b~2/e/ (cxd-e) *1n(cxx+1) "2+1/2%c*b~2/e/ (cxd+e
)*dilog(1/2+1/2%c*x)+1/2*%cxb~2/e/(c*d+e) *1n(c*xx-1)*1n(1/2+1/2%c*x)-1/4*cxb”
2/e/ (c*d+e) *In(c*xx—1) "2-2xcxb*a/ (cxe*x+c*d) /exarctanh (cxx)-2*c*b*a/ (c*xd+e)/
(cxd-e) *1n(cxexx+c*d) -2xcxbxa/e/ (2xcxd+2*e) *1n (cxx—-1) +2*cxbxa/e/ (2*xc*xd-2*e)
*1n(c*x+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

e2x + de C x+de 33 — d

log (cx+1) log (cx=1) 2 log(ex +d) 2 artanh (cx) b b log( cx + 1) f (cex —e)log (cx + 1)2 -
cde — €2 cde + e2 c2d? — 2 YTy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="maxima"

[Out] (c*(log(c*x + 1)/(c*d*e - e72) - log(cxx - 1)/(cxd*e + e72) - 2xlog(exx + d
)/(c™2%d"2 - e72)) - 2*arctanh(c*x)/(e”2*x + dxe))*axb - 1/4%b~2%(log(-c*x

+ 1)72/(e"2xx + dxe) + integrate(-((cxe*xx - e)*log(c*x + 1)72 + 2% (ckexx +

ckd - (cxexx - e)*log(c*xx + 1))*log(-c*xx + 1))/(c*xe”3*%x"3 - d"2%e + (2*cxd*

e”2 - e73)*x"2 + (c*xd"2*%e - 2xd*e"2)*x), x)) - a~2/(e”2*xx + dxe)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)? + 2 ab artanh (cx) + a2
X
e2x? + 2 dex + d?

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="fricas")
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[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(e”2*x"2 + 2*d*exx

+d"2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))2
5 dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx))**2/(exx+d)**2,x)

[Out] Integral((a + bxatanh(c*x))**2/(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2

dx
(ex + d)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d)~2, x)
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(a+btanh;%cx02

3.14 dx

(d+ex)3

Optimal. Leaf size=480

2.3 2 2.3 _ _2c(d+ex) 2.2 _ 2 2.2 .
_b c°’dPolyLog (2,1 - 1) . b c’dPolyLog (2,1 = d+e)) b c“PolyLog (2,1 1_Cx) . b*c“PolyLog (2,1 (
(cd — e)%(cd + e)? (cd — e)%(cd + e)? de(cd + e)? de(cd — e)?

[Out] (b*cx(a + bxArcTanh[c*x]))/((c”2*d"2 - e72)*(d + exx)) - (a + bxArcTanh[c*x
1)72/(2xex(d + exx)"2) + (bxc™2*x(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2xe
x(cxd + e)72) + (b™2xc”2*xLogl[l - c*x])/(2*%(cxd - e)*(cxd + e)72) - (bxc™2%(
a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2x(cxd - e)"2xe) + (2%b*xc~3*d*(a + b
xArcTanh [cxx] ) *Log[2/(1 + c*x)])/((cxd - e)"2*(c*d + e)~2) - (b~ 2xc"2xLogl[1
+ c*xx])/(2%(c*d - e)"2x(cxd + e)) + (b™2xc " 2xexLogld + exx])/((cxd - e) 2%
(cxd + e)72) - (2xbxc~3*d*(a + bxArcTanh[c*x])*Logl[(2%c*(d + e*x))/((cxd +
e)*(1 + c*x))])/((c*xd - e)"2*(c*xd + e)~2) + (b~2%c"2%PolyLogl[2, 1 - 2/(1 -
cxx)])/(4xex(cxd + e)~2) + (b~2xc™2*Polylogl[2, 1 - 2/(1 + cx*x)]1)/(4*(c*d -
e)"2xe) - (b"2*xc”3*d*PolyLog[2, 1 - 2/(1 + c*x)])/((cxd - e) " 2x(cxd + e)~2)
+ (b~2*c”3*d*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + e)*(1 + c*x))])/((c*xd
- e)"2x(cxd + e)72)

Rubi [A] time = 0.498787, antiderivative size = 480, normalized size of antiderivative =

1., number of steps used = 18, number of rules used = 10, integrand size = 18, number of rules

= 0.556, Rules used = {5928, 5918, 2402, 2315, 5926, 706, 31, 633, 5920, 2447}

integrand size

2 2c(d+ex) 2
_b203dPolyLog (2,1 - m) b?c3dPolyLog (2,1 - %) b?c*PolyLog (2,1 - m) . b*c?PolyLog (2,1 -
(cd — e)%(cd + e)? (cd — e)%(cd + e)? de(cd + e)? de(cd — e)?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] (b*c*(a + b¥ArcTanh[c*x]))/((c”2*d™2 - e72)*(d + exx)) - (a + bxArcTanh[c*x
1)72/(2%ex(d + exx)"2) + (bxc”™2*x(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/(2xe
x(cxd + e)72) + (b7™2xc™2*xLogl[l - c*x])/(2*%(cxd - e)*(c*xd + e)72) - (bxc™2%(
a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/(2x(cxd - e)"2xe) + (2*bxc~3*d*(a + b
xArcTanh [cxx])*Log[2/(1 + c*x)])/((cxd - e)72%(c*xd + e)72) - (b~2xc"2xLog[1
+ c*x])/(2x(cxd - e)"2x(cxd + e)) + (b~ 2xc"2%exLogl[d + exx])/((cxd - e) 2%
(cxd + e)72) - (2*b*c”3*d*(a + b*ArcTanh[c*x])*Log[(2xc*x(d + e*x))/((c*xd +
e)*(1 + c*xx))])/((c*xd - e)"2*(cxd + e)~2) + (b~2*c"2xPolylogl[2, 1 - 2/(1 -
c*x)])/(dxex(c*d + e)~2) + (b~2*c”"2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*(c*d -
e)"2xe) - (b~2%c”3*d*PolyLogl[2, 1 - 2/(1 + cxx)])/((c*d - e)~2*x(c*xd + e)~2)
+ (b"2*c”3*d*PolyLog[2, 1 - (2xcx(d + e*x))/((cxd + e)*(1 + cx*x))]1)/((cxd
- e)”2%(cxd + e)72)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1D/ - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]
&% 1GtQ[p, 1] && IntegerQlql && NeQlq, -1]

Rule 5918
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - 72, 0
]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x ))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2*x~2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 706

Int[1/(((d ) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”2), Int[1/(d + e*x), x], x] + Dist[1/(c*d”2 + axe”2), Int[(cxd -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*xe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 633

Int[((d) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol]l :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*xx))]/(1 - ¢c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2*cx(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]
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Rubi steps
) 5 b a+b tanh™ (cx)) cz(a+b tanh_l(cx)) ez(a+b tanh_l(cx)) 2
(a +b tanh_l(cx)) i (a +b tanh_l(cx)) (be) f 2(cd+e)2( 1+cx) 2(cd—e)2(1+cx) (~cd+e)(cd+e)d+ex)2
f (d + ex)3 e 2e(d + ex)? " e
-1 2 a+btanh ™ (cx) a+btanh ™ (cx) a+b
_ (a + btanh (cx)) . (bc3) dex ) (bc3) dex ) (2bc3de) [=
2e(d + ex)? 2(cd - e)?%e 2e(cd + e)? (cd — e)2(c
2 2
bc (a +btanh™ (cx)) (a +b tanh_l(cx)) be (a +btanh- (cx) log (m)
- rodrery  2ed+rex 2e(cd + ¢)?
2
bc (a +b tanh_l(cx)) (a +b taunh_l(cx))2 be (‘1 +btanh (cx) log (m)
" (cd—e)cd +e)d +ex) 2e(d + ex)? * 2e(cd + e)?
2 2
bc (a +btanh™ (cx)) (a +b tanh_l(cx)) be (‘1 +btanh (cx) log (m)
T (cd-e)cd +e)d+ex) 2e(d + ex)? " 2e(cd + e)?
2
bc (a +b tanh_l(cx)) (a +b tanh_l(cx))2 be (a +btanh (cx) log (m)

T (cd—e)cd +e)d +ex) 2e(d + ex)? - 2¢(cd + e)? 2(cd -

Mathematica [C] time = 7.50752, size = 470, normalized size = 0.98

od -1 ~1(cd -1
h™ h - h = h
ZCd[PolyLog[Z e ( o ( )than (CX))]—in(tanh_l(cx)—% log(l—czxz))—Z tanh_l(cx) log[l—e Z(tan ( ¢ )than (CX))]—Z tanh_l(%d)(bg(l‘

2.2
bc 222

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] -a~2/(2%ex(d + e*x)”2) - (axb*c™2*((2xArcTanh[c*x])/(cxd + cxe*x)”2 + Logl[1
- c*x]/(c*xd + e)72 + (-Logl[l + c*x] + (2xe*x(-(c72%d"2) + e72 + 2xc~2*d*(d
+ exx)*Loglcx(d + exx)]))/(ck(c*xd + e)72+(d + e*x)))/(-(c*xd) + e)72))/(2xe)
+ (b™2*%c™ 2% ((-2*ArcTanh [c*x] ~2) /(Sqrt[1 - (c"2*d~2)/e~2]*e*E~ArcTanh[(c*d)
/el) - (ex(-1 + c™2+x"2)*ArcTanh[c*x]~2)/(c™2*(d + e*x)"2) + (2xx*xArcTanhl[c
*x]*(-e + c*dxArcTanh[c*x]))/(cxd*x(d + e*x)) + (2%ex(-(exArcTanh[c*x]) + cx
dxLog[(cx(d + e*xx))/Sqrt[l - c™2%x72]]1))/(c”3*%d"3 - cxd*e”2) + (2%c*xd*(I*Pi
xLog[1 + E~(2xArcTanh[c*x])] - 2%ArcTanh[c*x]*Log[l - E~(-2x(ArcTanh[(c*d)/
e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Logl[l - c~2%x72]/2) - 2*ArcTanh
[(c*d)/el*(ArcTanh[c*x] + Logl[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]
- Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2, E~(-2x(ArcTan
h[(cxd)/e] + ArcTanh[c*x]))]))/(c™2%d"2 - €72)))/(2*%(c*d - e)*(c*d + e))

Maple [A] time = 0.069, size = 824, normalized size = 1.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(c*x))~2/(e*x+d)"3,x)
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[Out] c™2*axb/(c*d+e)/(cxd-e)/(ckexx+ckd)-c™3*b~2*d/ (cxd+e) "2/ (cxd-e) "2*xdilog((c*
exx-e)/(-cxd-e))+1/4xc”2%b"2/e/ (c*d-e) "2%1n(-1/2*%c*x+1/2) *1n(cxx+1)+c~2%b"2
*arctanh (c*x)/(cxd+e)/(cxd-e)/ (ckxe*x+c*d) -1/2*c”2xb~2/exarctanh (c*x) / (c*xd+e
)" 2x1n(c*x-1)+1/2*%c”2*b"2/exarctanh (c*x)/(c*d-e) "2*x1In(c*x+1)+1/4*c"2xb"2/e/
(c*xd+e) "2*1In(c*x-1)*1n(1/2+1/2*c*x)-1/4*%c"2%b"2/e/ (cxd-e) "2x1n(-1/2*c*x+1/2
)*x1n(1/2+1/2%c*x)-1/2*c”2*xa*b/e/ (cxd+e) “2*1n(c*x-1)+c~2*b~2*xe/ (cxd+e) ~2/ (c*
d-e) “2x1n(c*xexx+cxd)-1/2*c"2xa”~2/ (c*xe*xx+cxd) "2/e-1/8xc~2*b~2/e/ (cxd+e) ~2*1n
(c*x-1)72-1/4%c”2*%b~2/e/(cxd-e) "2xdilog(1/2+1/2%c*x)-1/8*%c~2*b"2/e/(cxd-e) "~
2%1n(c*x+1) "2-1/2*c"2xb"2/ (cxexx+c*d) "2/e*arctanh (c*xx) "2+1/4*xc™2%b"2/e/ (c*d
+e) "2xdilog(1/2+1/2*c*x) -2*%c”~3*b~2*arctanh (c*x)*d/ (cxd+e) "2/ (cxd-e) “2x1n(c*
exx+c*d)+c”3*b"2*xd/ (cxd+e) "2/ (c*d-e) "2*¢1n((cxe*xx+e) /(—cxd+e) ) *1n(c*e*x+c*d)
-c”3%b~2*d/ (c*d+e) "2/ (c*d-e) "2*1n((cxe*xx-e) / (—cxd-e) ) *1n(cxexx+c*d) -2*c~3*a
*b*d/ (c*d+e) "2/ (c*xd-e) "2x1n(c*e*x+c*xd)+1/2*xc” 2*xa*b/e/ (cxd-e) "2*1n(c*x+1)-c~
2*axb/ (c*ke*xx+c*xd) "2/exarctanh (c*x)+c”2*%b"2/ (cxd+e) / (cxd-e) / (2*c*d+2*e) *1n(c
*x-1)-c”2%b~2/ (c*xd+e) / (cxd-e) / (2*%c*d-2*xe) *1n (c*x+1)+c~3*b~2*d/ (cxd+e) "2/ (c*
d-e)"2*dilog((c*xexx+e)/(-c*d+e))

Maxima [F] time = 0., size = 0, normalized size = 0.

1([ 4c?dlog(ex +d) clog(cx +1) clog(cx —1) 2 N 2 artanh (,
—= - - c
2| c*d* —2c2d%e? + ¢*  c2d2e—2cde? +e3  2d%e +2cde? +e3 243 — de2 + (CZdZe _ e3)x e3x2 + 2 dex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)”3,x, algorithm="maxima")

[Out] -1/2%((4*c”2xdxlog(e*xx + d)/(c™4*d™4 - 2*c”2xd"2%e”2 + e74) - cxlog(c*x + 1
)/ (c72%d"2%e - 2%ckd*e”2 + e73) + c*log(cxx - 1)/(c™2xd"2%e + 2%cxd*e”2 + e

73) - 2/(c”2*%d"3 - d*e”2 + (c72xd"2*e - e"3)*x))*c + 2¥arctanh(c*x)/(e”3%x"

2 + 2%d*xe”2%x + d72xe))*axb - 1/8*xb"2x(log(-c*x + 1)72/(e”"3*x"2 + 2%d*e”2%x

+ d"2*%e) + 2*xintegrate(-((cxe*xx - e)*log(c*x + 1)72 + (c*exx + cxd - 2x(c*

exx — e)*log(cxx + 1))*log(-c*x + 1))/(cxe”4*x"4 - d"3*e + (3*c*xd*e”3 - 74
)*¥x73 + 3x(ckd"2%e”2 - d*e”3)*x72 + (c*d"3%e - 3*d"2%e"2)*x), x)) - 1/2*%a"2
/(e73%x72 + 2%d¥e”2%x + d"2xe)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)® + 2 ab artanh (cx) + a2
,X
e3x3 + 3de?x? + 3d%ex + d3

integral(
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)”3,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(e”~3*x"3 + 3*d*e”2
*x72 + 3*%d72*exx + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*atanh(c*x))**2/(exx+d)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2
(ex +d)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~2/(e*x + d)73, x)
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3.15 f (d + ex)® (a +btanh™ (cx))3 dx

Optimal. Leaf size=614

CcX

3124 (c2d? + ¢?) PolyLog (2,1 - 1_i) (a+btanh ' (cx))  3b% (6c2d2 + ) PolyLog (2,1 - 1_i) ) 35 (2 +
c3 4ct

[Out] (3*a*xb~2*d*e”2*x)/c”2 + (b~ 3*e”3%*x)/(4*xc”3) - (b~ 3*e"3*ArcTanhl[c*x])/(4xc"4
) + (3*%b~3*d*e”2*x*kArcTanh[c*x])/c”2 + (b™2%e"3*x"2*(a + bxArcTanh[c*x]))/(
4xc”2) — (3*bxd*e”2x(a + bk*ArcTanh[c*x])~2)/(2%c"3) + (b*e”3*(a + b*ArcTanh
[c*x])"2)/(4*c™4) + (3*bxex(6%c™2%d"2 + e”2)*(a + bxArcTanh[c*x])"2)/(4*xc"4
) + (3*b*xex(6xc”™2*%d"2 + e72)*x*(a + bkArcTanh[c*x])~2)/(4xc”3) + (3*bxd*e”2
*x72*%(a + b*ArcTanh[c*x])~2)/(2*%c) + (b*e”3*x"3*(a + b*ArcTanh[c*x])~2)/(4x*
c) + (d*(c™2%d"2 + e 2)*(a + bxArcTanh[c*x])~3)/c”3 - ((c™4*d™4 + 6xc~2%d"2
*e72 + e”4)*(a + bxArcTanh[c*x])~3)/(4*xc"4*e) + ((d + exx)~4x(a + b*ArcTanh
[c*x])"3)/(4xe) - (b"2xe"3x(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2*%c™4) -

(3%b~2%e*x (6%c™2%d"2 + e"2)*(a + bxArcTanh[c*x])*Logl[2/(1 - c*x)])/(2%c™4)
- (3*b*d*(c™2%d"2 + e~2)*(a + b¥ArcTanh[c*x]) 2xLog[2/(1 - c*x)])/c”3 + (3%
b~3*d*xe”2*xLog[1 - c™2xx72])/(2%c”"3) - (b~3*%e~3*PolyLog[2, 1 - 2/(1 - c*x)])
/(4xc™4) - (3xb~3*xex(6%c™2xd"2 + e~2)*PolyLog[2, 1 - 2/(1 - c*x)])/(4xc™4)
- (3*%b72*xd*(c"2*d"2 + e”2)*(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 - c*x)]
)/c”3 + (3*%b~3xd*(c”2%d"2 + e~2)*PolyLog[3, 1 - 2/(1 - c*x)])/(2%c~3)

Rubi [A] time = 1.18289, antiderivative size = 614, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 29, number of rules used = 15, integrand size = 18, oD o e
integrand size

= 0.833, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260, 5948, 321, 206,
6048, 6058, 6610}

c3 4ct

3Wd@%2+¥ﬁ%WL%421—i%)@+mef%w» 3?4&%ﬁ+¥ﬁ%WL%4ll—?%)+3Wd@%2+

Antiderivative was successfully verified.

[In] Int[(d + e*xx) 3*x(a + bxArcTanh[c*x])~3,x]

[Out] (3*axb™2xd*e”2*x)/c”2 + (b"3*e”3*x)/(4*c"3) - (b~3*e”3*ArcTanh[c*x])/(4*xc™4
) + (3*%b~3*d*e”2*x*ArcTanh[c*x])/c”2 + (b"2%e"3*x"2*(a + bxArcTanh[c*x]))/(
4xc”2) - (3*bxd*e”2x(a + bkArcTanh[c*x])~2)/(2%c"3) + (b*e”"3*(a + b*ArcTanh
[c*x])"2)/(4%c™4) + (3*bxe*x(6*%c™2%d"2 + e~2)*(a + bxArcTanh([c*xx])~2)/(4*xc™4
) + (3*b*ex(6*%c™2*d"2 + e”2)*x*x(a + b*xArcTanh[c*x])~2)/(4*c”3) + (3*xbxd*e”2
*x72%(a + b*ArcTanh[c*x])~2)/(2*c) + (b*e”3*x"3*(a + bxArcTanh[c*x])~2)/ (4%
c) + (d*(c™2%d"2 + e"2)*(a + bxArcTanh[c*x])"3)/c”3 - ((c74*d"4 + 6xc~2%d"2
*e"2 + e”4)*(a + bkArcTanh[c*x])~3)/(4xc”4*e) + ((d + e*x) 4x(a + b*ArcTanh
[c*x])~3)/(4%xe) - (b~2%e"3%(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2*%c"4) -

(3*b™2xex* (6*%c™2+%d"2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2xc™4)
- (3*%bxd*(c™2xd"2 + e”2)*(a + b*ArcTanh[c*x]) 2*xLog[2/(1 - c*x)])/c”3 + (3%
b~3*d*xe”2*xLog[1 - c™2xx72])/(2%c”3) - (b~3*e~3*PolyLog[2, 1 - 2/(1 - c*x)])
/(4xc™4) - (3*%b~3xex(6%xc™2+%d"2 + e~2)*PolyLogl[2, 1 - 2/(1 - cxx)])/(4*xc”4)
- (3%b72*d*x(c72*%d"2 + e"2)*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)]
)/c”3 + (3*%b~3*d*x(c”2*%d"2 + e"2)*PolyLogl[3, 1 - 2/(1 - c*x)])/(2%c”3)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x )I*x(b_.))"(p)*((@_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
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Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)7(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (e*x)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c~2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*xf~2)/e, Int[((f*x)~(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx"2), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, xJ

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*((f ) + (g_)*(x))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] & I
GtQ[p, 0] && EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLogl[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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ez(6czd2+ez)(a+b tanh_l(cx))2 4de3x(a+b tanh’

3 (3bo) [|- , - >

(d +ex)* (a +b tanh_l(cx))
4e

2
cAd*+6c2d%e% +¢* +4c2de(c2d2+ez)x) (a+b tanh™! (cx))
1—c2x?
4e 4c3e

(

_m+mﬁ@+bmmﬁ@mf_@mf(

3be (6c2d2 + ez) x (a +b taunh_l(cx))2 3bde?x? (a +b tamh_l(cx))2 be3x3 (a +
- 4¢3 " 2c "

3be (6c2d2 + ez) (a +b tamh_l(cx))2 3be (6c2d2 + ez) x (a +btanh™ (cx))2 31
- 4ct " 4¢3 Bl

2
3ab2de2x  bPelx? (11 +b tanh_l(cx)) 3bde? (u +b tanh_l(cx)) be3 (a +bta
e * 4c2 - 2¢3 * 4c

3ab?de?x  Bx  3b3dextanhl(cx) b2 (a+b tanh_l(cx)) 3bde? (11 4
= + + + -
c? 4¢3 c? 4c?

3ab?de?x  BPSx  bBetanh(cx) 3b3dextanh (cx) bPex? (11 +btanh
c? 4¢3 4ct c? 4¢?

_ Bab?de’x  bPSx b tanh ™ (cx) . 3b3de2x tanh " (cx) .\ P’ x? (11 +btanh

+
c2 4c3 4c4 c2 4c?

Mathematica [A] time = 2.00798, size = 830, normalized size = 1.35

2a3e3x*c* + 6abx (4d3 + 6exd? + 4e?x%d + e3x3) tanh ™ (cx)ct + 2a2e2(dacd + be)x3c® + 12a%de(acd + be)x2c3 + 24ab2d

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3*(a + b*ArcTanh[c*x])~3,x]

[Out] (2*%a~2xc*(4xaxc™3*xd"3 + 3xbkxex(6xc”2x%d"2 + e72))*x + 12%a”~2%c 3*xd*ex(axcxd

+ bke)*x"2 + 2%xa”2xc"3xe 2% (4kaxckd + bke)*x"3 + 2%a"3kc"4*xe"3*x"4 + 6%a”2x
bkcT4*x* (4+%d"3 + 6%d"2%e*xx + 4xdxe”2*x"2 + e73%x73)*ArcTanh[c*x] + 3xa”2%bx
(4%c™3%d”3 + 6%c”2*%d"2%e + 4*ckd*e”2 + e73)*Logl[l - c*x] + 3*a”2%bx(4*c”3xd
73 - 6%c72xd"2%e + 4xckdxe”2 - e”3)*Logll + c*x] + 36%axbT2xcT2xd"2%ex (2*cx*
x*¥ArcTanh[c*xx] + (-1 + c72*x"2)*ArcTanh[c*x] "2 + Logl[l - c™2%x72]) + 2%a*b”
2%e"3* (-1 + c72*x72 + 2xc*x*(3 + c"2xx"2)*ArcTanh[c*x] + 3*%(-1 + c™4*x"4)*A
rcTanh[c*x] "2 + 4xLogl[l - c™2%x72]) - 12xb~3%c~2*%d"2xe* (ArcTanh[c*xx]*((3 -
3kckx)*xArcTanh[cxx] + (1 - c™2*xx”"2)*ArcTanh[c*x]~2 + 6%Log[l + E~(-2*ArcTan
hlc*x])]) - 3%PolylLogl[2, -E~(-2*ArcTanh[c*x])]) + 24xa*b™2xc*dxe”2*(c*x + (
-1 + ¢73%x73)*ArcTanh[c*x] "2 + ArcTanh[c*x]*(-1 + c™2*x"2 - 2*Log[1l + E~(-2
xArcTanh[c*x])]) + PolyLog[2, -E~(-2xArcTanh[c*x])]) + 24*axb”2xc~3*d~3*(Ar
cTanh[c*x]*((-1 + cxx)*ArcTanh[cxx] - 2*Log[l + E~(-2*ArcTanh[c*x])]) + Pol
yLog[2, -E~(-2*%ArcTanh[c*x])]) + 2*b~3*e"3*(cxx + (-4 + 3*c*x + c™3*x"3)*Ar
cTanh[c*x] "2 + (-1 + c74*x"4)*ArcTanh[c*x] "3 + ArcTanh[c*x]*(-1 + c™2*x"2 -
8xLog[1 + E~(-2*%ArcTanh[c*x])]) + 4*PolyLog[2, -E~(-2xArcTanh[c*x])]) + 8%
b~3%c~3*%d"3* (ArcTanh [c*x] "2%((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcT
anh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2xArcTanh[c*x])] + (3*PolyLogl
3, -E7(-2*ArcTanh[c*x])])/2) + 4*b~3*ckxd*e 2% (6*xc*xx*xArcTanh[c*x] - 3*ArcTan
hlc*x] "2 + 3%c™2*x"2*ArcTanh[c*x] "2 - 2*%ArcTanh[c*x]~3 + 2*c~3%x"3*ArcTanh[
c*x] "3 - 6*%ArcTanh[c*x] "2%Log[1 + E~(-2xArcTanh[c*x])] + 3*Log[l - c~2*x"2]
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+ 6*xArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTanh[c*x])] + 3*PolyLogl[3, -E~(-2xAr
cTanh[c*x])]))/(8*c™4)

Maple [C] time = 2.605, size = 6104, normalized size = 9.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (a+b*arctanh(c*x))~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="maxima"

[Out] 1/4*a”3*e”3*x"4 + a~3*d*e”2*x"3 + 3/2*a”"3*d"2*xe*xx"2 + 9/4*(2*x"2*arctanh(c*
x) + cx(2%x/c”2 - log(c*x + 1)/c”3 + log(c*xx - 1)/c”3))*a"2*bxd"2%e + 3/2%(
2xx~3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*a"2xb*xd*e”2 + 1/8%
(6*x~4xarctanh(cxx) + cx(2x(c™2%x73 + 3*x)/c”4 - 3*log(c*xx + 1)/c”5 + 3xlog
(c*x - 1)/c7B))*a”2xb*e”3 + a~3*d"3xx + 3/2*%(2xc*x*arctanh(c*x) + log(-c~2x
x"2 + 1))*a”2%b*d"3/c - 1/32*x((b"3*c"4*e"3%x"4 + 4*b"3*kc " 4*xd*xe"2*xx"3 + 6%b”
3*kcT4xdT2%e*xx "2 + 4Axb73%cT4*d73*x - (4*cT3*d73 + 6xcT2%d"2%e + 4kckd*e”2 +
e"3)*b"3)*xlog(-c*x + 1)73 - (6*%a*xb™2xc”4*xe”3*%x"4 + 2% (12xa*b"2*c " 4xd*e”2 +
b73*c"3%e"3)*x"3 + 12%(3*kaxb"2xcT4*xd"2xe + bT3*cT3*d*e”2) *x"2 + 6% (4dxaxb"2*
cT4xd"3 + (6%c”3*d"2*e + c*xe”3)*b"3)*x + 3% (b 3*kc"4*e”"3*x"4 + 4*xb"3xc"4*d*e
"2%x73 4 6*b73*kcT4*xd"2%xexx"2 + 4*b"3*%c”4*d"3*x + (4*c”3*%d"3 - 6*cT2*%d"2*e +
4xcxd*e”2 - e73)*b73)*log(ckx + 1))*log(-c*x + 1)72)/c”4 - integrate(-1/16
* (2% (b"3*%c™4*e"3*x"4 - b~3*c”"3%d"3 + (3*cT4*d*e”2 - c"3*%e”3)*b"3*x"3 + 3*(c
“4xd"2%e - c”3*%d*e”2)*b"3*x72 + (c74xd"3 - 3*c"3*d"2xe)*b”3*x)*xlog(c*kx + 1)
3 + 12*%(axb”2*c"4*e"3*x74 - axb"2+%c”3*%d"3 + (3*kcT4*xd*e”2 - c"3%e”3)*axb”2x*
x"3 + 3*(c74*d"2%e - c"3*kd*e”2)*a*b"2xx"2 + (c74*%d"3 - 3*c " 3*kd"2%e)*axb"2*xx
)*¥log(cxx + 1)72 - (6%a*xb™2%c™4xe"3*x74 + 2% (12%a*xb™2xc 4*d*e™2 + b~ 3*c " 3*e
“3)*x73 + 124 (3*kaxb"2xcT4xd"2%e + DbT3*c”3*kd*e”2)*x"2 + 6% (b7 3*%c"4*e"3*%x"4 -
b~3%c"3%d"3 + (3*c”4*d*e”2 - c"3*e"3)*b"3%x73 + 3*%(cT4*d"2*%e - cT3xd*e"2)*
b~3*%x72 + (c74%d”3 - 3*%c”3*d"2%e)*b”"3*x) *log(c*kx + 1)72 + 6% (4d*axb~2xc"4*d”
3 + (B*c™3*d"2*e + c*e"3)*b"3)*x - 3*(8*axb"2*xc"3*%d"3 - (8*axb"2*c " 4*e”3 +
b"3%c"4*xe”"3)*x"4 - (4*c”3*%d"3 - 6*c”2*d"2xe + 4*xc*d*e”2 - e73)*b"3 - 4*x(b”3
*CT4xd*e”2 + 2x(3kcT4*xd*e”2 - c”3*e"3)*axb”2)*x"3 - 6% (b"3*c"4*xd"2%e + 4x(c
“4xd"2%e - cT3kd*e”2)*axb"2)*x72 - 4% (b"3*%c”4*d”3 + 2% (cT4*d"3 - 3*c”3*d72%
e)*axb~2) *x) *log(c*x + 1))xlog(-cxx + 1))/(c™4*x - c~3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3e3x3 + 3a3de?x? + 3 a’d%ex + aPd® + (b333x3 + 3b3de?x? + 3 b3d%ex + b3d3) artanh (cx)® + 3 (ab263x3 +

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”3*x~3 + 3*a~3*d*e”2%x"2 + 3*%a~3*d"2%e*xx + a~3*%d"3 + (b~3*e”3
*x73 + 3*b " 3kd*e"2*xx"2 + 3*b"3*%d"2%e*x + b"3*d"3)*arctanh(c*x) "3 + 3*(a*b”2
*e"3%x73 + 3*kaxb"2xd*e"2*xx"2 + 3*axb”2*xd"2%e*x + axb~2*xd"3)*arctanh(c*x) "2
+ 3*%(a”"2%b*e"3*x"3 + 3*a”2%b*d*e”2*x”2 + 3*a~2xbxd"2xexx + a~2%b*d”3)*arcta

nh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (Cx))3 (d+ ex)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3%(atb*atanh(c*x))**3,x)

[Out] Integral((a + b*atanh(c*x))**3*(d + exx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)3(b artanh (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((e*xx + d)~3*(bxarctanh(c*x) + a)~3, x)
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316  [(d+e)?(a+btanh(cx)) dx
Optimal. Leaf size=387

b? (3c2d? + ¢2) PolyLog (2,1 - 1_1) (a+btanh ™ (cx)) ) b* (3242 + ¢2) PolyLog (3,1 - 1_i) 3b%dePolyLog
- c3 2¢3 - c?

[Out] (a*b™2*e”2*x)/c”2 + (b~ 3*e”2*x*ArcTanh[c*x])/c”2 + (3*b*d*e*(a + bx*ArcTanhl[
cxx])72)/c”2 - (b*e”"2*x(a + bxArcTanh[c*x])"2)/(2*%c”3) + (3*bxd*exx*(a + b*A
rcTanh[c*x])~2)/c + (b*xe”2%x"2%(a + b*ArcTanh[c*x])~2)/(2%c) + ((3*c™2*d"2

+ e"2)x(a + b*xArcTanh[c*x])~3)/(3*c”3) - (d*x(d"2 + (3*e”2)/c”2)*(a + b*ArcT
anh[c*x])~3)/(3*e) + ((d + exx)~3*(a + b*ArcTanh[c*x])~3)/(3xe) - (6%¥b~2*d*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c”2 - (b*x(3*%c™2xd"2 + e~2)*(a + bx
ArcTanh[c*x]) “2+Log[2/(1 - c*x)])/c”3 + (b~ 3%e”2*xLog[l - c™2*x72])/(2%c~3)

- (3%b73%d*exPolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b72%x(3*%c™2xd"2 + e72)*(a +
bxArcTanh [c*x] ) *PolyLog[2, 1 - 2/(1 - c*x)])/c™3 + (b73*(3*%c™2%d"2 + e72)*
PolyLog[3, 1 - 2/(1 - c*x)])/(2%c~3)

Rubi [A] time = 0.803702, antiderivative size = 387, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 13, integrand size = 18, il
integrand size

= 0.722, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260, 5948, 6048,
6058, 6610}

b? (3c2d? + ¢2) PolyLog (2,1 - 1_1) (a+btanh ' (cx)) b (3242 + ¢2) PolyLog (3,1 - 1_i) 3b3dePolyLog

CcX

J— + —
c3 2¢c3 c?

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%(a + b*ArcTanh[c*x])~3,x]

[Out] (a*b™2*xe”2*x)/c”2 + (b~ 3*e " 2*x*ArcTanh[c*x])/c”2 + (3*b*d*e*(a + b*ArcTanhl[
cxx])72)/c”2 - (b*e”™2*x(a + bxArcTanh[c*x])"2)/(2*%c”3) + (3*bxd*exx*(a + b*A
rcTanh[c*x])~"2)/c + (b*e"2%x"2*(a + bk*ArcTanh[c*x])~2)/(2%c) + ((3*%c™2*xd"2

+ e72)*(a + b*ArcTanh[c*x])~3)/(3*c”3) - (d*(d"2 + (3*e”2)/c"2)*(a + b*ArcT
anh[c*x])~3)/(3*e) + ((d + e*x)”3x(a + bxArcTanh[c*x])~3)/(3*e) - (6*b~2x*dx*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c”2 - (b*(3*%c™2xd"2 + e”2)*(a + bx
ArcTanh [c*x]) "2xLog[2/(1 - c*x)])/c”3 + (b~3*e"2*xLog[l - c™2xx"2])/(2%c”3)

- (3%b~3*d*exPolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b™2%(3*%c™2xd"2 + e"2)*(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c”3 + (b73%(3*xc™2xd"2 + e"2)*
PolyLog[3, 1 - 2/(1 - c*x)])/(2%c~3)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]
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Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (e*x)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x"2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*xf~2)/e, Int[((f*x)~(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)7m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c™2*d + e, 0] && IGtQ[m, O]
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Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*x(x_)~
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) pxPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, O] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Rubi steps

3de(a+b tanh_l(cx) ? x(a+b tanh_l(cx) i

i+ e (a+ branh o) PO | ( 2 Lo 2 :

f (d + ex)? (a + btaunh_l(cx))3 dx = @+ ex) (a T oTen (cx)) -
3e e
3 2d3+3de2+e(3¢2d2+62)x)(a+b tanh~H(cx 2
(d + ex)? (a + btanh_l(cx)) b f (eradete] 1;212)( - () dx (3
= —_ + J—
3e ce

2 2
3bdex (a +b tanh_l(cx)) be?x? (a +b tanh_l(cx)) (d + ex)® (a + btanh
= + +

c 2c 3e

2 2
3bde (a +b tanh_l(cx)) 3bdex (a +btanh™ (cx)) be?x? (a +btanh(c
= + +

c? c 2c

2,2 1) e 1))
ab2e?x  3bde (a + btanh (cx)) be (a + btanh (cx)) 3bdex (a + bta
+ +

c? c? 2¢3 c

2,2 3,2 -1 -1 2 2 -1
ab?e?x  BPxtanh '(cx) 3bde(a+btanhT(cx))  be? (a+btanh ™ (o
+ +

c? c? c? 2¢3

2
ab?ex  bextanh(cx) 3bde (a +0b tanh_l(cx)) be? (a +btanh™ (cx
z " c? " c? 2¢3

2
ab?ex  be2xtanh ‘(cx) 3bde (a +b tanh_l(cx)) be? (a + btanh ™ (cy)
z c? " c? 2¢3

Mathematica [A] time = 1.29567, size = 591, normalized size = 1.53

18ab?c?d? (PolyLog (2, —e7? tanh_l(‘”‘)) + tanh ™! (cx) ((cx —1)tanh ™} (cx) - 2log (6_2 tanh ™ (cx) 4 1))) + 6ab%e? (Pol)

Warning: Unable to verify antiderivative.

[In] Integratel[(d + e*x)~2x(a + bxArcTanh[cx*x])~3,x]

[Out] (6*a~2xc™2*d*(a*xckd + 3*bke)*x + 3xa~2%c™2xex(2xaxckd + bxe)*x™2 + 2%a~3*c”
3%e72%x73 + 6%a”2%b*c”"3*kx*(3%d72 + 3kdkexx + e”2%x”2)*ArcTanh[c*x] + 3%a"2x
b*(3*%c™2xd"2 + 3*cxd*e + e”2)*Logl[l - c*x] + 3*a”2xb*(3*%c™2*d"2 - 3xc*d*e +
e"2)*Log[1l + c*x] + 18xaxb~2*ckxdxex(2xcxx*ArcTanh[c*x] + (-1 + c™2xx72)*Ar
cTanh[c*x] "2 + Logl[l - c™2%x72]) - 6%b~3*c*d*ex(ArcTanh[c*x]*((3 - 3*c*x)*A
rcTanh[c*x] + (1 - c™2%x72)*ArcTanh[c*x]"2 + 6*Log[l + E~(-2*%ArcTanh[c*x])]
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) - 3%PolyLog[2, -E~(-2*ArcTanh[c*x])]) + 6*%axb™2xe”2x(cxx + (-1 + c~3%x"3)
*ArcTanh[c*x] "2 + ArcTanh[c*x]*(-1 + c™2*x"2 - 2%Log[l + E~(-2*%ArcTanh [c*x]
)1) + PolyLogl[2, -E~(-2*%ArcTanh[c*x])]) + 18*axb~2*c~2*d”~2* (ArcTanh [c*xx]* ((
-1 + cxx)*ArcTanh[c*x] - 2xLogl[l + E~(-2*%ArcTanh([c*x])]) + PolyLogl[2, -E~(-
2*%ArcTanh [c*x])]) + 6*b~3*%c”2+d~2* (ArcTanh[c*x] "2x((-1 + c*x)*ArcTanh[c*x]
- 3*Log[1l + E7(-2xArcTanh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTan
hlc*x])] + (3*PolyLogl[3, -E~(-2xArcTanh[c*x])])/2) + b~ 3*e”2*(6*c*kx*xArcTanh
[c*x] - 3%ArcTanh[c*x] "2 + 3%c™2%x"2*ArcTanh[c*x] "2 - 2*%ArcTanh[c*x]~3 + 2%
c~3*x"3*%ArcTanh [c*x] "3 - 6*%ArcTanh[c*x] "2%Log[1 + E~(-2xArcTanh[c*x])] + 3*
Log[l - c”2*x~2] + 6xArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + 3*Poly
Log[3, -E~(-2xArcTanh[c*x])]))/(6xc~3)

Maple [C] time = 2.211, size = 4600, normalized size = 11.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (at+b*arctanh(c*x))~3,x)

[Out] d*x~2%a~3%e-3/4*I/c”2*b~3*e*Pixd*csgn(I/((c*x+1)72/(-c™2*xx"2+1)+1))*csgn(Ix*
(cxx+1)72/(c™2%x72-1) ) *xcsgn (Ix (cxx+1) "2/ (c™2xx"2-1) / ((c*x+1) "2/ (-c™2%x"2+1)
+1))*arctanh (c*x) “2+a*xb~2%e”2*x/c”2+b"3*e " 2xx*arctanh (c*x) /c”"2-6/c”2*b” 3*xex*
d*arctanh(c*x)*1In(1+I* (c*x+1)/(-c™2*x"2+1) " (1/2))-6/c"2*¥b"3*e*d*arctanh (c*x
)*¥In(1-I* (cxx+1) /(-c™2xx"2+1) " (1/2) ) +3/c " 2*a*xb~2*xe*x1n (c*x—1) *d+3/c~2xa*xb™ 2
ex1n(cxx+1)*d+3/4/c”2xa*b~2xe*x1n(c*x+1) "2xd+3/4/c”2xa*b~2xe*x1n(c*x-1) "2xd+1
/c*a*xb”2*e” 2*xarctanh (cxx)*x~2+3/c*b~3*e*arctanh (c*x) “2xx*d+3/c*a*xb~2*arctan
h(c*x)*1n(c*xx-1)*d"2+3/c*a*b”™2*arctanh (cxx)*1n(c*x+1) *d"2-3/2/c*a*xb~2x1n (c*
x-1)*1n(1/2+1/2%c*x) *d"2+a*b”2/e*xarctanh (c*x)*1n(c*x-1) *d"3-a*b~2/e*arctanh
(cxx)*1n(c*x+1)*d~3-1/2*xa*xb”~2/e*x1n(cxx+1) *1n(-1/2*c*xx+1/2) *d~3+1/2*a*xb~2/ex*
In(-1/2*%c*x+1/2)*1n(1/2+1/2*c*x)*d~3-1/2%a*xb”2/e*x1n(c*x-1)*1n(1/2+1/2*c*x) *
d~3+3*axb~2*e*arctanh (c*x) “2xx~2*d+3*a~2xb*e*arctanh (c*x) *x~2xd-3/2*I/c*b~3
*Pixd~2*arctanh(c*x) "2-1/2*I1/c”3*b~3*e~2*Pi*arctanh(c*x) "2-1/2*xI*b~3/e*xPixd
“3*arctanh(c*x) "2-1/4*%Ixb~3/e*Pi*d~3*csgn(I/((c*xx+1) "2/ (-c"2*x"2+1)+1) ) *csg
n(I*(cxx+1)72/(c™2xx"2-1) ) *csgn (I* (c*x+1) "2/ (c™2*x"2-1) / ((c*x+1) "2/ (-c~2*x~
2+1)+1))*arctanh (c*x) "2-3/4*I1/c~2*b~3xexPikxdxcsgn (I* (cxx+1) "2/ (c™2%x"2-1) ) *
csgn(I*(cxx+1)72/(c™2%x72-1) / ((c*x+1) 72/ (-c™2%x72+1)+1) ) "2*arctanh (c*x) "2+3
/4%1/c”2%b~3xe*xPixd*csgn (I*(c*x+1)/(-c™2%x72+1) 7 (1/2)) "2*csgn (I*(c*xx+1) ~2/(
c"2*xx72-1) ) *arctanh (c*x) "2+3/2*%I/c”2xb~3*%exPi*xd*csgn (I* (c*xx+1) /(-c™2%x"2+1)
~(1/2))*csgn(I*x(cxx+1) "2/ (c™2%x72-1) ) "2*arctanh (c*x) "2+3/4*1/c~2*b~3*e*xPixd
xcsgn(I/((cxx+1)72/(-c™2*%x"2+1)+1) ) *csgn(I*(c*xx+1) "2/ (c™2*x"2-1) / ((c*x+1) "2
/(=c72*x72+1)+1)) " 2*arctanh (c*x) "2+a~3*x*d"2+1/3%a"3*%e " 2*x " 3+3*%a”2*b/ckx*d*
e+3/2/c*a*xb”2x1n(c*x+1)*1n(-1/2*c*x+1/2) *d~2-3/2/c*xa*xb”2*1n(-1/2*c*x+1/2) *1
n(1/2+1/2*cxx)*d"2+3/2/c”2*a" 2*bxex1n (c*xx-1)*d-3/2/c”2*a"2*b*e*x1n (cxx+1) *d+
1/2/c”3*axb"2%e"2*xIn(c*x+1) *1n(-1/2*c*xx+1/2)-3/2/c”2*%b " 3*e*arctanh (cxx) ~2x1
n(c*x+1)*d-1/2/c”3*axb™2*xe 2%x1n(-1/2*c*x+1/2) *1n(1/2+1/2*c*x)+1/c”3*a*xb™2xe
~2*arctanh(c*x)*1n(c*x—-1)+1/c”3*a*xb~2*e"2*arctanh (c*x)*1n(c*xx+1)-1/2/c " 3*ax*
b~ 2xe"2x1n(cxx-1)*1n(1/2+1/2*c*x)+3/2/c~2xb~3*e*arctanh (c*x) ~2*1n(cxx—1) *d+
3/c”2xb"3xexIn((cxx+1) /(-c™2*x"2+1) " (1/2) ) *arctanh (c*x) "2*d+1/4*1/c”3*b~3*e
~2+Pi*csgn(I/((c*xx+1)72/(-c™2%x72+1)+1) ) *xcsgn(I* (cxx+1) "2/ (c"2%x"2-1) ) *csgn
(I*x(c*x+1)72/(c™2*x"2-1) / ((c*x+1) "2/ (-c"2%x"2+1)+1) ) *arctanh (c*x) "2+3/4%*I/c
*b~3*%Pixd~2*csgn(I/ ((cxx+1)72/(-c™2*%x"2+1)+1) ) *csgn (I* (c*xx+1) "2/ (c™2%x"2-1)
Y*xcsgn(I* (cxx+1)72/(c™2xx72-1)/ ((c*x+1) "2/ (-c™2*x~2+1)+1) ) *arctanh (c*x) "2-1
/4%1/c”3%b"3*e”"2xPi*xcsgn (I*(c*xx+1) 72/ (c™2%x72-1) / ((c*x+1) "2/ (~c™2%x"2+1) +1)
) "3*arctanh (c*x) "2-1/4%1/c”3%b"3*e " 2*xPixcsgn(I* (cxx+1) "2/ (c™2%x72-1)) "3*arc
tanh (c*x) "2-3/2%I1/c”2xb~3*%exPi*d*arctanh (c*x) "2+1/2xI*b~3/e*Pi*d~3*csgn(I/(
(cxx+1)72/(-c™2*%x"2+1)+1)) "2*arctanh (c*x) “2-1/2*%I*b~3/e*Pi*d ~3*csgn(I/ ((c*x
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+1)72/(-c”2*x"2+1)+1)) "3*arctanh (c*xx) "2+1/4*I*b~3/e*Pi*d ~3*csgn (I* (c*kx+1) "2
/(c™2xx72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1) ) "3*arctanh (c*x) "2+1/4*I*b~3/e*Pi*d"~
3xcsgn(I*x(cxx+1) 72/ (c™2%x72-1)) "3*arctanh (c*x) "2+6/c*a*xb~2*exarctanh (cxx) *x
xd+3/c”2*axb~2xexarctanh (c*x) *1n(c*x-1) *d-3/c~2*%a*xb~2xe*arctanh (c*x) *1n (c*x
+1)*d-3/2/c”2%a*b”2*e*x1n(cxx-1) *1n(1/2+1/2%c*x) *d-3/2/c~2*a*xb~2xex1n (c*x+1)
*1n(-1/2%cxx+1/2)*d+3/2/c™2%a*xb~2%e*x1n(-1/2%c*x+1/2) *1n(1/2+1/2%c*x) *d-3/2%
I/cxb™3*%Pixd"2*csgn(I/ ((c*x+1)72/(-c72%x72+1)+1)) "3*arctanh(c*x) ~2-3/4*I/c*
b~ 3*%Pi*d"2*csgn (I* (c*x+1) 72/ (c”™2*%x"2-1)) "3*arctanh (c*x) "2-3/4*%I/c*b~3*Pi*d~
2xcsgn (I* (cxx+1)72/(c™2%xx72-1) / ((c*x+1) "2/ (-c™2*%x"2+1)+1) ) "3*arctanh (c*x) "2
+3/2*%1/cxb~3%Pixd~2*csgn(I/ ((cxx+1) 72/ (-c™2*%x~2+1)+1)) "2*arctanh(c*x) ~2-1/2
*I/c”3%b"3*e"2+Pixcsgn(I/((c*xx+1) 72/ (-c™2%x72+1)+1)) "3*arctanh (c*x) "2+1/2%I
/c”3%b"3*%e"2xPixcsgn(I/((c*x+1) "2/ (-c™2xx~2+1)+1) ) "2*arctanh (c*x) "2+1/2/c*a
“2%b*x"2%e"2+a”2xb/exarctanh (cxx) *d~3+1/2*%a"2*b/ex1n(c*x-1)*d~3-1/2*a"2*b/e
*x1n (c*x+1)*d~3+a*xb~2/e*arctanh (c*x) "2*d~3+b~3/ex1ln((c*xx+1) /(-c™2*x"2+1) ~(1/
2))*arctanh(cxx) “2*d~3+1/2xb~3/e*arctanh (c*x) "2*1n(c*x-1)*d~3-1/2%b~3/e*arc
tanh (c*x) "2x1n (c*x+1) *d~3+3*a” 2xb*arctanh (c*x) *x*d~2+3*a*b”~2*arctanh (c*x) "2
*xx*d"2+a"2xb*e”2*arctanh (c*x) *x~3+a*b~2*e " 2xarctanh (cxx) “2*x~3+b”3*e*arctan
h(c*xx) "3*x”2xd+1/4*a*xb~2/e*x1n(c*x+1) "2xd~3+1/4*axb”~2/ex1n(cxx-1) "2*d~3-1/c”
3*xb~3*%e"2*polylog(2,-(c*x+1) "2/ (-c™2%x"2+1) ) *arctanh (c*x)-1/c"3*b~3*e~2*1n(
(c*xx+1)/(-c™2%x72+1) " (1/2) ) *arctanh (c*x) "2+1/2/c~3*b~3*e”2*arctanh (c*x) ~2*1
n(c*x-1)+1/2/c~3*%b"3*e” 2*arctanh (cxx) “2*1n(cxx+1)-1/4/c”3*xa*xb”~2%e”2x1n (c*x+
1)72-1/c”2*b" 3*e*xarctanh (c*x) "3*d+3/c~2*b~3*exarctanh (c*xx) "2*d-6/c”2%b~3*ex*
dxdilog (1+I*(cxx+1)/(-c™2*%x"2+1)~(1/2))-6/c”2*b"3*e*xd*dilog(1-I*(c*xx+1)/(-c
T2%x72+1) 7 (1/2))+1/2/c”3*%a"2*b*e”2*x1n(c*xx-1)+1/2/c"3*a"2xb*e " 2x1n (c*x+1)-1/
c~3*b~3*%e"2*1n(2) *arctanh (c*x) "2-1/2/c”3*%axb~2xe 2*x1n(cxx+1)+1/2/c " 3*a*b”~ 2%
e"2x1ln(c*xx-1)-1/c”3*a*xb"2*e"2xdilog(1/2+1/2*c*x)+1/4/c”3*a*xb~2xe~2x1n (cxx-1
) "2+3/2/c*xa”2%b*1n(c*xx-1)*d"2+3/2/c*a”2xbx1n(cxx+1)*d~2-3/4/c*axb~2*1n (c*x+
1) 72%d~2-3/c*a*xb"2xdilog(1/2+1/2%c*x) *d~2+3/4/c*a*xb~2*1n (c*xx-1) "2*d~2+1/2/c
*xb~3%e~2*arctanh (c*x) "2xx"2+3/2/cxb~3*arctanh (c*xx) “2*1n(c*xx-1)*d"2+3/2/c*b”
3xarctanh (c*x) “2*1n(c*xx+1)*d~2-3/cxb~3*polylog(2,-(c*x+1) "2/ (-c™2%x"2+1) ) *a
rctanh (c*x)*d~2-3/c*b~3*1n((c*x+1) / (-c™2xx"2+1) " (1/2) ) *arctanh (c*x) “2+%d~2-3
/c*¥b~3%1n(2) *d~2*arctanh (c*x) “2+3/2/c*b~3*polylog(3,-(c*x+1) "2/ (-c™2%x"2+1)
)*d~2+1/c*b~3*arctanh(cxx) "3*d"2+1/c”3%b"3%e"2*arctanh (c*x)+1/3/c~3%b"3%e™2
xarctanh (cxx) “3+1/2/c”3*xb~3%e~2*polylog(3,-(c*x+1) "2/ (-c™2*x"2+1))-1/2/c~3%
b~3*e"2*arctanh (c*x) "2-1/c”3*b"3*%e~2*1n((c*kx+1) "2/ (-c~2*x~2+1)+1)+b~3*arcta
nh (c*x) ~3*x*xd~2+1/3*%b~3*e”"2*arctanh (c*x) "3*x~3+1/3%a"~3/e*d"3+1/2xI*b"~3/e*Pi
*d"3*csgn (I*(c*x+1) /(-c™2%xx72+1) 7 (1/2) ) *csgn (I*(cxx+1) 72/ (c™2%x"2-1) ) "2*%arc
tanh (c*x) "2-1/4%I*b”3/e*Pi*d~3*csgn(I* (c*x+1) 72/ (c™2*%x"2-1) ) *csgn(I* (c*x+1)
72/ (c72%x72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1) ) "2*arctanh (c*x) "2+1/4*I*b~3/e*Pix
d"3*csgn(I/ ((cxx+1) 72/ (~c™2xx"2+1)+1) ) xcsgn (I* (cxx+1) "2/ (c™2xx"2-1) / ((c*xx+1
)72/ (~c”2xx72+1)+1) ) "2xarctanh (c*x) "2+1/4*Ixb~3/exPixd~3*csgn (I* (cxx+1) /(-c
~2xx72+1) " (1/2) ) "2*csgn(I* (c*xx+1) "2/ (c™2*%x~2-1) ) *arctanh (c*x) “2-3/4*I/cxb~3
*Pixd"2xcsgn (I* (cxx+1)/(-c™2*x72+1) " (1/2)) "2*csgn(I* (cxx+1) "2/ (c™2%x"2-1) ) *
arctanh(c*x) "2-3/4*I/c*b~3*Pi*d"2*xcsgn(I/((c*x+1)~2/(-c™2*%x"2+1)+1) ) *csgn(I
*x(cxx+1) 72/ (c™2%x72-1) / ((c*xx+1) "2/ (-c™2%x"2+1) +1) ) "2*arctanh (cxx) “2+3/4*I/c
*xb~3*Pixd~2*xcsgn (I* (cxx+1) "2/ (c™2xx"2-1) ) *csgn (I* (c*x+1) 72/ (c™2xx"2-1) / ((c*
x+1)72/(-c™2*x72+1)+1)) “2*arctanh (cxx) “2-3/2*I/cxb~3*Pixd~2*csgn (I* (c*x+1)/
(—c™2xx72+1) 7 (1/2) ) *csgn (I*(cxx+1) 72/ (c™2%x"2-1) ) "2*arctanh (c*x) "2-1/2%I/c”
3xb~3%e"2*Pikcsgn (I* (cxx+1)/(-c™2%x72+1) " (1/2) ) *csgn(I* (cxx+1) "2/ (c™2*x"2-1
)) “2*arctanh (c*x) "2+1/4*%I/c”3*xb~3%e " 2*Pikcsgn (I* (cxx+1)~2/(c™2%x"2-1) ) *csgn
(I*(c*xx+1)72/(c™2xx72-1) / ((c*x+1) "2/ (-c™2*x"2+1)+1) ) "2*arctanh (c*x) "2-1/4%I
/c”3%b"3%e"2xPixcsgn(I/ ((c*x+1) "2/ (-c™2xx"2+1)+1) ) *csgn(I* (c*xx+1) "2/ (c™2*x"
2-1)/((c*xx+1) 72/ (-c™2%x72+1)+1) ) "2*arctanh (c*x) "2-1/4*I/c”3*b~3*e 2*Pi*csgn
(Ix(cxx+1)/(-c™2%x72+1) " (1/2) ) "2*csgn(I*(cxx+1) "2/ (c"2*x"2-1) ) *arctanh (c*x)
"2+3/4%1/c”2%b"3*e*Pikxd*xcsgn(I* (cxx+1) "2/ (c™2%x72-1) / ((c*xx+1) "2/ (-c™2*xx"2+1
)+1)) ~3*arctanh (c*x) "2+3/4%I/c”2xb~3*e*xPi*d*csgn (I* (cxx+1) "2/ (c™2%x"2-1))"3
*xarctanh (c*xx) "2-3/2%I/c”2*%b~3xe*xPixd*csgn(I/ ((cxx+1) 72/ (-c™2*x"2+1)+1)) "3*a
rctanh(c*x) "2+3/2%I/c"2xb~3*e*Pi*d*csgn(I/ ((cxx+1) 72/ (-c™2*x"2+1)+1)) "2*arc
tanh (c*x) "2
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Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2*(atb*arctanh(c*x))”3,x, algorithm="maxima")

[Out] 1/3%a”3%e”2xx"3 + a~3xd*e*xx~2 + 3/2%(2xx"2*arctanh(c*x) + c*(2*x/c”2 - log(
cxx + 1)/c”3 + log(c*x - 1)/c”™3))*a”2*bxdxe + 1/2%(2*x"3*arctanh(c*xx) + c*(
X72/c”2 + log(c™2%x™2 - 1)/c™4))*a"2%bxe”2 + a"3*d"2*x + 3/2x(2kcxx*arctanh
(cxx) + log(-c™2*%x™2 + 1))*a~2*%b*d~2/c - 1/24x((b~3*c"3*e"2*x~3 + 3*%b~3%c”3
xd*¥exx”2 + 3*%b73%c”3%d"2*%x - (3*%cT2%d"2 + 3kxckdke + e72)*b"3)*log(-c*x + 1)
73 - 3%(2%a*b”"2xc"3%e”2*x”3 + (6*%axb”2*c”3kd*e + bT3kcT2xe"2)*x"2 + 6% (a*xb”
2*xC”3%d"2 + bT3*c72*dxe) *x + (Db73*c”3*%e”2xx”3 + 3*b"3*kc”3xd*exx"2 + 3*b~3*cC
“3xd"2*x + (3%c72xd"2 - 3kcxdxe + e72)*b”3)*log(cxx + 1))*log(-c*xx + 1)72)/
c”3 - integrate(-1/8%((b~3*c~3%e"2*x"3 - b~ 3*%c™2%d"2 + (2%c”3*d*e - c"2%e”2
)*¥b73%x72 + (c73%d"2 - 2*c”"2*d*e)*b”3*x)*log(ckx + 1)73 + 6%x(axb”2xc"3*ke"2%
X73 - a*b"2xcT2%d"2 + (2%c73xd*e - cT2%e"2)*axb”2*x”2 + (c73%d"2 - 2%kcT2xdx
e)*axb~2*x)*log(cxx + 1)72 - (4*axb™2xc™3*%e"2%x”"3 + 2x(6xa*b~2%c”~3xd*e + b~
3kcT2xe72)*xx72 + 3% (b73*%cT3%e”2*x”"3 - b73*cT2xd"2 + (2xc”3*d*e - cT2%e”2)*b
T3%x72 + (c73%d72 - 2%cT2%kd*e)*b"3*x)*Llog(ckx + 1)72 + 12%x(axb"2xc”3*d"2 +
b73%cT2%d*e) *x - 2% (6%axb”2%cT2xd72 - (3%cT2*d"2 - 3*ckd*e + e72)*b"3 - (6%
a*b"2xc"3%e”2 + b73%c”3*%e”2)*x”3 - 3*(b73*c”3*kd*ke + 2% (2%c”3*d*e - c"2%e”2)
*a*xb"2)*x"2 - 3*%(b7"3%c”3*d"2 + 2% (c73*d"2 - 2*c”2xd*e)*axb”2)*x)*log(ckx +
1))*log(-c*x + 1))/(c™3*x - c~2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a362x2 +2a3dex + a®d® + (b3ezx2 +2b3dex + b3d2) artanh (cx)® + 3 (abzezxz + 2 ab?dex + abzdz) artanh (cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2x(atb*arctanh(c#*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”2*x"2 + 2%a”3xd*e*xx + a~3*%d™2 + (b7"3%e”2*x"2 + 2%b7~3*d*e*xx +
b~3*d"2)*arctanh(c*x) "3 + 3*(a*xb”2*e”2*%x"2 + 2ka*b”2*dxexx + axb~2xd”2)*ar
ctanh(c*x) "2 + 3*(a"2*%b*e”2*xx"2 + 2%a~2xb*d*e*x + a”~2*b*xd~2)*arctanh(c*x),

x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))® (d + ex)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x))**3,x)

[Out] Integral((a + bxatanh(c*x))**3*(d + e*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b artanh (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*(atb*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((e*xx + d) 2x(bxarctanh(c*x) + a)~3, x)
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317  [(d+ex)(a+btanh(cn) dx

Optimal. Leaf size=244

CcX

&ﬁWMﬂmg@J—;?)@+bmmf%m» 3m&mﬂmg@ﬂ—t%) mﬂwmﬂﬁg@ﬂ—f%) %%bgt
- - +

c 2c2 2c

[Out] (3*b*ex(a + bxArcTanh[c*x])~2)/(2*%c”2) + (3*bxexx*(a + b¥ArcTanh[c*x])~2)/(
2%c) + (d*(a + bxArcTanh[c*x])~3)/c - ((d"2 + e72/c"2)*(a + b*ArcTanh[c*x])
~3)/(2%e) + ((d + exx)"2x(a + b¥ArcTanh[c*x])~3)/(2*xe) - (3*%b~2xe*(a + b*Ar

cTanh [c*x])*Log[2/(1 - c*x)])/c”2 - (3*b*d*(a + bxArcTanh[c*x]) 2xLog[2/(1

- c*xx)])/c - (3*b~3*e*xPolyLog[2, 1 - 2/(1 - c*x)])/(2%c™2) - (3*b"2*xd*(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*%b~3*d*PolyLog[3, 1 - 2/

(1 - c*xx)]1)/(2%c)

Rubi [A] time = 0.601792, antiderivative size = 244, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 10, integrand size = 16, M
integrand size

= 0.625, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 6048, 5948, 6058, 6610}

2 - 2 2
3b%dPolyLog (2,1 - E) (a + btanh l(cx)) 3b3ePolyLog (2,1 - m) X 3b3dPolyLog (3,1 - m) 3b%elog (

c 2c2 2c

Antiderivative was successfully verified.

[In] Int[(d + e*x)*(a + b*ArcTanh[c*x])~3,x]

[Out] (3*bxex(a + b*ArcTanh[c*x])~2)/(2%c”2) + (3*b*exx*(a + b¥xArcTanh[c*x])~2)/(
2xc) + (d*(a + bxArcTanh[c*x])7"3)/c - ((d"2 + e72/c"2)*(a + b*ArcTanh[c*x])
~3)/(2%e) + ((d + e*x)”2x(a + bxArcTanh[c*x])"3)/(2%e) - (3*b~2*ex(a + b*Ar

cTanh [c*x])*Log[2/(1 - c*x)])/c”2 - (3*b*dx(a + bxArcTanh[c*x]) " 2xLog[2/(1

- c*xx)])/c - (3*%b~3*e*xPolyLog[2, 1 - 2/(1 - c*x)])/(2%xc”2) - (3*b~2*xdx(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*%b~3xd*PolyLog[3, 1 - 2/

(1 - c*xx)])/(2%c)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, ¢, 4, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bx*A
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] & IGtQ[p, 0]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]
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Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + g*xx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && I
GtQlp, 0] && EqQl[c™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*x(x_)~
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) pxPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx"2), x], x] /; FreeQl[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc™2*d +
e, 0] && EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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ez(a+b tamhfl(cx))2 (c2d2+92+2c2dex) (a+b tanh

f(d + ex) (a + btanh_l(cx))3 dx = _

Mathematica [A]

(d + ex)? (u +b tanh_l(cx))3 (3bo) [~ c 2(1-c222)
2e 2e .
d+ ex)z ((1 N btanh_l (Cx))3 (3b)f (c2d2+32+2c2di3i)c(2izb tanh 1(cx)) I . (3be) f ((1
2e 2ce
czd2(1+%)(¢z+bt
@b) [ "

3bex (zz +b taunh_l(cx))2 (d + ex)? (a +b tanh_l(cx))3
= +

2c 2e

H(cx)

p

3be (a +b taunh_l(cx))2 3bex (a +b tamh_l(cx))2 (d + ex)? (a +btanh
= + +

2c2 2c 2¢

_ 3be (a +b tanh_l(cx))2 3bex (a +b tanh_l(cx))2 d (a +b tanh_l(cx))3

2¢2 " 2c " c

_ 3be (a + btanh_l(cx))2 .\ 3bex (a + btanh_l(cx))2 N d (a + btf:mh_l(cx))3
22 2c c

_ 3be (a + btanh_l(cx))2 .\ 3bex (a + btanh_l(cx))2 N d (a + btanh_l(cx))3
2¢2 2c c

_ 3be (a + btanh_l(cx))2 .\ 3bex (a + btanh_l(cx))2 . d (a + btanh_l(cx))3
22 2c c

time = 0.762874, size = 331, normalized size = 1.36

.

—_ | |
= [ [= |
N N N

12ab%cd (PolyLog (2, —e‘zmnh_l(cx)) + tanh ™ (cx) ((cx ~1)tanh ™' (cx) - 2log (8_2 tanh ™ (cx) 4 1))) - 2b% (tanh_l(cx) |

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x])~3,x]

[Out] (2%a™2xck(2%akxckd + 3kbke)*x + 2%a~3kcT2%exx™2 + 6%a”2xbkc™2+x* (2%d + e*x)*
ArcTanh[c*x] + 3*a”2%b*x(2xcxd + e)*xLogl[l - cxx] + 3*a~2*bx(2xc*d - e)*Logl[1

+ cxx] + 6%axb”2kxex(2xcxxxArcTanh[cxx] + (-1 + c™2xx"2)*ArcTanh[c*x]"2 + L

ogll - c¢™2*x72]) - 2*%b~3*e*x(ArcTanh[c*x]*((3 - 3*c*x)*ArcTanh[c*x] + (1 - ¢
~2xx72)*ArcTanh[c*x] "2 + 6*Log[l + E~(-2%ArcTanh[c*x])]) - 3*PolyLogl[2, -E~
(-2%ArcTanh[c*x])]) + 12xa*xb~2%cxd*(ArcTanh[c*x]*((-1 + c*x)*ArcTanh[c*x] -
2xLog[1 + E~(-2*%ArcTanh[c*x])]) + PolyLog[2, -E~(-2*%ArcTanh[c*x])]) + 4*b~
3xcxd* (ArcTanh [cxx] "2%((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcTanh[c*
x]1)1) + 3*%ArcTanh[c*x]*PolyLog[2, -E~(-2xArcTanh[c*x])] + (3*PolyLogl[3, -E~
(-2*%ArcTanh [c*x])])/2)) /(4%c~2)

Maple [C]

time = 0.954, size = 12404, normalized size = 50.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(a+b*arctanh(c*x))~3,x)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

3 (2 cx artanh (cx) + log (—czx2

2x  log(cx+1) N log (cx —1)
2c

1 3
3,02 2
—a’ex® + — [2x%artanh (cx) + ¢| — —
4( rtanh (cx) c? c3 c3

))azbe + a3dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x))~3,x, algorithm="maxima")

[Out] 1/2*a”3*e*xx"2 + 3/4*%(2*xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + 1
og(cxx — 1)/c”3))*a"2*bxe + a~3*dxx + 3/2%(2kcxx*arctanh(c*x) + log(-c™2*x”
2 + 1))*a”2*b*xd/c - 1/16%((b~3*%c™2xe*xx"2 + 2xb~3*c”2xd*x - (2xc*d + e)*b~3)
*xlog(-c*xx + 1)73 - 3% (2kaxb™2%c ™ 2%e*xx™2 + 2% (2%a*b™2%c”2%d + b7 3*cxe)*x + (
b73*cT2ke*xx "2 + 2*b73*kcT2*xd*x + (2%cxd - e)*b”"3)xlog(cxx + 1))xlog(-c*x + 1
)72)/c”2 - integrate(-1/8*((b~3*c™2%e*x"2 - b~ 3*cxd + (c72%d - c*e)*b”~3x*x)*
log(c*x + 1)73 + 6*(a*b™2*c™2%e*x"2 - axb”2xc*xd + (c72*d - c*e)*axb”™2*x)*1o
g(cxx + 1)72 - 3% (2*kaxb™2xc " 2%e*xx™2 + (b~3%c™2%e*xx™2 - b7™3*cxd + (c™2xd - ¢
*xe)*b"3xx)*Llog(c*kx + 1)72 + 2% (2%axb™2%c™2xd + b~ 3*cke)*x - (4*axb™2*c*d -
(2xc*d - e)*b”3 - (4*axb™2%c”2%e + b 3*c"2%e)*x"2 - 2%(b73*c”2*d + 2x(c72xd
- c*e)*axb~2)*x)*log(c*x + 1))*log(-cxx + 1))/(c™2*x - c), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3ex +a%d + (b3ex + b3d) artanh (cx)® + 3 (abzex + abzd) artanh (cx)* + 3 (azbex + azbd) artanh (cx) ,x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*exx + a”3*%d + (b~3*e*x + b~3*d)*arctanh(c*x)~3 + 3*(a*xb™2xex*x
+ ax*b”2x*d)*arctanh(c*x) "2 + 3*x(a”2xb*exx + a~2xb*xd)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx)® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x))**3,x)

[Out] Integral((a + b*atanh(c*x))**3*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(b artanh (cx) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((exx+d)*(atb*arctanh(c*x))”3,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~3, x)

98
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1 3
3.18 f(m ) g

d+ex

Optimal. Leaf size=272

) 1 2c(d+ex)
302 (a + btanh (Cx»I*ﬂYLOg(3ﬁl_(m+D¢¢w)

) 3b?PolyLog (3,1 - %) (a+ btanh_l(cx)) 3b (a + btan
2e i 2e

[Out] -(((a + bxArcTanh[c*x]) 3*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x]) ~3*Lo
gl(2xcx(d + exx))/((cxd + e)*x(1 + cxx))])/e + (3*bx(a + bxArcTanh[c*x]) ~2*P
olyLog[2, 1 - 2/(1 + c*x)])/(2xe) - (3*bx(a + b*ArcTanh[c*x]) 2*PolyLogl[2,

1 - (2xcx(d + e*xx))/((c*xd + e)*(1 + cxx))])/(2%e) + (3*xb"2*(a + b*ArcTanh[c
xx])*PolyLog[3, 1 - 2/(1 + c*x)])/(2%xe) - (3*b~2*(a + b¥ArcTanh[c*x])*PolyL

ogl3, 1 - (2xcx(d + exx))/((c*d + e)*(1 + cxx))])/(2%e) + (3*b~3*PolyLogl4,

1 - 2/(1 + c*x)])/(4%e) - (3xb~3*PolyLogl4, 1 - (2xc*x(d + e*x))/((cxd + e)

*(1 + cxx))])/(4*e)

Rubi [A] time = 0.0566941, antiderivative size = 272, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 1, number of rules used = 1, integrand size = 18, e ==

= 0.056, Rules used = {5924}

integrand size

) 1 2c(d+ex)
3b Qz+btanh (CX»I*ﬂYLOg(3/1_(M+n@ww)

2e 2e

) 3b?PolyLog (3,1 - Cx%) (a + btanh_l(cx)) 3b (a +btan
+

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~3/(d + ex*xx),x]

[Out] -(((a + bxArcTanh[c*x]) 3*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x]) ~3*Lo
gl(2*c*x(d + e*xx))/((cxd + e)*(1 + c*x))])/e + (3xbx(a + b*ArcTanh[c*x]) "2*P
olyLogl[2, 1 - 2/(1 + c*x)])/(2%e) - (3*b*(a + bxArcTanh[c*x]) 2+PolyLogl[2,
1 - (2%xc*x(d + e*xx))/((cxd + e)*(1 + c*x))])/(2xe) + (3*%b"2x(a + bxArcTanh[c
xx])*PolyLog[3, 1 - 2/(1 + c*x)])/(2%xe) - (3*b~2*(a + b¥ArcTanh[c*x])*PolyL
ogl3, 1 - (2%cx(d + e*x))/((cxd + e)*(1 + cxx))])/(2xe) + (3*b~3*PolyLogl4,

1 - 2/(1 + c*x)])/(4%e) - (3*b~3*PolyLogl4, 1 - (2xcx(d + e*x))/((c*d + e)
*(1 + c*xx))])/(4xe)

Rule 5924

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>

-Simp[((a + b*ArcTanh[c*x]) “3*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "3*%Log[(2*%cx(d + exx))/((c*xd + e)*(1 + c*xx))])/e, x] + Simp[(3*b*(
a + b*ArcTanh[c*x]) “2*PolyLog[2, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(3*bx(a
+ b*ArcTanh [c*x]) “2*PolyLog[2, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))])
/(2xe), x] + Simp[(3*b~2x(a + b*ArcTanh[c*x])*PolyLog[3, 1 - 2/(1 + c*x)])/
(2%e), x] - Simp[(3*b~2x(a + b*ArcTanh[c*x])*PolyLog[3, 1 - (2xc*(d + e*x))
/((c*xd + e)*(1 + c*x))])/(2xe), x] + Simp[(3*b~3*PolyLogl[4, 1 - 2/(1 + c*x)
1)/(4xe), x] - Simp[(3*b~3*PolylLogl[4, 1 - (2xcx(d + exx))/((cxd + e)*(1 + ¢
xx))])/(4xe), x]) /; FreeQl[{a, b, c, d, e}, x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps
_ 3 -1, .\3 2 -1, \3 2c(d-+ex)
f (a + btanh 1(cx)) o (a + btanh (cx)) log (m) . (a + btanh (cx)) log (Wﬁcx)) . 3b (a + btan
d+ex T e e
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Mathematica [F] time = 109.64, size = 0, normalized size = 0.

dx

f (a + btanh_l(cx))3

d+ex
Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x),x]

[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x), x]

Maple [C] time = 0.43, size = 2367, normalized size = 8.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 3/ (e*xx+d),x)

[Out] 3*c*axb~2/e*d/(c*d+e)*arctanh(c*x) "2%1n(1-(cxd+e)* (cxx+1)72/(-c™2*%x"2+1)/ (-
c*d+e) ) +3xc*axb~2/exd/ (c*d+e)*arctanh (cxx)*polylog(2, (cxd+e) * (cxx+1)~2/(-c”
2xx~2+1) / (-c*d+e) ) -3/2*I*a*xb~2/e*arctanh (c*x) "2*Pixcsgn(I/((c*x+1)~2/(-c~ 2%
x72+1)+1) ) *csgn(I* (((c*xx+1) "2/ (—c™2xx"2+1) -1) *xe+ckd* ((cxx+1) "2/ (-c™2*x"2+1)
+1))/ ((cxx+1) 72/ (-c™2%x72+1)+1) ) "2-3/2*xI*a*xb~2/e*arctanh (ckxx) “2*Pi*csgn (I*(
((c*x+1) 72/ (~c™2%x72+1) -1) *e+ckd* ((c*x+1) 72/ (-c™2%x72+1)+1) ) / ((c*x+1) "2/ (-c
T2%x72+1)+1)) "2*csgn (I* (((c*xx+1) "2/ (-c™2%xx"2+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x
“2+1)+1)))+1/2%Ixb~3/e*arctanh (c*x) "3*Pixcsgn(I/((c*x+1) "2/ (-c™2*x"2+1)+1))
xcsgn(Ix(((c*xx+1)72/(-c™2*x72+1) -1) *e+c*xd* ((c*x+1) "2/ (-c™2*x72+1)+1) ) / ((c*x
+1)72/ (—c™2xx72+1)+1) ) *csgn (I* (((c*xx+1) "2/ (—c™2*x"2+1) -1) xe+ckd* ((cxx+1) "2/
(—c™2*x72+1)+1)))-3/4xb~3/e*polylog(4,-(cxx+1) "2/ (-c"2%x"2+1) ) +3/4xb~3/ (c*d
+e)*polylog(4, (c*xd+e)* (cxx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) +a~3*x1ln(c*e*xx+c*d) /e+
3/2*I*xaxb~2/e*arctanh (c*x) "2*Pixcsgn(I/((c*x+1)~2/(-c™2*%x"2+1)+1) ) *csgn (I*(
((c*x+1)72/ (-c™2%x72+1) -1) *e+ckd* ((c*kx+1) 72/ (-c™2*xx"2+1)+1) ) / ((c*x+1) "2/ (-c
“2%x72+1)+1) ) xcsgn(Ix (((c*xx+1) 72/ (-c™2%x72+1) -1) *e+c*xd* ((c*xx+1) "2/ (-c™2%x"2
+1)+1)))+3/2*%axb~2/e*polylog(3,-(cxx+1) "2/ (-c™2%x"2+1) ) -3/2*a*xb~2/ (c*xd+e) *p
olylog(3, (ckd+e)* (c*x+1) 72/ (-c™2%x"2+1) /(—c*d+e) ) +3/2%a"2xb/exdilog((c*e*x-
e)/(-cxd-e))-3/2*a"2xb/exdilog((cxe*x+e)/(-c*d+e))-b~3/exarctanh (c*xx) ~3*1n(
((c*x+1) 72/ (-c™2%x72+1) -1) *ke+ckd* ((cxx+1) 72/ (-c™2%x"2+1)+1) ) -3/2%b~3/e*arct
anh (c*x) "2xpolylog(2,-(c*x+1) "2/ (-c~2*x"2+1) ) +3/2xb~3/e*arctanh (c*x) *polylo
g(3,-(c*x+1) 72/ (-c™2%x72+1) ) +b~3/ (c*d+e) *arctanh (cxx) "3*1n(1-(ckd+e) * (c*kx+1
)72/ (-c™2xx72+1) / (-c*d+e) ) +3/2%b~3/ (cxd+e) *arctanh (c*x) “2*polylog(2, (cxd+e)
*x(cxx+1) 72/ (—c72%x72+1) / (~c*d+e) ) -3/2*%b~3/ (c*d+e) *arctanh (cxx) *polylog(3, (c
xd+e) * (ckx+1) 72/ (-c™2*x"2+1) / (-c*d+e) ) +b~3*1n (c*kexx+c*xd) /e*xarctanh (c*x) ~3-3
/2xc*a*xb”2/exd/ (cxd+e) *polylog(3, (cxd+e)* (c*xx+1) "2/ (-c™2%x"2+1) /(-c*d+e) ) +c
*b~3/e*d/ (cxd+e)*arctanh (c*x) "3*1n(1-(cxd+e) * (cxx+1) "2/ (-c"2%x"2+1) / (-c*d+e
))+3/2xc*b”~3/e*d/ (cxd+e) *arctanh (c*x) "2*polylog(2, (cxd+e) * (c*x+1) "2/ (-c™2*x
~2+1)/(-c*d+e))-3/2*c*b~3/exd/ (c*d+e) *arctanh (c*xx) *polylog(3, (cxd+e) * (c*x+1
)72/ (~c”2xx"2+1) / (—c*d+e) ) -1/2*%Ixb~3/e*arctanh (c*x) "3*Pixcsgn(I/ ((c*x+1)~2/
(=c™2%x72+1)+1) ) *xcsgn(I* (((c*xx+1) "2/ (-c™2%x"2+1) 1) *e+cxd* ((c*x+1) "2/ (-c~2%
x72+1)+1) )/ ((c*xx+1) "2/ (-c™2*x"2+1)+1) ) "2-1/2*%I*b~3/e*arctanh (c*x) “3*Pixcsgn
(I*x(((c*x+1)72/ (~c™2xx™2+1) -1) ¥e+cxd* ((c*xx+1) 72/ (—c™2%x72+1)+1) ) / ((c*x+1) "2
/(—c72xx72+1)+1) ) "2*csgn(I* (((c*xx+1) "2/ (-c™2%x"2+1) -1) *e+ckd* ((c*xx+1) "2/ (-c
T2%x72+1)+1)) ) +3/2*%I*xaxb”2/e*arctanh (c*x) "2*xPixcsgn (I* (((c*x+1)~2/(-c™2%x72
+1)-1)*xe+tcxd* ((cxx+1) 72/ (-c™2*%x"2+1)+1) ) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "3-3*ax
b~2/exarctanh (cxx) “2*1n(((c*x+1) "2/ (-c™2%x72+1) 1) *e+cxd* ((c*xx+1) "2/ (-c”2%*x
"2+1)+1))-3%axb~2/e*arctanh (c*x) *polylog(2,-(cxx+1) "2/ (-c™2%x"2+1) ) +3*a*xb~2
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/ (c*d+e) *arctanh(c*x) "2*x1In(1-(cxd+e) * (c*x+1) "2/ (-c™2*x"2+1) / (—c*d+e) ) +3*ax*b
~2/ (c*d+e)*arctanh (c*xx) *polylog(2, (cxd+e) * (c*x+1) "2/ (-c™2xx"2+1) / (~c*d+e) ) +
3*a”2*xb*1n(cxexx+cxd) /e*xarctanh (c*x)+3/2*a”2*b/ex1n (cxexx+c*d) *1n((c*xe*xx-e)
/ (—c*d-e))-3/2*a"2*xb/ex1n(cxe*xx+c*d) *1n((cxexx+e) / (—c*xd+e) ) +3*xa*xb~2*1ln (cke*
x+cxd) /exarctanh (cxx) “2+3/4*c*b”~3/exd/ (cxd+e) *polylog(4, (cxd+e)* (c*xx+1) "2/ (
-c72%x72+1) /(-c*d+e) ) +1/2%Ixb~3/e*arctanh (c*x) “3*Pixcsgn (I* (((c*x+1)~2/(-c”
2*%x72+1) -1) *e+ckxd* ((c*xx+1) "2/ (=c™2%x72+1)+1) ) / ((cxx+1) "2/ (-c™2*x"2+1)+1)) "3

Maxima [F] time = 0., size = 0, normalized size = 0.

a®log (ex + d) f Blog (cx +1) —log(—ex +1))°  3ab?(log (cx +1) - log (~cx + 1))*  3a2b(log (cx + 1) — log
+ + +
e 8 (ex + d) 4 (ex +d) 2(ex +d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="maxima")

[Out] a"3*log(e*xx + d)/e + integrate(1/8xb~3*(log(c*x + 1) - log(-c*xx + 1))~3/(ex
x + d) + 3/4xaxb”2x(log(cxx + 1) - log(-cxx + 1))72/(exx + d) + 3/2xa”2%b*(
log(c*x + 1) - log(-c*x + 1))/(e*xx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (cx)® + 3 ab? artanh (cx)* + 3 a?bartanh (cx) + a3 ]
,X

int 1
integra ( p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2+arctanh(c*x)~2 + 3%a”~2*bxarctanh(c*x
) + a”3)/(exx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batanh (cx))3
d+ex

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d) ,x)

[Out] Integral((a + b*atanh(c*x))**3/(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)°
dx
ex +d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(exx + d), x)
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1 3
3.19 f(m ) g

(d+ex)?

Optimal. Leaf size=517

2c(d+ex)

2 -1 -1
3b*cPolyLog (2,1 - ﬁ) (a + btanh (cx)) . 3b%c (a + btanh (cx)) PolyLog (2,1 ~ e

) 3b2cPolyL
c2d? — ¢? 242 — g2 +

[Out] -((a + bxArcTanh[c*x])~3/(e*x(d + exx))) + (3*bxcx(a + b*ArcTanh[c*x]) 2*Log
[2/(1 - c*xx)])/(2%e*x(cxd + e)) - (3*b*c*(a + bxArcTanh[c*x]) 2xLog[2/(1 + ¢
xx)])/ (2% (cxd - e)*e) + (3xbkxcx(a + bxArcTanh[c*x]) 2xLog[2/(1 + c*xx)])/(c”
2%d"2 - e72) - (3xbxc*(a + b*ArcTanh[c*x]) “2*Log[(2*cx(d + e*xx))/((cxd + e)
*(1 + cxx))])/(c”™2%d"2 - e72) + (3xb~2*c*(a + b*ArcTanh[c*x])*PolyLog[2, 1
- 2/(1 - cxx)])/(2xex(cxd + e)) + (3*¥b~2%c*(a + b*ArcTanh[c#*x])*PolyLogl2,
1 -2/(1 + c*xx)])/(2%(c*d - e)*e) - (3*b~2*c*(a + bxArcTanh[c*x])*PolyLogl[2
, 1 - 2/(1 + c*x)])/(c™2%d"2 - e72) + (3*b~2*c*x(a + b*ArcTanh[c*x])*PolyLog
[2, 1 - (2%xc*x(d + exx))/((cxd + e)*x(1 + c*x))])/(c™2%d"2 - e72) - (3*b~3*cx*
PolyLog[3, 1 - 2/(1 - c*x)])/(4xex(c*d + e)) + (3*b~3*c*PolyLog[3, 1 - 2/(1
+ cxx)])/(4x(cxd - e)*xe) - (3*b~3*cxPolyLogl3, 1 - 2/(1 + c*x)])/(2%(c™2xd
"2 - e72)) + (3*b”3*c*PolyLog[3, 1 - (2%cx(d + exx))/((cxd + e)*(1 + c*x))]
)/ (2% (c™2xd"2 - e72))

Rubi [A] time = 0.52483, antiderivative size = 517, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 18, "> _

integrand size
0.389, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 5922}

2 2 -1 2 -1 2c(d+ex)
3b*cPolyLog (2,1 - m) (a + btanh (cx)) . 3b*c (a + btanh (cx)) PolyLog (2,1 = DD

) 3b2cPolyL
c2d? — e? 242 _ 2 +

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~3/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])~3/(e*x(d + exx))) + (3*bxcx(a + b*ArcTanh[c*x]) 2*Log
[2/(1 - c*xx)])/(2%e*x(cxd + e)) - (3*b*c*(a + bxArcTanh[c*x]) 2xLog[2/(1 + ¢
xx)])/ (2% (cxd - e)*e) + (3*bkxcx(a + bxArcTanh[c*x]) 2xLog[2/(1 + c*xx)])/(c”
2%d"2 - e72) - (3*xbxc*(a + b*ArcTanh[c*x]) “2*Log[(2*cx(d + e*xx))/((cxd + e)
*(1 + c*xx))])/(c™2*%d"2 - e72) + (3*b~2*c*x(a + b*ArcTanh[c*x])*PolyLog[2, 1
- 2/(1 - cxx)])/(2%ex(cxd + e)) + (3*b~2*c*x(a + bxArcTanh[c*x])*PolyLogl[2,
1 -2/(1 + c*xx)])/(2%(c*d - e)*e) - (3*b~2*c*(a + bxArcTanh[c*x])*PolyLog[2
, 1 - 2/(1 + c*xx)])/(c72%d"2 - e72) + (3*b~2*c*x(a + b*ArcTanh[c*x])*PolyLog
[2, 1 - (2%xc*x(d + exx))/((cxd + e)*x(1 + c*x))])/(c™2%d"2 - e72) - (3*b~3*cx*
PolyLog[3, 1 - 2/(1 - c*x)])/(4xex(c*d + e)) + (3*b~3*c*PolyLog[3, 1 - 2/(1
+ cxx)])/(4x(cxd - e)*xe) - (3*b~3*cxPolyLogl3, 1 - 2/(1 + c*x)])/(2x(c™2xd
T2 - e72)) + (3*b73*c*PolyLogl[3, 1 - (2xc*(d + e*x))/((c*d + e)*(1 + c*x))]
)/ (2% (c™2xd"2 - e72))

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)”(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]
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&& IGtQ[p, 1] && IntegerQlql && NeQl[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLogl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2+d + e, 0] && NeQ[p, -1]

Rule 6058

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_ ) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) pxPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w~™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)~
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) pxPolyLogl[2, 1 - ul)/(2*c*d), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] & EqQ[(1 - w~™2 - (1 - 2/(1 + c*x))~2, 0]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + bxArcTanh[c*x]) " 2%Log[2/(1 + c*x)])/e, x] + (Simp[((a + bxArcT
anh [c*x]) "2*Log[(2*%cx(d + exx))/((cxd + e)*(1 + cxx))])/e, x] + Simp[(bx(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*xd + e)*(1 + c*x))])/e, x] + Sim
pL(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2%PolyLogl3, 1 - (2
xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2*e), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps
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1 2 3 2 , . )
3 3 (3bC) f _C(a+b tanh (cx)) + c(a+b tanh (cx)) e (a+b tanh (cx))
(a +b tanh—l(cx)) (a +b tanh—l(cx)) 2(cd-+e)(~1+cx) 2(cd—e)(1+cx) (~cd+e)(cd-+e)(d+ex)
f dx = - +
(d + ex)? e(d + ex) .

1, 02 -1, \2
(a+btanh () (3bc2) [ (zrbtanh” @) (3bc2) [ L) N

1+cx —1+cx

e(d + ex) " 2(cd — e)e - 2e(cd + e)

+ —

_ 2 _ 2
(a + btanh_l(cx))3 3bc (a + btanh 1(cx)) log (ﬁ) 3bc (a + btanh 1(cx)) lo

e(d + ex) * 2e(cd + e)

2(cd — e)e

_ 2 _ 2
(a + btanh_l(cx))3 3bc (a + btanh 1(cx)) log (&) 3bc (a + btanh 1(cx)) lo

e(d + ex) " 2e(cd + e)

2(cd — e)e

(a+? tanh_l(cx))S 3bc (a + tanh_l(cx))z log (1—27) 3bc(a+b tanh_l(cx))2 lo

e(d + ex) * 2e(cd + e)

Mathematica [C] time = 15.4007, size = 1110, normalized size = 2.15

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*xx)~2,x]

2(cd - e)e

[Out] -(a~3/(ex(d + e*x))) - (3*%a~2%bxArcTanh[c*x])/(ex(d + exx)) - (3*a~2xbxcx*Lo

gll - c*x])/(2%ex(c*xd + e)) - (3*a~2*xbxcxLogl[l + c*xx])/(2xex(-(cxd) + e)) -
(3*a~2xb*cxLog[d + e*xx])/(c™2xd"2 - e72) + (3*a*b”2*(-(ArcTanh[c*x]~2/(Sqr
t[1 - (c72%d"2)/e"2]*exE~ArcTanh[(c*d)/e])) + (cxx*ArcTanh[c*x]~2)/(Sqrt[1
- ¢72xx72]*((c*xd) /Sqrt[1 - c~2*x"2] + (c*kexx)/Sqrt[l - c™2*x72])) + (c*xd*(I
*PixLog[1 + E~(2%ArcTanh[c*x])] - 2%ArcTanh[c*x]*Log[l - E~(-2%(ArcTanh[(cx
d)/e] + ArcTanh[c*x]))] - IxPix(ArcTanh[c*x] + Logl[1/Sqrt[1l - c~2*x"2]]) -
2xArcTanh[(c*d) /el * (ArcTanh[c*x] + Log[l - E~(-2*(ArcTanh[(c*d)/e] + ArcTan
hlc*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~(-
2% (ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c™2xd"2 - €72)))/d + b~ 3*c*((xxArc
Tanh[c*x]~3)/(d*Sqrt[1 - c™2*xx"2]*((c*d)/Sqrt[1 - c™2*x"2] + (c*exx)/Sqrt[1l
- ¢c™2*x72])) - (3x(-6*c*d*ArcTanh[c*x]~3 + 2*exArcTanh[c*x]~3 - (4*Sqrt[1
- (c72%d"2) /e 2] *e*xArcTanh [c*x] "3) /E"ArcTanh[(c*d) /e] - (6*I)*c*d*Pi*ArcTan
hlc*x]*Log[(1 + E~(2%ArcTanh[c*x]))/(2*E"ArcTanh[c*x])] - 6*c*xd*ArcTanh[c*x
172xLog[1 + ((cxd + e)*E~(2+ArcTanh[c*x]))/(cxd - e)] + 6xcxd*ArcTanh[c*x]~
2%Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x] 2*Logl[1
+ E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*cxd*ArcTanh[c*x] 2*xLog[l - E~(2
*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 12%c*d*ArcTanh[(c*d)/e]*ArcTanh [c*x]
*xLog [(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(2%(ArcTanh[(c*d)/e
] + ArcTanh[c#*x])))] + 6*xc*d*ArcTanh[c*x] " 2+Log[(ex(-1 + E~(2*ArcTanh[c*x])
) + cxdx(1 + E~(2xArcTanh[c*x])))/(2+«E"ArcTanh[c*x])] + (6*I)*c*d*PixArcTan
hlc*x]*Log[1/Sqrt[1 - c2*x"2]] - 6*c*d*ArcTanh[c*x] 2xLog[(c*d)/Sqrt[l - ¢
~2%x72] + (c*exx)/Sqrt[l - c™2*x72]] - 12*cxd*ArcTanh[(c*d)/e]*ArcTanh [c*x]
*xLog [I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - 6xc*d*ArcTanh [c*x]*PolyLogl[
2, —(((c*d + e)*E~(2xArcTanh[c*x]))/(c*d - e))] + 12xc*dxArcTanh[c*x]*PolyL
ogl2, -E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 12%c*d*ArcTanh[c*x]*PolyLogl[2
, E7(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6%ckd*ArcTanh[c*x]*PolyLog[2, E~(2
*(ArcTanh[(cxd)/e] + ArcTanh[c*x]))] + 3*cxdxPolyLogl[3, -(((cxd + e)*E~(2*A
rcTanh[c*x]))/(c*d - e))] - 12xc*d*PolyLog[3, -E~(ArcTanh[(c*d)/e] + ArcTan
hlc*x])] - 12*cxd*PolyLog[3, E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 3*cxd*P
olyLog[3, E~(2+(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]1))/(c*d*(6*c™2*d"2 - 6*e”
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2)))

Maple [C] time = 0.613, size = 3497, normalized size = 6.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 3/ (e*xx+d)"~2,x)

[Out] -c*xa™3/(cxexx+c*xd)/e-3/2xI*c*b”3/ (c*d+e)/(c*d-e)*arctanh(cxx) "2xPikxcsgn(I/(
(c*x+1)72/(~c™2%x72+1)+1) ) "3-3/2*I*cxb~3/ (c*d+e) / (c*d-e) *arctanh (c*x) “2%Pix
csgn(Ix(((c*xx+1)72/(-c™2*x72+1) 1) *e+c*d* ((c*xx+1) "2/ (-c™2*x72+1)+1) ) / ((c*xx+
1)72/(-c™2*x72+1)+1) ) "3+3/2*I*c*b~3/ (cxd+e) / (c*d-e) *arctanh (cxx) “2*Pi*csgn (
I/((c*x+1)72/(-c™2*%x"2+1)+1) ) "2-3/4xI*c*b~3/ (c*d+e) / (ckd-e) *arctanh (c*x) ~2%
Pikxcsgn(I*(c*x+1) 72/ (c™2%x72-1)) "3-3/4*Ixc*b~3/(c*d+e)/(c*xd-e)*arctanh (c*x)
“2xPixcsgn(I*(cxx+1)72/(c™2%xx72-1) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "3-3*c*b~2*a/
(cxd+e)/(cxd-e) *dilog((c*xexx-e)/(-c*d-e))+3*c*xb~2xa/ (c*d+e) /(c*d-e)*dilog((
cxexx+e) /(-c*d+e) ) -3*cxb~3*arctanh(c*x) "2/ (c*d+e) / (cxd-e) *1n (cxexx+c*xd) +3*c
*b~3*arctanh(c*x) "2/ (cxd+e) /(c*d-e) *1n(((cxx+1) "2/ (-c"2*xx"2+1) -1) *e+c*d* ((c
*x+1) 72/ (-c72%x72+1)+1) ) -3*c*a”~2xb/ (c*xe*x+c*d) /e*xarctanh (cxx) -3*c*b~3/exarc
tanh (c*x) "2/ (2*xc*d+2%*e) *1n(c*x-1) +3*c*xb~3/exarctanh (c*x) "2/ (2*c*d-2*e) *1n(c
*xx+1)-3/4*c*b~2*a/e/ (c*d-e)*1n(c*x+1) "2-3/2xc*b"2xa/e/ (cxd-e) *dilog(1/2+1/2
xCc*x)+3/2%c*b~2*a/e/ (c*xd+e)*dilog(1/2+1/2%c*xx)-3/4*cxb~2xa/e/ (cxd+e) *1n (c*xx
-1)72+3/2%c”2xb~3/ (cxd+e) "2/ (cxd-e) *d*polylog(3, (cxd+e) * (c*xx+1) "2/ (-c™2%x"2
+1) / (-c*xd+e) ) -3*c*b~3/ (c*d+e) / (ckd-e) *arctanh (c*x) “2*1n(2) -3*c*a”2*b/ (cxd+e
)/ (c*d-e) *1n(cxe*xx+c*xd) -3*xcxa~2xb/e/ (2xc*xd+2%e) *1n (c*x-1) +3*c*xa~2*xb/e/ (2xc*
d-2%e) *1n(c*xx+1)+3/2*c*b”~3*e/ (cxd+e) "2/ (cxd-e) *polylog(3, (c*xd+e) * (cxx+1) "2/
(-c72%x72+1) / (—c*d+e) ) -3*c*xb~3/e*xarctanh (c*x) "2/ (cxd-e) *In((cxx+1) / (-c™2*x~
2+1)7(1/2))-3*c*b~2*a/ (cxexx+c*d) /e*xarctanh (c*xx) "2-3/2*xI*cxb~3/ (c*xd+e) / (c*d
-e)*arctanh(c*x) "2*xPi+3/2*xc*b~2*a/e/ (c*kd+e) *1n(c*xx—1)*1n(1/2+1/2%c*x) -3*c*b
~3xe/(c*d+e) "2/ (c*xd-e)*arctanh (c*x) "2*1n(1-(c*xd+e) * (cxx+1) "2/ (-c™2%x"2+1) /(
—c*d+e) ) -3*c*b~3xe/ (c*xd+e) "2/ (c*d-e) *arctanh (cxx) *polylog(2, (cxd+e) * (ckx+1)
=2/ (-c72*x72+1) / (-c*d+e) ) -3*c~2%¥b~3/ (c*d+e) "2/ (c*d-e) *d*arctanh (c*x) "2*1n (1
—-(cxd+e) * (cxx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) -3*c~2*b~3/ (cxd+e) "2/ (c*d-e) *d*arc
tanh (c*x)*polylog(2, (c*xd+e) * (c*xx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) -6*c*b~2*a*arct
anh (c*x)/(cxd+e) / (c*d-e) *1n(cxexx+c*xd) -6*cxb~2*a/exarctanh (c*x) / (2*cxd+2%*e)
*x1n(cxx-1)+6*c*xb~2*a/e*xarctanh (c*xx) / (2*%c*xd-2%e) *1n (c*xx+1)-3*cxb~2xa/ (c*xd+e)
/ (c*xd-e) *1n(c*e*xx+c*xd) *1n((cxexx-e) /(-c*d-e) ) +3*c*xb~2*xa/ (cxd+e) / (c*d-e) *1n(
cxexx+c*d) *1n((ckexx+e) / (—cxd+e) ) +3/2*c*¥b"2*a/e/ (cxd-e) *1n(-1/2*c*x+1/2) *1n
(c*xx+1)-3/2*c*b"2*xa/e/(cxd-e) *1n(-1/2%c*x+1/2) *1n(1/2+1/2*c*x) —c*b~3/ (c*xe*x
+c*xd) /e*xarctanh (c*x) “3+c*b~3/exarctanh (c*x) ~3/(cxd-e)-3/2xI*c”2*xb~3/e/ (c*d+
e)/(c*d-e)*arctanh(c*x) "2+Pikd*csgn(I/((c*x+1)72/(-c™2%x"2+1)+1)) "2-3/4*I*c
~2%b~3/e/ (c*xd+e) /(c*d-e)*arctanh (c*xx) "2+Pi*d*csgn (I* (cxx+1) "2/ (c™2%xx"2-1))"
3-3/4*xIxc"2xb~3/e/(c*d+e) /(cxd-e) *arctanh (c*x) “2*Pikxd*csgn(I* (cxx+1)~2/(c"2
*x72-1) / ((cxx+1) "2/ (-c™2xx"2+1)+1) ) "3-3/2*I*c*b~3/ (c*d+e) / (c*d-e) *arctanh(c
*xx) “2*Pi*csgn(I/((c*xx+1)72/(~c™2%x72+1)+1) ) *xcsgn(I* (((c*xx+1) "2/ (-c™2%x"2+1)
-1)*e+cxd* ((cxx+1) 72/ (-c™2%x72+1)+1)) ) *csgn(I* (((c*xx+1) "2/ (-c™2%x72+1) -1) *xe
+okdx ((cxx+1) 72/ (=c™2*%x72+1)+1) ) / ((c*x+1) "2/ (-c™2%x"2+1) +1) ) +3/4xI*xc*xb~3/ (c
xd+e) / (c*d-e)*arctanh (cxx) “2*Pikxcsgn (I/((c*xx+1)72/(-c™2%x72+1)+1) ) *csgn (I*(
c*xx+1) 72/ (c™2*x72-1) ) *csgn (I* (c*xx+1) "2/ (c™2*x"2-1) / ((c*x+1) "2/ (-c™2*x"2+1) +
1))+3/2*%Ixc"2+b~3/e/ (c*d+e) / (c*xd-e) *arctanh (cxx) “2xPixd*csgn (I/((c*x+1)~2/(
-CT2%x72+1)+1)) "3-3/2%I*c"2xb"3/e/ (c*d+e) / (c*xd-e) *arctanh (cxx) “2*xPikd*csgn(
Ik (cxx+1) /(—c™2%x72+1) 7 (1/2) ) *csgn(I* (cxx+1) "2/ (c™2%x72-1) ) "2+3/4*I*c"2%b"3
/e/(c*d+e)/(cxd-e)*arctanh (c*x) "2*xPixd*csgn (I* (c*x+1) "2/ (c™2*%x"2-1)) *csgn (I
*x(c*xx+1)72/(c™2%x72-1) / ((cxx+1) "2/ (~c™2*x"2+1)+1) ) "2-3/4*I*c"2xb~3/e/ (c*d+e
)/ (c*d-e)*arctanh (cxx) “2*Pi*d*xcsgn(I/ ((c*x+1)~2/(-c”2*x"2+1)+1) ) *csgn(I*(c*
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x+1)72/(c72*x72-1) / ((c*x+1) "2/ (-c™2*x"2+1)+1) ) "2+3/4*Ixc"2*b~3/e/ (cxd+e) / (c
xd-e)*arctanh (c*x) "2*xPixd*csgn(I/ ((cxx+1) 72/ (-c™2*xx"2+1)+1) ) *csgn (I* (c*xx+1)
72/ (c”2xx72-1) ) *csgn (I* (c*x+1) 72/ (c™2*x"2-1) / ((c*x+1) "2/ (-c™2%x"2+1)+1) ) +3/
2xIxc*b~3/ (c*d+e) / (cxd-e) *arctanh (c*x) "2*xPixcsgn (I* (((c*xx+1) 72/ (-c™2%x"2+1)
-1)xe+cxd* ((cxx+1) "2/ (~c™2xx72+1)+1) ) ) *csgn (I* (((c*xx+1) "2/ (-c™2*x"2+1) -1) *e
+coxd* ((cxx+1) 72/ (-c™2%x72+1)+1) ) / ((cxx+1) 72/ (—c™2%x72+1) +1) ) "2+3/4*I*c*b~3/
(cxd+e) / (cxd-e)*arctanh (c*x) "2*Pi*csgn (I* (c*xx+1) "2/ (c™2%x72-1) ) *csgn (I* (c*xx
+1)72/(c72%x72-1) / ((c*x+1) "2/ (-c™2*%x"2+1)+1) ) "2+3/2*%I*xc"2xb~3/e/ (cxd+e) / (c*
d-e)*arctanh (c*xx) “2*Pi*d+3/2xIxc*b~3/(c*d+e)/(cxd-e) *arctanh (c*x) "2*Pi*csgn
(I/((cxx+1) 72/ (~c™2xx72+1)+1) ) *xcsgn (I* (((c*xx+1) "2/ (-c™2%x72+1) -1) xe+c*xd* ((c
*x+1) 72/ (—c72%x72+1)+1) ) / ((c*xx+1) 72/ (—c™2%x72+1) +1) ) 72-3/2%I*c*b~3/ (cxd+e) /
(cxd-e)*arctanh (c*x) "2*xPikcsgn(I* (c*xx+1)/(-c™2%x72+1) " (1/2) ) *csgn (I* (c*x+1)
~2/(c”2%x72-1))"2-3/4*%Ixc*b”~3/(c*d+e) / (cxd-e) *arctanh (c*x) "2*Pixcsgn (I* (c*xx
+1)/(=c™2*x72+1) " (1/2) ) "2*csgn (I* (c*x+1) "2/ (c™2%x"2-1) ) -3/4*I*cxb~3/ (cxd+e)
/ (cxd-e)*arctanh (c*x) "2xPixcsgn(I/((c*xx+1) "2/ (-c™2*x"2+1)+1) ) *csgn (I* (c*x+1
)72/ (c™2xx72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1) ) "2-3/4xI*c"2%b~3/e/ (cxd+e) / (c*xd-
e)*arctanh (cxx) "2xPikd*csgn(I* (cxx+1)/(-c™2%x72+1) " (1/2) ) "2*csgn(I* (cxx+1)~
2/(c™2xx"2-1))

Maxima [F] time = 0., size = 0, normalized size = 0.

3 . log(cx+1) log(ex-1) 2log(ex+d)) 2 artanh (cx) 2 a’ ~ ((czde - cez)b?’x - (cde - 62)173)
2 cde — e2 cde + e2 c2d? — 2 e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x)) 3/ (exx+d)~2,x, algorithm="maxima")
g g

[Out] 3/2*(c*(log(c*x + 1)/(c*d*e - e€72) - log(c*x - 1)/(c*dxe + e72) - 2xlog(exx
+ d)/(c72*d"2 - e72)) - 2*arctanh(c*x)/(e”2xx + d*xe))*a”2%b - a~3/(e”2*x +
dxe) - 1/8%(((c™2*d*e - c*xe”2)*b~3*x - (c*d*e - e72)*b~3)xlog(-c*x + 1)73
+ 3% (2% (c72%d"2 - e72)*axb”2 - ((c™2*d*e + c*xe”2)*b"3xx + (cxd*e + e72)*b”~3
)*¥log(cxx + 1))*log(-c*xx + 1)72)/(c”2*%d"3*e - d*e”™3 + (c72xd"2%e”2 - e74)*x
) - integrate(1/8*%(((c™2*d*e - c*xe”2)*b"3*x - (c*d*e - e72)*b~3)*log(c*x +
1)73 + 6% ((c™2*d*e - c*xe”2)*axb~2*x - (c*d*e - e"2)*a*b~2)xlog(c*x + 1)72 +
3k (4% (c™2*d*e - cxe”2)*axb”~2*xx + 4x(c”2%d"2 - cxd*e)*axb”2 - ((c"2xd*e - c
*xe"2)*b"3%x - (ckd*e - e72)*b"3)*log(c*x + 1)72 - 2x(b73*xc™2%e”2*%x"2 + b7 3%
ckdxe - 2x(ckxdxe - e72)*a*xb”2 + (2x(c"2xd*e - c*e”2)*a*xb”2 + (c"2xd*e + c*e
~2)*b~3) *x) *log(cxx + 1))*log(-c*x + 1))/(cxd"3*%e - d"2%e”2 - (c"2xd*e”3 -
cke"4)*x"3 - (2%cT2xd"2*%e”2 - 3*ckxd*e”3 + e74)*x"2 - (c72*%d"3%e - 3*ckxd"2*e
“2 + 2%d*e”3)*x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (cx)® + 3 ab? artanh (cx)? + 3 a2b artanh (cx) + a3 ]
,X

int 1
tntegra ( e2x2 + 2 dex + d?

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)”~2 + 3*a~2*b*arctanh(c*x
) + a”3)/(e”2%x72 + 2xdxexx + d72), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))®
5 dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d)**2,x)

[Out] Integral((a + bxatanh(c*x))**3/(d + exx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)3
> dx
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~2, x)
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(a+btanh;%cx03

3.20 dx

(d+ex)3

Optimal. Leaf size=953

result too large to display

[Out] (3*bxc*(a + b*ArcTanh[c*x])~2)/(2%(c"2%d"2 - e”2)*(d + e*x)) - (a + b*ArcTa
nh[c*xx])~3/(2xex(d + e*x)~2) - (3*b~2xc”2*(a + bxArcTanh[c*x])*Logl[2/(1 - ¢
*x)])/(2%(cxd - e)*(cxd + e)72) + (3*bxc”2*(a + b*ArcTanh[c*x]) " 2*Log[2/(1
- cxx)])/(4xex(cxd + e)72) - (3*%b~2*c"2%e*x(a + b*ArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*xd - e)"2*(c*xd + e)”2) + (3*xb~2xc”2*(a + b*ArcTanh[c*x])*Log[2/(1
+ cxx)]) /(2% (c*d - e)"2x(cxd + e)) - (3*b*c™2x(a + bxArcTanh[c*x]) ~2*Log[2/
(1 + c*xx)])/(4x(cxd - e)"2%e) + (3xbxc~3*d*(a + bxArcTanh[c*x]) 2xLog[2/(1
+ c*x)])/((c*d - e)"2*(cxd + e)72) + (3%b"2xc"2xex(a + bxArcTanh[cxx])*Logl
(2%cx(d + exx))/((cxd + e)*(1 + c*x))])/((cxd - e) 2x(c*xd + e)72) - (3*bxc”
3xd*(a + bxArcTanh[c*x]) "2*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/((cx
d - e)"2x(cxd + e)”2) - (3*%b"3xc”2xPolyLog[2, 1 - 2/(1 - c*x)])/(4x(cxd - e
)*¥(cxd + e)72) + (3*b~2xc”2%(a + bxArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 - c*x)
1)/ (4xex(cxd + e)~2) + (3xb~3*c~2*xexPolyLogl[2, 1 - 2/(1 + c*x)])/(2x(c*xd -
e)"2x(cxd + e)72) - (3%b~3xc”2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*x(c*xd - e) 2%
(cxd + e)) + (3*%b"2xc”2x(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/(
4x(cxd - e)"2%e) - (3xb~2xc”3*dx(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 +
c*xx)])/((cxd - e) " 2x(cxd + e)”2) - (3*b~3*c”"2xe*PolyLog[2, 1 - (2xc*(d + ex
x))/((cxd + e)*x(1 + c*x))])/(2x(c*d - e)72*(cxd + e)72) + (3*b"2+c"3*kdx(a +
bkArcTanh[c*x])*PolyLog[2, 1 - (2%c*(d + exx))/((c*d + e)*(1 + c*x))])/((c
*d - e)"2*(cxd + e)72) - (3*b"3*c”2*PolylLogl[3, 1 - 2/(1 - c*x)])/(8*ex(c*d
+ e)72) + (3*%b~3*c”2xPolyLog[3, 1 - 2/(1 + c*x)])/(8*(c*d - e)~2%e) - (3*b~
3xc~3*d*xPolyLog[3, 1 - 2/(1 + c*x)])/(2%(c*d - e)"2x(cxd + e)~2) + (3*b~3*c
~3xd*PolyLog[3, 1 - (2xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2*%(c*xd - e) 2%
(cxd + e)72)

Rubi [A] time = 1.02713, antiderivative size = 953, normalized size of antiderivative =

. . number of rul
1., number of steps used = 21, number of rules used = 11, integrand size = 18, ———————"
integrand size

= 0.611, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 2402, 2315, 5920, 2447, 5922}

3c*PolyLog (2,1 - %) b®*  3c*PolyLog (2,1 - %) b X 3c%ePolyLog (2,1 - ﬁ) b®  3c%ePolyLog (2,1 -
4(cd — e)(cd + e)? 4(cd — e)?(cd + e) 2(cd — e)?(cd + e)? 2(cd - e)%(cd

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~3/(d + e*x)~3,x]

[Out] (3*bxcx(a + b*ArcTanh[c*x])"2)/(2*%(c™2*xd"2 - e72)*(d + e*x)) - (a + b*ArcTa
nh[c*x])~3/(2*%ex(d + e*xx)”"2) - (3*b72xc”2x(a + bxArcTanh[c*x])*Log[2/(1 - ¢
*xx)])/(2%(cxd - e)*(c*xd + e)~2) + (3xb*c™2x(a + bxArcTanh[c*x]) " 2xLog[2/(1
- cxx)])/(4*xex(cxd + e)72) - (3*b~2*c " 2xe*(a + bxArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*xd - e)72*%(c*xd + e)”2) + (3*b~2*c"2x(a + bxArcTanh[c*x])*Log[2/(1
+ c*x)])/(2%(c*xd - e)72x(c*d + e)) - (3*b*c™2*x(a + b*ArcTanh[c*x]) "2xLog[2/
(1 + c*xx)])/(4*x(cxd - e) 2xe) + (3*bxc~3*kd*(a + bxArcTanh[c*x]) " 2xLog[2/(1
+ c*xx)])/((c*d - e)"2x(cxd + e)72) + (3*b"2xc"2*xex(a + bxArcTanh[c*x])*Logl[
(2xcx(d + e*xx))/((c*xd + e)*(1 + c*x))])/((cxd - e) 2%(cxd + e)72) - (3*b*c”
3xd*(a + bxArcTanh[c*x]) "2*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/((c*
d - e)"2x(cxd + e)72) - (3%b"3xc”"2xPolyLog[2, 1 - 2/(1 - c*x)])/(4*x(c*xd - e
)*(cxd + e)72) + (3*xb~"2xc”2%(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)
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1)/ (4xex(cxd + e)”"2) + (3xb~3*c"2xexPolylLog[2, 1 - 2/(1 + c*x)])/(2x(cxd -

e)"2x(cxd + e)72) - (3%b"3xc”2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*x(c*xd - e) 2%
(cxd + e)) + (3*%b"2xc"2x(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*xx)])/(
4x(cxd - e)"2%e) - (3xb~2xc”3*dx(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 +

c*xx)])/((cxd - e)"2x(cxd + e)72) - (3*%b~3xc~2*e*xPolyLog[2, 1 - (2%c*(d + ex
x))/((cxd + e)*(1 + c*x))])/(2*%(c*xd - e)"2x(cxd + e)72) + (3*xb™2*kc"3*kdx(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - (2*cx(d + e*xx))/((c*xd + e)*(1 + cxx))])/((c
xd - e) 2x(cxd + e)72) - (3%b~3*c"2+PolylLogl[3, 1 - 2/(1 - c*x)])/(8*ex(cxd

+ e)”2) + (3*%b~3*c”2xPolyLog[3, 1 - 2/(1 + c*x)])/(8*(c*d - e)~2%e) - (3*b~
3xc~3*dxPolyLog[3, 1 - 2/(1 + c*x)])/(2%(c*d - e)"2x(cxd + e)”2) + (3*b~3*c
~3*d*PolyLogl[3, 1 - (2xcx(d + e*x))/((cxd + e)*(1 + c*xx))])/(2*%(cxd - e) 2%
(cxd + e)72)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)”(q + 1)*(a + bxArcTanh[c*x]) p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, x], x] /; FreeQl{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - 72, 0
]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*x(b_.))"(p_.)/((d) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*x(x_)~
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) “p*PolyLogl[2, 1 - ul])/(2*cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul])/(d +
exx”2), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d + e
, 0] &% EqQL(1 - w)~2 - (1 - 2/(1 + c*x))~2, 0]

Rule 2402
Int[Logl[(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
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t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2447

Int[Log[u J1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x]13}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) “2+Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*xLog[(2*%cx(d + exx))/((c*xd + e)*(1 + cx*xx))])/e, x] + Simp[(b*(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2*cx(d + e*xx))/((c*xd + e)*(1 + cxx))])/e, x] + Sim
p[(b~2xPolyLog[3, 1 - 2/(1 + cxx)])/(2*%e), x] - Simp[(b~2xPolyLogl[3, 1 - (2
kcx(d + exx))/((cxd + e)*(1 + c*x))]1)/(2%e), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2*d™2 - e~2, 0]

Rubi steps
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cz(a+b tanhfl(cx))2 ez(u+b taunhfl(cx))2

(a +b tanh_l(cx))3 (ﬂ +b temh_l(cx))3 (300 f 2(0d+€)2( L+cx) 2(cd—e)*(1+cx) (~cd+e)(cd+e)(d+ex)?
f (d + ex)3 ax == 2e(d + ex)? 2e
3 (a+btanh ™ (cx)) (+btank ™ (c)”
-1 a an. cx a an cX

B (a+btanh™ (cx)) . (3b¢) [ dx ) (3b¢°) [ ) (3bcde
2e(d + ex)? 4(cd - e)2e de(cd + e)? (c
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))3 3bc? (ﬂ +b tanh_l(cx)) log (1 Cx) 3b
" 2(cd —e)(cd + e)(d + ex) 2e(d + ex)? de(cd + e)? -
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))3 3bc? (ﬂ +Db tanh_l(cx)) log (1 Cx) 3b
" 2(cd —e)(cd + e)(d + ex) 2e(d + ex)? de(cd + e)? -

2
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))3 3b%c? (“ +btanh (cx)) log (1—) 3b
" 2(cd —e)(cd + e)(d + ex) 2e(d + ex)? - 2(cd - e)(cd + e)? T

2
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))s 3b*c? (‘1 +btanh (cx)) log (1—) 3b
T 2Acd-e)cd+e)d+ex)  2e(d+ex)? 2(cd — ¢)(cd + ¢)? T

- 2
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))3 3b*c? (“ +btanh 1(cx)) log (m) 3b
" 2(cd —e)(cd + e)(d + ex) 2e(d + ex)? - 2(cd - e)(cd + e)? T

Mathematica [F] time = 87.2254, size = 0, normalized size = 0.

dx

f (a + btanh_l(cx))3

(d + ex)3
Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*xx)~3,x]

[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*xx)~3, x]

Maple [C] time = 3.486, size = 53538, normalized size = 56.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) "3/ (e*xx+d) " 3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="maxima")
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[Out] -3/4x((4*xc”2xdxlog(e*x + d)/(c”4*d™4 - 2*c™2*d"2%e”2 + e74) - cxlog(c*x + 1
)/ (c™2xd"2%e — 2xckd*e”2 + e73) + cxlog(cxx - 1)/(c™2*%d"2%e + 2%c*xd*e”2 + e
~3) - 2/(c72%d"3 - d*e”2 + (c72*xd"2%e - e”3)*x))*c + 2*arctanh(c*x)/(e”3%x”
2 + 2xd*e”2%x + d72*e))*a"2xb - 1/2%a"3/(e”3*x"2 + 2xd*e"2*xx + d"2%e) - 1/1
6% (((c™4*d"2*%e™2 — 2*c™3*d*e”3 + ¢ 2%e"4)*b"3*x"2 + 2% (c"4*d"3*e - 2%c”3*d”
2%e”2 + cT2%d*e”3)*b"3*x - (2%c”3*d"3%e - 3*cT2*d"2%e”2 + e74)*b"3)*log(-cx
X + 1)73 - 3%x(2%(c73*%d"2%e”2 - c*e"4)*b"3xx - 2% (cT4*d"4 - 2*%cT2xd"2*xe"2 +
e"4)*axb”2 + 2x(c73*d"3%e - c*xd*e”3)*b"3 + ((cT4*d"2*e”2 + 2xc"3*d*e”3 + ¢~
2%e74)*b"3*x"2 + 2% (cT4*d"3%e + 2*%c”3*%d72%e”2 + cT2xd*e”3)*b"3xx + (2%c”3*d
“3xe + 3%cT2xd"2*e”2 - e"4)*b~3)*xlog(c*kx + 1))*log(-c*x + 1)72)/(c"4*d"6*e
- 2*%Cc72%d"4*e"3 + d72*e”5 + (cT4xd"4*e”3 - 2*xcT2*d"2%e”5 + e T7)*x"2 + 2% (c”
4xd"b*e”2 - 2*c"2*d"3*e”4 + d*e”6)*x) - integrate(1/8*(((c"4*d"3*e - c~3*d”
2%e”2 - c72xd*e”3 + c*e"4)*b " 3*x - (c"3*%d"3*%e - c72%d"2*e"2 - cxd*¥e”3 + e74
)*¥b"3)*xlog(cxx + 1)73 + 6%((c™4*d"3%e - c~3*d"2*e”2 - c"2*d*e”3 + c*xe”4)x*ax
b~2*x - (c"3*d"3%e - c72xd"2%e”2 - c*d*e”3 + e”4)*axb”2)*log(ckx + 1)72 - 3
* (2% (c™3*%d*e”3 - c"2%e"4)*b"3*xx"2 - 2% (c"4*d"4 - c~3*%d"3*%e - cT2xd"2*e”2 +
cxdxe~3)*a*xb”2 + 2*%(c”"3*d"3*%e - cT2xd"2%e"2)*b"3 + ((cT4*d"3*e - c~3xd"2xe”
2 - c72%d*e”3 + c*xe"4)*b"3%x - (c"3*d"3%e - cT2*%d"2*e"2 - c*d*e”3 + e74)x*b”
3)*log(cxx + 1)72 - 2x((c™4xd"3*%e - c™3*d"2%e”2 - c™2xd*e”3 + c*xe”4)*axb”2
- 2% (c73*%dA72*%e”2 - cT2xd*e"3)*b"3)*x + ((cT4*d*e”3 + c"3*e"4)*b"3*%x"3 + 3*(
cT4*xd"2%e"2 + c"3*d*e"3)*b"3*x"2 - 4%(c”3*%d"3%e - c"2xd"2*e"2 - cxd*e”3 + e
“4)*axb”2 + (2%c”3*d"3*%e + c72%d"2*e”2 - cxd*e”3)*b"3 + (4*x(c"4*d"3*e - c”3
*d72*%e"2 - cT2*d*e”3 + c*xe"4)*axb”2 + (2*%c”4*xd"3*e + 4*c”3*xd"2*e”2 + cT2%d*
e”3 - cxe”4)*b”3)*x)*xlog(cxx + 1))*log(-c*x + 1))/(c”3*%d"6*e - c~2xd"5*xe”2
- cxd"4%e”3 + d"3%e"4 - (c74*d"3%e”4 - c"3xd"2%e”5 - cT2xd*e”6 + c*xe”7)*x"4
- (3%c74*xd"4*e”3 - 4*c”3x%d"3*%e"4 - 2%xc"2%d"2xe”5 + 4xckxd*xe”6 - e"7)*x"3 -
3*(c74*d"5*e”2 — 2%c”3*d"4*e”3 + 2*kcxd"2*e”5 - d*e"6)*x"2 - (cT4*%d"6*xe - 4x*
CT3x%d"5%e”2 + 2*cT2*%d"4*e”3 + 4xcxd"3xe”4 - 3*%d"2%e”5)*x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (cx)® + 3 ab? artanh (cx)* + 3 a2b artanh (cx) + a3 x]

integral
Integra ( e3x3 + 3de2x2 + 3 d%ex + d°

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)”~2 + 3*a~2*xbxarctanh(c*x
) + a”3)/(e"3%x73 + 3*d*e”2%x"2 + 3*d"2xex*x + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d)**3,x)

[Out] Timed out




Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)3
(ex + d)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~3, x)
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-1
391 fa+btanh (cx) dx

1+2cx
Optimal. Leaf size=67

2cx+1 )

1 —1(1
_bPolyLog(2, ~2cx - 1) . bPolyLog (2, 5 (2cx + 1)) . (a —btanh (5)) log (— —

4c 4c 2c

[Out] ((a - bxArcTanh[1/2])*Log[-(1 + 2*c*x)/(2%d)])/(2*c) - (b*PolyLog[2, -1 - 2
xc*x])/(4%c) + (b*PolyLog[2, (1 + 2%cx*x)/3])/(4*c)

Rubi [A] time = 0.0697833, antiderivative size = 109, normalized size of antiderivative =

. . ber of rul
1.63, number of steps used = 4, number of rules used = 4, integrand size = 17, il

= 0.235, Rules used = {5920, 2402, 2315, 2447}

integrand size

2 2(2cx+1) 2 -1 2(2cx+1) -1
bPolyLog (2,1 - m) ) bPolyLog (2,1 ~ 36D ) log (ﬁ) (a + btanh (cx)) . log( 3eeeD) ) (a + btanh “(

4c 4c 2c 2c

Antiderivative was successfully verified.

[In] Int[(a + bx*ArcTanh[c*x])/(1 + 2*cx*x),x]

[Out] -((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2%c) + ((a + bxArcTanh[c*x])*Logl[
(2% (1 + 2%cxx))/(3%(1 + cxx))])/(2xc) + (b*PolyLog[2, 1 - 2/(1 + c*xx)])/(4x*
c) - (b*PolyLogl2, 1 - (2*(1 + 2%cxx))/(3*x(1 + c*x))])/(4xc)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x]1 && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 2447

Int[Log[u J*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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-1 2 -1 2(1+2cx) 2
f a + btanh™ (cx) e (a+ btanh™ () log (1+cx) .\ (a+btanh™ (c)) log( 3(1+c) ) L1 bf log (m) L
1+ 2cx T 2c 2c 2 1-c2x2 2
-1 2 -1 2(14+2cx) . 2(1+2cx)
B (a + btanh (cx)) log (1+cx) . (a + btanh (cx)) log( 30ecn) ) bLi, (1 ~ e ) N bS
T 2c 2c - 4c o
- 2 - 2(1+2 . 2 .
B _(a + btanh 1(cx)) log (1+cx) . (a + btanh l(cx)) log( 3((11;3;)) . bLi, (1 - m) ) ble(
B 2c 2c 4c
Mathematica [C] time = 0.275756, size = 240, normalized size = 3.58
v (=iPolyLog (2, 2t ™) _ iPolyLog (2,¢ 2@ eostanh ()} _ ) 2 ) (n - 2i tanh ™ (cx) - i (n-
;ib|—iPolyLog |2, —e iPolyLog|2,e 08| jg ) (M~ 2itan (cx)) - 5i(m

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bx*ArcTanh[c*x])/(1 + 2%c*x),x]

[Out] (axLogl[l + 2*cx*x] + bxArcTanh[c*x]*(Logl[l - c™2%x72]/2 + Log[I*Sinh[ArcTanh
[1/2] + ArcTanh[c*x]]1]) - (I/2)*bx((-I/4)*(Pi - (2*I)*ArcTanh[c*x])~2 + Ix*(

ArcTanh[1/2] + ArcTanh[c*x])~2 + (Pi - (2xI)*ArcTanh[c*x])*Logl[l + E~(2xArc

Tanh[c*x])] + (2%I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[l - E~(-2%(ArcTanh[1/

2] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt[1 - c™2*x"2]] -
(2%xI)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[(2%I)*Sinh[ArcTanh[1/2] + ArcTanh[

c*x]]] - I*PolyLog[2, -E~(2*%ArcTanh[c*x])] - I*PolyLog[2, E~(-2*%(ArcTanh[1/

2] + ArcTanh([c*x]))1))/(2*c)

Maple [B] time = 0.04, size = 118, normalized size = 1.8

3 3

aln(2cx+1) bln(2cx+1)Artanh(cx) bIn(2cx+1) 2 2cx b 2 2cx 2¢x 1 b
+ + In -—1 In 3 3

2c 2c 4c 33
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(2*xc*x+1),x)

[Out] 1/2/cxa*xln(2*xc*x+1)+1/2/c*xb*1ln(2*c*x+1)*arctanh(c*x)+1/4/c*b*1n(2/3-2/3*c*x
)*1n(2%c*x+1)-1/4/cxb*1n(2/3-2/3*%c*xx) *1n(2/3*cxx+1/3)-1/4/cxbxdilog(2/3*c*xx
+1/3)-1/4/cxb*dilog(2*c*x+2)-1/4/cxb*1n(2*%c*x+1) *1n (2% c*x+2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log(cx +1) —log (—cx + 1) alog(2cx +1)
—bf dx +
2 2cx+1 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="maxima"

[Out] 1/2*b*xintegrate((log(c*xx + 1) - log(-c*x + 1))/(2*%cxx + 1), x) + 1/2xaxlog(
2xc*x + 1)/c
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Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
2cx +1

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x) + a)/(2*c*x + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f a + batanh (cx)
2cx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(2*c*x+1),x)

[Out] Integral((a + b*atanh(c*x))/(2*c*x + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
f dx
2cx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(2*c*x + 1), x)
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talﬂl_l(x)
3.22 t["jszzz;—'CZﬁf

Optimal. Leaf size=88

V2-2x V2-2x -1 1
_PolyLog (2, —m) PolyLog (2, m) tanh (ﬁ) log (1 - \/zx)

22 22 ) \2

[Out] -((ArcTanh[1/Sqrt[2]]1*Logl[l - Sqrt[2]*x])/Sqrt[2]) - PolyLogl[2, -((Sqrt([2]
- 2xx)/(2 - Sqrt[2]1))]1/(2xSqrt[2]) + PolyLog[2, (Sqrt[2] - 2*x)/(2 + Sqrt[2
1)1/ (2*x8qrt [2])

Rubi [A] time = 0.0660324, antiderivative size = 108, normalized size of antiderivative =
1.23, number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules
= 0.267, Rules used = {5920, 2402, 2315, 2447}

2(14vB)(1-v22) )
_PolyLog (2,1 - %) PolyLog (2/ 17— t1] log (%) tanh™ (v) ) log |-

22 ’ 22 " V2 N

integrand size

2(1+v2)(1-v2x) _
T) tanh 1(x)

Antiderivative was successfully verified.

[In] Int[ArcTanh([x]/(1 - Sqrt[2]*x),x]

[Out] (ArcTanh[x]*Log[2/(1 + x)])/Sqrt[2] - (ArcTanh[x]*Log[(-2*(1 + Sqrt[2])*(1
- Sqrt[2]*x))/(1 + x)1)/Sqrt[2] - PolyLog[2, 1 - 2/(1 + x)]1/(2*Sqrt[2]) + P
olylogl[2, 1 + (2x(1 + Sqrt[2])*(1 - Sqrt[2]1*x))/(1 + x)1/(2*Sqrt[2])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Logl[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*xx)]/(1 - c™2*x72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*(d + ex*x))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh [c*x])*
Log[(2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]1) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2%d"2 - e72, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]]1 /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x1]
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Rubi steps

—V2¥)
] 4 2(10V2)(1VE)) g 2 tog 2B
f tanh—l(x) e tanh 1(X) 10g (12:) ) tanh (X) 10g —T ) f f(_;x) dx . f ((1l—fz)(l+x)) dx
1-v2x V2 V2 V2 V2
_ 2(1++2)(1-v2x . 2(1++2)(1-v2x
tanh_l(x) log (12:) tanh 1(x) log —%(x) Lip (1 + %x)) Subst ( 1—(;
v V2 i 22 )
_ 2(1+v2)(1-v2x . 2(1+v2)(1-v2x
tanh ™ (x) log (12:) tanh™" (x) log —% Li, (1 - 1sz) Li, (1 + %
v V2 A 22

Mathematica [C] time = 0.0989687, size = 272, normalized size = 3.09

L

-1 -1
2tanh (\@ )_2 tanh (x)) + 4PolyLog (2, —e? tanhfl(")) - 4intlog (

4PolyLog (2, e ) - 8log (L) tanh_l(x) —41

2
V1-x2 V1-x2

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh([x]/(1 - Sqrt[2]*x),x]

[Out] (Pi~2 - 4*ArcTanh[1/Sqrt([2]]172 - (4*I)*PixArcTanh[x] + 8*ArcTanh[1/Sqrt[2]]
xArcTanh [x] - 8*ArcTanh[x]~2 + 8%ArcTanh[1/Sqrt[2]]*Log[l - E~(2*ArcTanh[1/
Sqrt[2]] - 2#ArcTanh[x])] - 8*ArcTanh[x]*Log[l - E~(2*ArcTanh[1/Sqrt[2]] -
2%ArcTanh([x])] + (4%I)*PixLog[1l + E~(2*ArcTanh[x])] + 8*ArcTanh[x]*Log[l +
E~(2xArcTanh([x])] - (4*I)*PixLog[2/Sqrt[1 - x72]] - 8*ArcTanh[x]*Log[2/Sqrt

[1 - x72]] - 4xArcTanh[x]*Log[l - x72] - 8%ArcTanh[x]*Log[(-I)*Sinh[ArcTanh
[1/Sqrt[2]] - ArcTanh[x]]] - 8*ArcTanh[1/Sqrt[2]]*Log[(-2*I)*Sinh[ArcTanh[1
/Sqrt[2]] - ArcTanh([x]]] + 8*ArcTanh[x]*Log[(-2*I)*Sinh[ArcTanh[1/Sqrt[2]]

- ArcTanh[x]]] + 4*PolyLog[2, E~(2xArcTanh[1/Sqrt[2]] - 2*ArcTanh([x])] + 4%
PolyLog[2, -E~(2xArcTanh([x])])/(8%Sqrt[2])

Maple [A] time = 0.036, size = 127, normalized size = 1.4

ln(xx/z—l) V2Artanh (x) B ln(xx/z—l)\/iln[\/ﬁ_x\/ﬁ] N ln(xx/z—l)\/zln(\/i+x\/§) \2 (\/E

- —dilo
2 4 V2-1 4 1+42 i

\/

4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(x)/(1-x*2~(1/2)),x)

[Out] -1/2*1n(x*2"(1/2)-1)*2"(1/2)*arctanh(x)-1/4*2"(1/2)*1n(x*2~(1/2)-1)*1n((27(
1/2)-x*x27(1/2)) /(27 (1/2)-1))+1/4x27(1/2) *1n(x*2~(1/2) -1) *1n((27 (1/2) +x*2~ (1
/2))/(1+27(1/2)))-1/4%27(1/2) *dilog((27 (1/2)-x*27(1/2)) /(27 (1/2)-1) ) +1/4%2"
(1/2)*dilog((27(1/2)+x*27(1/2))/(1+27(1/2)))

Maxima [B] time = 1.44954, size = 194, normalized size = 2.2

V2x + 2

1 1 1
1 \/E(log (x+1)-log(x—-1))log (\/Ex - 1) -5 V2 artanh (x) log (\/Ex - 1) ~ 1 \/E(log (x+1)log (_W +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*27(1/2)),x, algorithm="maxima"

[Out] 1/4*sqrt(2)*(log(x + 1) - log(x - 1))*log(sqrt(2)*x - 1) - 1/2*sqrt(2)*arct
anh(x)*log(sqrt(2)*x - 1) - 1/4*sqrt(2)*(log(x + 1)*log(-(sqrt(2)*x + sqrt(
2))/(sqrt(2) + 1) + 1) + dilog((sqrt(2)*x + sqrt(2))/(sqrt(2) + 1))) + 1/4x
sqrt(2)*(log(x - 1)*log((sqrt(2)*x - sqrt(2))/(sqrt(2) - 1) + 1) + dilog(-(

sqrt (2)*x - sqrt(2))/(sqrt(2) - 1)))

Fricas [F] time = 0., size = 0, normalized size = 0.

(\/Ex + 1) artanh (x)
2x2 -1

integral | -

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*x27(1/2)),x, algorithm="fricas")

[Out] integral(-(sqrt(2)*x + 1)*arctanh(x)/(2*x"2 - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

atanh (x)

\/Ex—l

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(x)/(1-x*2%*(1/2)),x)

[Out] -Integral(atanh(x)/(sqrt(2)*x - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (x)
\/— 2x -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*x27(1/2)),x, algorithm="giac")

[Out] integrate(-arctanh(x)/(sqrt(2)*x - 1), x)
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323  [(d+ex)*(a+btanh™ (cx?)) dx

Optimal. Leaf size=182

(d + ex)* (a +btanh™ (cxz)) b (czd4 + 6cd?e? + 64) log (1 -~ cxz) b (c2d4 - 6cd?e® + 64) log (cx2 + 1) bd (cd2

+ - +
4e 8c2e 8c2e

[Out] (2xbxdxe~2xx)/c + (bxe”3xx72)/(4*xc) + (bxdx(c*d™2 - e”2)*ArcTan[Sqrt[c]*x])
/c”(3/2) - (b*d*(c*d™2 + e72)*ArcTanh[Sqrt[c]*x])/c”(3/2) + ((d + exx) 4x*(a

+ b*ArcTanh[c*x72]))/(4*e) + (bx(c™2*%d"4 + 6xc*d™2%e”2 + e"4)*Logl[l - c*xx~
2])/(8xc™2xe) - (b*(c™2xd"4 - 6*cxd"2*e”2 + e~4)*Log[l + c*x72])/(8*c™2x*e)

Rubi [A] time = 0.222603, antiderivative size = 220, normalized size of antiderivative =

1.21, number of steps used = 19, number of rules used = 10, integrand size = 18, number of rules

= 0.556, Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 321, 212, 275}

integrand size

a(d + ex)*  3bd?elog (1 -~ czx4) bde? tan™! (\/Ex) bde? tanh ™ (\/Ex) be3 tanh ™ (cxz)
+ — — —

3
2,2 -1/
4e 4¢c c3/2 32 402 + Ebd ex* tanh (C,

Antiderivative was successfully verified.

[In] Int[(d + e*x)~3%(a + bxArcTanh[c*x~2]),x]

[Out] (2*b*d*e~2*xx)/c + (bxe”3*x"2)/(4xc) + (ax(d + e*x)~4)/(4xe) + (b*d~3*ArcTan
[Sqrt[cl*x])/Sqrtlc] - (bxd*e~2*ArcTan[Sqrtlcl*x])/c~(3/2) - (b*d~3*ArcTanh
[Sqrt[c]l*x])/Sqrtlc] - (b*dxe~2*xArcTanh[Sqrt[c]l*x])/c~(3/2) - (b*e~3*ArcTan
hlc*x~2])/(4*xc™2) + b*d"3*x*ArcTanh[c*x"2] + (3*b*d~2%e*x”2*ArcTanh[c*x~2])

/2 + b*d*e”2*xx"3*ArcTanh[c*x~2] + (b*e 3*x"4*ArcTanh[c*x"2])/4 + (3*b*d"2*e
*xLog[1 - c™2*x~4])/(4%c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091

Int[ArcTanh[(c_.)*(x_ )~ (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2xb), Int[1/(r + s*x72), x
1, x] - Dist[s/(2*b), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] & !G
tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[la/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, O] || LtQlb, 0])

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_ )~ (n_)]*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)"(m + 1)*(a + b*ArcTanh([c*x™n]))/(d*x(m + 1)), x] - Dist[(b*cx*
n)/(d*(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/ - c™2%x~(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 321

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n- D*(cxx)"(m - n + D*(a + b*x™n) " (p + 1))/ (b*(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 212

Int[((a_) + (b_.)*(x_)~4)~(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/b),
2]]1, s = Denominator[Rt[-(a/b), 2]13}, Distl[r/(2*xa), Int[1/(r - s*x"2), x],
x] + Dist[r/(2%a), Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] && !GtQ
[a/b, O]

Rule 275
Int[(x )" (m_.)*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> With[{k = GCD[m

+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - D)x(a + b*x~(n/k))7p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ [m]

Rubi steps

f(d + ex)? (a +btanh™ (cxz)) dx = f (a(d +ex)® + b(d + ex)? tanh ™ (cxz)) dx

= a(d Z:xyl +b f (d + ex)3 tanh ™ (cxz) dx

- a(d Z;xyl +b f (d3 tanh ™ (cxz) + 3d%ex tanh ™! (cxz) + 3de2x? tanh ™! (cxz) +
_ Zeex>4 + (bd3) f tanh ™ (cxz) dx + (3bd26) f xtanh™ (cxz) dx + (3bdez)
- ad + ex)” Zeex)‘l + bd3xtanh™! (cxz) + gbdzex2 tanh ™! (cxz) + bde*x3 tanh ™! (cxz) +
- Zbiezx + a(d Zeex)4 + bd3x tanh ™! (cxz) + gbdzex2 tanh ™ (cxz) + bde?x3 tanh

2bde?x  be3x?  a(d+ex)t  bd®tan”! (\/Ex) bd® tanh ™! (Vex)
ST TTa T a7 \c - \e
2bde?x  be3x®  a(d +ex)t bd® tan™! (\/Ex) bde? tan™ (\/Ex) bd® tanh’
= + + + - -
c 4c de e 32 V

+ bd®x tan]
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Mathematica [A] time = 0.283916, size = 254, normalized size = 1.4

% 2ex? (6acd2 + bez) N 8dx (acd2 + Zbez) + Bade? 3 + 20 4 b (4c3/2d3 + 4\/Ed€22+ 63) log (1 - \/Ex) N b (—4c2a'
c c c

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 3*(a + b¥ArcTanh[c*x"2]),x]

[Out] ((8*d*x(a*xcxd™2 + 2%b*e”2)*x)/c + (2%ex(6*axcxd™2 + b*e™2)*x72)/c + 8xaxd*e”
2%x73 + 2%a*xe”3*x74 + (8*%bxd*(c*d”2 - e~2)*ArcTan[Sqrt[cl*x])/c~(3/2) + 2*b

*xx* (4%d73 + 6*%d"2xexx + 4*xd*e”2+x"2 + e73xx"3)*ArcTanh[cxx"2] + (b*(4*c”(3/
2)*%d"3 + 4xSqrt[c]l*d*e”2 + e73)*Logl[l - Sqrtlcl*x])/c”2 + (b*(-4*c™2+d"3 -
4xcxdxe”2 + Sqrtlcl*e”3)*Logl[l + Sqrtlcl*x])/c”(5/2) - (b*e”3*Logl[l + c*x72
1)/c”2 + (6%b*xd~2xe*xLog[l - c~2*x~4])/c)/8

Maple [A] time = 0.031, size = 306, normalized size = 1.7

3 beArtanh (cxz) x2d?
2

ae3x* 3 gex2d? ad*  be*Artanh (cxz) x4

+ ae®x3d + +axd® + — + +b
4e 4

+ be?Artanh (cxz) x3d +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 3% (at+b*arctanh(c*x~2)),x)

[Out] 1/4*axe”3*x " 4+a*e”2%xx~3*d+3/2*a*xexx”2*xd " 2+a*xx*xd~3+1/4*a/exd"4+1/4*bxe”3*arc
tanh (c*x™2) *x"4+b*e” 2*xarctanh (c*x~2) *x~3*d+3/2*bxe*arctanh (cxx~2) *x~2*d~2+b
xarctanh (c*x~2) *x*d~3+1/4xb/e*arctanh (cxx~2) *d~4+1/4*xb*e”3*x~2/c+2*b*d*e~ 2%
x/c-1/8xb/ex1n(c*x~2+1) *d~4+3/4xb*xe/c*1n(cxx~2+1) *d"2-1/8*b*e~3/c " 2*x1n(c*x~
2+1)+b/c”(1/2) *arctan(x*c~(1/2))*d"3-b*e"2/c”(3/2) *arctan(x*xc~(1/2) ) *d+1/8%
b/ex1n(c*xx~2-1)*d"4+3/4*b*e/c*xIn(c*x"2-1)*d~2+1/8*b*e”3/c " 2*1In(c*x"2-1)-b/c
~(1/2) *arctanh(x*c”~(1/2))*d~3-b*e~2/c”(3/2) *arctanh(x*c~(1/2) ) *d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x72)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.33936, size = 1145, normalized size = 6.29

cx2-2 \Jex+
cx?-1

2ac?e3x* + 8ac’de®x® + 2 (6 ac’d?e + bce3)x2 +8 (bcd3 — bdez)\/E arctan (\/Ex) +4 (bcd3 + bdez)\/E log (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~3*(atb*arctanh(c*x72)),x, algorithm="fricas")

[Out] [1/8*(2xa*xc™2%xe"3%x"4 + 8xaxc™2xd*e”2*x~3 + 2% (6*axc”2*%d"2*e + bxc*e~3)*x"2

+ 8% (b*cxd~3 - b*d*e~2)*sqrt(c)*arctan(sqrt(c)*x) + 4*(b*cxd™3 + b*xd*e~2)*
sqrt(c)*log((c*xx™2 - 2xsqrt(c)*x + 1)/(c*x™2 - 1)) + 8x(axc™2xd"3 + 2*bkxcxd
*xe"2)*x + (6xb*c*d"2%e - b*e”3)*log(c*x™2 + 1) + (6*b*c*kd™2xe + b*e”3)*log(
c¥x”2 - 1) + (b*c™2%e"3%x74 + 4xb*c”2%d*e"2%x73 + 6xb*xc”2%d"2%exx"2 + 4xbxc
~2%d”"3*x) *log (- (c*x"2 + 1)/(c*x”2 - 1)))/c”2, 1/8*(2%a*xc™2*e”3%x"4 + 8*axc”
2xd*xe”2xx"3 + 2% (6*kaxc”2xd"2%e + bkcxe”3)*x"2 + 8x(b*xc*d"3 + bxd*e”2)*sqrt(
-c)*arctan(sqrt(-c)*x) + 4*(bxc*d~3 - bxdxe”2)*sqrt(-c)*log((c*x~2 + 2x*sqrt
(c)*x - 1)/(c*x™2 + 1)) + 8*(a*c™2%d”™3 + 2xb*ckdxe”2)*x + (6*bxc*d"2xe - b
xe”3)*log(c*x™2 + 1) + (6*bxc*d"2xe + b*e”3)*log(cxx™2 - 1) + (b*c™2%e”3*x”
4 + 4xb*c”2xd*e”2%x”3 + 6xb*cT2xd"2%e*xx”2 + 4xb*xc”T2xd"3*x)*log(-(c*kx"2 + 1)
/(cxx"2 = 1)))/c"2]

Sympy [A] time = 45.2278, size = 1083, normalized size = 5.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3x(atbxatanh(ckx**2)) ,x)

[Out] Piecewise((a*xd**3xx + 3kaxd*xx2kexx**x2/2 + axdke*x*2xx*x*x3 + akex*3xx**x4/4 - b

xCHxk2xdx*k3% (1/c) *x(3/2) *log(x + I*sqrt(1/c))/(-2*I*xc*x*3/c*k*2 + 10*I*c**2/c)
+ Ixbxck*2xd**3x(1/c)**(3/2)*Llog(x + I*sqrt(1l/c))/(-2%I*kc**3/c*x*2 + 10%I*c
*¥*2/c) — 2xIxbkck*2%d**3* (1/c)**(3/2)xLlog(x - sqrt(1/c))/(-2*I*c**3/c**2 +
10xI*c**2/c) + 4xbxckd**3xsqrt(l/c)*log(x — Ixsqrt(l/c))/(-2%I*kcx*3/c**2 +
10xI*c**2/c) — 4xIxbkxcxd*x3*xsqrt(1/c)*log(x - I*sqrt(1/c))/(-2xI*c**3/cx*2
+ 10*%Ikc**2/c) - 3xbxckxd*x3*sqrt(1/c)*log(x + Ixsqrt(1/c))/(-2xI*c**3/c**2
+ 10xI*c*x*2/c) - BxIxbkcxd*x3*sqrt(1l/c)*log(x + I*xsqrt(1l/c))/(-2%Ixc**3/cxx*
2 + 10*I*xc**2/c) + 10*Ixbxc*xd**3*sqrt(1/c)*log(x - sqrt(1/c))/(-2xIxcx*3/c*
*2 + 10%xI*c**2/c) + 8*xIxbkcxd**3*sqrt(1/c)*atanh(cxx**2)/(-2xI*c**3/c*x*2 +
10xI*c**2/c) — bkcxdkex*2x(1/c)**(3/2)*xlog(x + Ixsqrt(l/c))/(-2*Ikc**3/c*x*2
+ 10%I*c**2/c) + Ixbxckdxe*x*x2*(1/c)**(3/2)*log(x + I*sqrt(1/c))/(-2xI*c**3
/cx*%2 + 10xIxc**2/c) - 2xIxbkckdxex*2x(1/c)*x(3/2)*log(x - sqrt(1/c))/(-2%I
xckk3/cx*k2 + 10%Ixc**2/c) + bkxd**3*x*atanh(cxx**2) + 3xbkxd**2ke*xx**2*atanh (
Ckx**2) /2 + bxdkex*2kxx**3*atanh (cxx**2) - 4xbxd*kex*2xsqrt(l/c)*log(x - Ixsq
rt(1/c))/ (=2%Ixc*x3/cx*2 + 10*%I*kc*x*2/c) - 4xI*bxd*e*x*2*xsqrt(l/c)*log(x - Ix*
sqrt(1/c))/ (=2xIxc**3/cx*2 + 10*Ixc*x2/c) + bxbkxdxe*x*2*xsqrt(1/c)*log(x + Ix*
sqrt(1/c))/ (-2%I*c**3/c**2 + 10*I*c**2/c) - BxIxbxd*xe*xx2xsqrt(1l/c)*log(x +
Ixsqrt(1/c))/ (-2xI*c**3/c**2 + 10%Ixc**2/c) + 10*I*bxd*e*x*2*xsqrt(1/c)*log(x
- sqrt(1/c))/(=2*%Ikcx*3/cx*2 + 10*I*xcx*2/c) + 8xIxbxd*xe*x*2*sqrt(1/c)*atanh
(cxx*%2) / (-2xIxc**3/c**2 + 10xI*c**2/c) + b¥exx3xx*x4*atanh(cxx**2)/4 + 3*b
xd*xx2*%exlog(x — I*xsqrt(l/c))/(2%c) + 3*bxd**2xexlog(x + I*sqrt(1/c))/(2x*c)
- 3*%bxdx*2xexatanh (cxx**2)/(2xc) + 2xb*d*kex*2*x/c + b*xe*xx3*x*x2/(4xc) - bxe
**x3*atanh (cxx**2) / (4dxcx*x2) , Ne(c, 0)), (a*x(d**3*x + 3xd*x*2xexx*%2/2 + d¥e**
2%x**3 + ex*x3*x**4/4), True))

Giac [A] time = 2.39938, size = 423, normalized size = 2.32

cx

) + 4 bc2dx3e? |

—bc°d

\/—cc3

NI

2
i 2.473 _cx +1
arctan (\/Ex) arctan (\/__C) 2o arctan (\/Ex) . arctan (\/__C) . bcexe log( 7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(atb*arctanh(c*x~2)),x, algorithm="giac")

[Out] -bxc~5*d*(arctan(sqrt(c)*x)/c~(13/2) - arctan(c*x/sqrt(-c))/(sqrt(-c)*c”6))
*xe”2 + bxc~3xd"3*(arctan(sqrt(c)*x)/c~(7/2) + arctan(cxx/sqrt(-c))/(sqrt(-c
)*c73)) + 1/8x(b*c”2*x"4*e”3*log(-(c*x72 + 1)/(c*x72 - 1)) + 4xbxc™2xd*x"3%
e"2xlog(-(c*x"2 + 1)/(c*xx™2 - 1)) + 6%b*xc™2xd"2*xx"2*exlog(-(c*x"2 + 1)/(c*xx

T2 - 1)) + 2%akxcT2*x"4%e”3 + 8kaxcT2xd*x"3%e”2 + 12%axcT2*xd"2*x"2%e + 4xb*c
~2xd"3*x*log(-(c*x”2 + 1)/(c*x”2 - 1)) + 8*axc™2xd”~3*x + 6xb*xc*d”2xexlog(c”
2%x74 - 1) + 2%bkc*kx"2%e”3 + 16%bkckdkx*e”2 - bke"3xlog(c*x™2 + 1) + b*e”3x
log(c*x™2 - 1))/c™2
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324  [(d+ex)*(a+btanh™ (cx?)) dx

Optimal. Leaf size=158

-1 - -1
(d + ex)? (u + btanh (cxz)) N b (3cd2 - ez) tan™! (\/Ex) B b (3cd2 + ez) tanh (\/Ex) N bd (cd2 + 362) log (1 -~ cxz)
3e 3c3/2 3¢32 6ce

[Out] (2%bxe”2xx)/(3*c) + (bx(3*c*d™2 - e~2)*ArcTan[Sqrt[cl*x])/(3*c~(3/2)) - (b*
(3*%c*d™2 + e"2)*ArcTanh[Sqrt[c]l*x])/(3*c~(3/2)) + ((d + e*x)~3x(a + bxArcTa
nh[c*x72]))/(3%e) + (b*xd*(c*xd™2 + 3*xe~2)*Log[l - c*x72])/(6*cxe) - (b*xd*(c*

d"2 - 3xe”2)*Log[l + c*x72])/(6*cxe)

Rubi [A] time = 0.210324, antiderivative size = 158, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 10, integrand size = 18, e o e

= 0.556, Rules used = {6273, 12, 1831, 1248, 633, 31, 1280, 1167, 205, 208}

integrand size

(d + ex)? (u +btanh™ (cxz)) b (3cd2 - ez) tan ™t (\/Ex) b (3cd2 + ez) tanh ™" (\/Ex) bd (cd2 + 362) log (1 - cx2)
3e * 3c3/2 - 3c3/2 * 6ce

Antiderivative was successfully verified.

[In] Int[(d + e*x)~2%(a + bxArcTanh[c*x"2]),x]

[Out] (2%bxe”2xx)/(3xc) + (bx(3*c*d™2 - e~2)*ArcTan[Sqrt[cl*x])/(3*c~(3/2)) - (b*
(3*%c*d™2 + e”2)*ArcTanh[Sqrt[c]*x])/(3*c~(3/2)) + ((d + e*x)~3x(a + bxArcTa
nh[c*x72]))/(3%e) + (b*xd*(c*d™2 + 3*xe~2)*Log[l - c*x72])/(6*cxe) - (b*xd*(c*

d”2 - 3xe”2)*Log[l + c*x72])/(6*cxe)

Rule 6273

Int[((a_.) + ArcTanh[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 - u~2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1831

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)"(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}1}, Intlv, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 633
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Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Distle/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distle/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQl[{a, b}, x]

Rule 1280

Int [((£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (c_)*x(x_)""(p_), x
Symbol] :> Simp[(exf*x(f*x)~(m - L)*(a + c*xx"4) " (p + 1))/(cx(m + 4*p + 3)),
x] - Dist[£f72/(c*(m + 4*p + 3)), Int[(f*x)"(m - 2)*(a + cxx"4) p*x(axe*x(m -
1) - cxd*x(m + 4xp + 3)*x72), x], x] /; FreeQ[{a, c, d, e, £, p}, x] && GtQ[
m, 1] && NeQ[m + 4xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m
D

Rule 1167

Int[((d_) + (e_)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(axc), 21}, Dist[e/2 + (c*d)/(2%q), Int[1/(-q + c*x72), x], x] + Dist[e/2
- (c*xd)/(2xq), Int[1/(q + c*xx~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*xe”2, 0] && PosQ[-(a*c)]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
3 -1 2 b 2cx(d+ex)? dx
f(d + ex)? (a +btanh™ (cxz)) dx = (+ex) (a +btanh (cx )) _ f 1244
3e 3e

(d+ex)? (a+ btanh™ (ca?))  (2bo) [ "f"”jﬁ dx

3e - 3e
b 0l3’+3de2 2) x2(3dzc+e3x2)
(d + ex)® (a +btanh™ (cxz)) (2bc) f oA T oA X

3e 3e

@+exP(a+btanh (o)) (@bo) [ ) @b f Aot

3e 3e 3e
2bx  (d+ex) (a+btank™ (o)) @b) [ Eudcded y (be) Subst ( [
= + _

3c 3e 3ce
2b€2x (d + ex)3 (LZ + btanh_l (sz)) (bcd (Cdz - 362)) Subst (f —c—lczx dx,
= + +
3c 3e 6e
2be?x b (3cd2 - ez) tan~! (\/Ex) b (30d2 + ez) tanh ™t (\/Ex) (d + ex)? (
3c 3c3/2 332
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Mathematica [A] time = 0.167183, size = 170, normalized size = 1.08

1 61 4 6adex® 4 2253 4 b (36&12 + 62) log (1 - \/Ex) B b (3cd2 + ez) log (\/Ex + 1) N 2b (3cd2 — ez) tan™! (\/Ex)
6 32 312 302

+

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2*(a + b¥ArcTanh[c*x"2]),x]

[Out] (6*axd™2*x + (4*b¥e”2%x)/c + B*axdxe*xx™2 + 2xa*xe”2+x"3 + (2%b*(3*c*d™2 - e~
2)*ArcTan[Sqrt [c]*x])/c™(3/2) + 2xb*x*(3*d~2 + 3*d*exx + e~ 2*x~2)*ArcTanh(c

*x72] + (bx(3*%cxd™2 + e72)*Logl[l - Sqrtlcl*x])/c”(3/2) - (b*x(3*%cxd™2 + e72)
*xLog[1 + Sqrtlcl*x])/c™(3/2) + (3xbxdxexLogl[l - c™2*xx"4])/c)/6

Maple [A] time = 0.032, size = 223, normalized size = 1.4

bArtanh (cxz) a3

’ 2\ ,3
32 ad® be"Artanh (cx )x + beArtanh (sz) x%d + bArtanh (sz) xd” + 3e T

ax3e
+ ax?de + axd® + — +
3e 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (atb*arctanh(c*x~2)),x)

[Out] 1/3*a*xx”3*e”2+axx~2xd*e+a*x*d”2+1/3*a/e*xd"3+1/3*bxe"2*arctanh (c*x~2) *x~3+bx*
exarctanh (c*x”2) *x"2*d+b*arctanh (c*x~2) *x*d~2+1/3*b/e*arctanh (c*x~2) *d"3+2/
3*xbke"2*x/c-1/6*b/ex1n(c*x~2+1) *d"3+1/2*b*e/cx1n(c*xx~2+1) *d+b/c” (1/2) *arcta
n(x*c~(1/2))*d"2-1/3*bxe”2/c~(3/2)*arctan(x*c”(1/2))+1/6*b/ex1ln(c*xx~2-1)*d~
3+1/2*b*e/cx1n(cxx~2-1)*d-b/c”(1/2) *arctanh(x*xc~(1/2))*d"2-1/3*b*e”2/c~(3/2

)*arctanh (x*xc~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2 (atb*arctanh(c*x72)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.80859, size = 918, normalized size = 5.81

2ac?e?x® + 6 ac*dex? + 3 bedelog (cx2 + 1) + 3 bedelog (cx2 — 1) +2 (3 bed? - bez)\/E arctan (\/Ex) + (3 bed? + bez)\/
62

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x72)),x, algorithm="fricas")
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[Out] [1/6x(2*a*c™2*%e™2*x™3 + B*a*xc 2*d*e*x”2 + 3xb*xc*xd*xexlog(c*x™2 + 1) + 3*b*cx
dxexlog(c*x™2 - 1) + 2% (3%bxc*d™2 - bxe”2)*sqrt(c)*arctan(sqrt(c)*x) + (3*b
xc*d”2 + bxe”2)*sqrt(c)*log((c*xx™2 - 2*sqrt(c)*x + 1)/(c*xx"2 - 1)) + 2%(3*a
*CT2%d"2 + 2xbxc*e”2)*x + (b*cT2%e"2+x"3 + 3xbxcT2kd*kexx"2 + 3%bkcT2%d”2%x)
xlog(-(c*xx™2 + 1)/(c*x™2 - 1)))/c™2, 1/6%(2%a*xc™2xe”2%x"3 + 6xa*xc”2*kd*exx~2

+ 3xbxckdkexlog(c*x™2 + 1) + 3xbxckdkexlog(c*x™2 - 1) + 2x(3%bxc*xd™2 + b*e
~2)*sqrt(-c)*arctan(sqrt(-c)*x) + (3xb*cxd”2 - b*e”2)*sqrt(-c)*log((c*xx"2 +
2xsqrt(-c)*x - 1)/(c*xx™2 + 1)) + 2%x(3*a*xc™2xd"2 + 2*bxc*e”2)*x + (bkc™2%e”
2%x73 + 3xbkcT2*d*exx”2 + 3*xbxc”2xd"2*x)*log(-(c*x”2 + 1)/(c*x"2 - 1)))/c"2

]

Sympy [A] time = 34.1347, size = 1652, normalized size = 10.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(cxx**2)) ,x)

[Out] Piecewise((-12xaxcx*2*xd**2xxxsqrt(1/c)/(-12*xc**2xsqrt(1/c) - 12+I*c**2*sqrt
(1/c)) - 12xIxakck*2kd*x2kx*ksqrt (1/c)/(-12%c**2*sqrt (1/c) - 12*Ixcx*2xsqrt(
1/c)) - 12%axc**x2*xd*xexx**2xsqrt(1/c)/(-12%c**2*xsqrt(1/c) - 12xI*kcx*2xsqrt(l
/c)) = 12xIkaxc*k*2*kdxexx*x*2xsqrt(1/c)/(-12%c*k*2xsqrt(1/c) - 12+ I*kcx*2xsqrt(
1/c)) = 4dxaxcx*2xex*kx2xx*x*k3xsqrt(1/c)/(-12xcx*2xsqrt(1/c) - 12*%Ikcx*2*xsqrt (1l
/c)) — dxIxaxck*2xex*x2xx**3xsqrt(1/c)/(-12xcx*2xsqrt(1/c) - 12%Ixckx*2xsqrt(
1/c)) - 12%b*xcx*2*dx*2*x*xsqrt (1/c)*atanh (c*x**2) / (-12%c*x*2*sqrt(1/c) - 121
xckx2*%sqrt (1/c)) - 12%Ixb*cx*2xd**x2*x*sqrt (1/c)*atanh (c*xx**2) / (-12%c**2*sqr
t(1/c) - 12xIkcx*2xsqrt(l/c)) + 12xI*bxc*x*2*xd**2xlog(x - I*sqrt(l/c))/(-12%
ckx3xsqrt(1/c) - 12xIxc**3xsqrt(1/c)) - 12*%Ixbxcx*2xd*x*2xlog(x - sqrt(1/c))
/(—12%cx*3xsqrt (1/c) - 12%Ikc*x*3*sqrt(1l/c)) - 12*Ixbxck*2kd**2xatanh (ckx**2
)/ (—12*%c*x3*%sqrt (1/c) - 12xI*cx*3*xsqrt(l/c)) - 12xbkxck*2xd*exx**2xsqrt(1/c)
xatanh (ckx**2) / (-12%c**2*%sqrt (1/c) - 12xIkcx*k2xsqrt(l/c)) - 12xI*bkxcx*2xd*e
*xx*x2*%sqrt (1/c) *atanh (cxx*x2) / (-12*%cx*2xsqrt (1/c) - 12*%Ixc*x2*sqrt(1/c)) -
4xbxckx2xex*x2xx**3xsqrt (1/c) *atanh (cxx**2) / (-12%c*k*x2*sqrt (1/c) - 12+ I*c*k*2%
sqrt(1/c)) - 4xIxbkcx*k2xe*xx2*x*x*3xsqrt(1/c)*atanh (c*xx**2)/(-12*xc**2*xsqrt (1/
c) — 12xIxcx*2*xsqrt(1/c)) - 2xIxbxcx*2*xex*2xlog(x + I*sqrt(1/c))/(—12*c*x4x
sqrt(1/c) - 12xIxck*4*xsqrt(1/c)) + 12xbxckdx*2xlog(x + Ixsqrt(l/c))/(-12x*cx
*x2*xsqrt (1/c) - 12xIxc*k*2*xsqrt(1/c)) - 12*xbxckdx*2xlog(x - sqrt(1/c))/(-12x%c
*xk2xsqrt (1/c) - 12*%Ixc*x2*xsqrt(1/c)) - 12*bxckxd*x*2xatanh (ckxx**2)/(—12%c*k*2%
sqrt(1/c) - 12xIxc**2*sqrt(1/c)) - 12*bxc*d*exsqrt(l/c)*log(x - Ixsqrt(l/c)
)/ (=12xc*x2%sqrt (1/c) - 12xIxc*k*2%sqrt(1/c)) - 12xIxbkxcxd*exsqrt(1l/c)*log(x
- Ixsqrt(1/c))/(-12%cx*2xsqrt(1/c) - 12*Ikcx*2xsqrt(l/c)) - 12xbkcxd*exsqr
t(1/c)*log(x + I*sqrt(1/c))/(-12xc**2*sqrt(1/c) - 12xIxc**2*sqrt(1l/c)) - 12
xI*xbxcxd*exsqrt(1/c)*log(x + Ixsqrt(l/c))/(-12xc*k*2*xsqrt(1/c) - 12xI*c**2%s
qrt(1/c)) + 12xb*xckd*e*sqrt(1/c)*atanh(cxx**2)/(-12%c*x*2*sqrt(1/c) - 12*Ixc
*x2%sqrt(1/c)) + 12*Ixbkxcxd*xe*xsqrt(l/c)*atanh(cxx**2)/(-12xc**2xsqrt(1/c) -
12*I*xc**2xsqrt (1/c)) - 8xbxckxex*2xx*xsqrt(1/c)/(-12xcx*2*xsqrt(1/c) - 12xIxc
*xk2xsqrt (1/c)) - 8*xIxbkckex*x2xx*ksqrt(1/c)/(-12xc*k*2*xsqrt(1/c) — 12xI*ckx*2%s
qrt(1/c)) + 6xIxbxckxex*2xlog(x + I*xsqrt(l/c))/(-12xc*x3*sqrt(1/c) - 12%Ixcx
*3xsqrt(1/c)) - 4xIxbxckex*x2*log(x - sqrt(1/c))/(-12xcx*3*xsqrt(1/c) - 12*Ix*
ck*3*xsqrt (1/c)) - 4xIxbkckex*2katanh(ckxx**2)/(-12xc**3*xsqrt(1/c) — 12xIxc**
3xsqrt(1/c)) + 4xbkxex*2xlog(x - I*ksqrt(l/c))/(-12%c**2xsqrt(1/c) - 12xIxc*x
2xsqrt(1/c)) - 4xbkxex*2xlog(x - sqrt(1/c))/(-12xc**2*xsqrt(1/c) — 12%I*c*k*2x%
sqrt(1/c)) - 4xbxexx2*xatanh(cxx**2)/(-12xc**2*xsqrt(1/c) - 12xIxc**2*sqrt(1/
c)), Ne(c, 0)), (a*x(d*x*2*xx + d¥xexx**2 + e*x*2xx*x*x3/3), True))
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Giac [A] time = 1.91503, size = 289, normalized size = 1.83

cx

1 arctan (vcx arctan( = )
~ b5 (V&) Vo) |2 4 pd

3 Ve ; v

cx 241
arctan (\/Ex) . arctan (\/—__C) . bex3e? log (—Zxxz—_l) + 3 bedx?elog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x72)),x, algorithm="giac")

[Out] -1/3x*b*c”5*(arctan(sqrt(c)*x)/c~(13/2) - arctan(c*x/sqrt(-c))/(sqrt(-c)*c~6
))*e”2 + bkxc”3*d 2% (arctan(sqrt(c)*x)/c”(7/2) + arctan(c*x/sqrt(-c))/(sqrt(
-c)*c”3)) + 1/6%(b*cxx"3xe”2*log(-(c*x"2 + 1)/(c*x72 - 1)) + 3*bkckxd*x~2*ex*
log(-(cxx™2 + 1)/(c*x72 - 1)) + 2%a*xc*xx™3%e”2 + 6xakxckxd*x™2xe + 3*bkcxd~2%x
xlog(-(cxx™2 + 1)/(c*xx™2 - 1)) + 6%a*xc*kd™2xx + 3*bkxdxexlog(c™2*x™4 - 1) + 4
xb*xx*e~2)/c
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3.25 f (d + ex) (a +btanh™ (cxz)) dx

Optimal. Leaf size=117

(d + ex)? (a +btanh™ (cxz)) b (cd2 + ez) log (1 - cxz) b (cd2 - ez) log (cx2 + 1) bd tan™ (\/Ex) bd tanh™
+ -~ + -

2e 4ce 4ce Ve \/E

[Out] (b*d*ArcTan[Sqrt[cl*x])/Sqrtlc] - (b*d*ArcTanh[Sqrt[cl*x])/Sqrtlc] + ((d +
exx) 2% (a + bxArcTanh[c*xx"2]))/(2xe) + (b*(c*d™2 + e"2)*Log[l - c*x72])/ (4%
cxe) - (bx(cxd™2 - e"2)*Logl[l + c*x~2])/(4xcx*e)

Rubi [A] time = 0.0930256, antiderivative size = 94, normalized size of antiderivative =

. . ber of rul
0.8, number of steps used = 10, number of rules used = 7, integrand size = 16, e e e

= 0.438, Rules used = {6742, 6091, 298, 203, 206, 6097, 260}

bdtan™ (vex) bdtanh™' (yex) 1 B
\/E( ) - 7 ( ) + Ebex2 tanh ™! (cxz)

integrand size

d 2 pelog (1 —-c2x*
a(d + ex) N g( )

% " + bdx tanh ™ (cxz) +

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*ArcTanh[c*x"2]),x]

[Out] (ax(d + exx)~2)/(2*e) + (bxd*ArcTan[Sqrt[c]*x])/Sqrtlc] - (b*d*ArcTanh[Sqrt
[c]*x])/Sqrtlc] + b*d*x*ArcTanh[c*x"2] + (b*exx~2xArcTanh[c*x"2])/2 + (b*ex
Logl[1l - c™2%x74])/(4*c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091

Int[ArcTanh[(c_.)*(x_ )~ (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c™2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 2]], s = Denominator[Rt[-(a/b), 211}, Dist[s/(2*b), Int[1/(r + s*x72), x
1, x] - Dist[s/(2xb), Int[1/(xr - s*x~2), x], x]] /; FreeQ[{a, b}, x] && !G
tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6097
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Int[((a_.) + ArcTanh[(c_.)*(x_)"(m_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(d*(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/ - c™2xx~(2*n)), x1, x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

f(d + ex) (a +btanh™ (cxz)) dx = f(a(d +ex) + b(d + ex) tanh ™ (cxz)) dx

d 2
:a(zﬂ bf(d+ex)tanh ( )dx
d 2 _
= % + bf(dtanh (cxz) +extanh™ (cxz)) dx
a(d + ex)? 5 1
== + (bd) f tanh (cx ) dx + (be) f x tanh (cx ) dx
d 2 _ 1
_ad ey + bdx tanh 1( )+ Zbex? tanh ™ 2 — (2bcd) f 7 dx — (bce
2e 2
a(d + ex)? a1, 1 be log( -c x4)
== + bdx tanh (cx )+ Ebex tanh (cx ) ” - (bd)f;_
d 2 pdtan~!(yex) bdtanh (Vex 1
_ad+ex) + (\/— ) - (\/— ) + bdx tanh ™! (cxz) + —bex? tant
2e Ve Ve 2

Mathematica [A] time = 0.0576063, size = 104, normalized size = 0.89

bd (log (1 - \/Ex) —log (\/Ex + 1) +2tan! (\/Ex))
2y

1 belog ( — 2t

2
adx + —aex* +
2 4c

) + bdxtanh ™ (cxz) + + %bex2 tan]

Antiderivative was successfully verified.

[In] Integrate[(d + ex*x)*(a + b*ArcTanh[c*x"2]),x]

[Out] axd*x + (axe*x"2)/2 + b*dxx*ArcTanh[c*x"2] + (b*e*xx~2*ArcTanh[c*x~2])/2 + (
b*d* (2%ArcTan [Sqrt [c]*x] + Logl[l - Sqrtlcl*x] - Logl[l + Sqrtlcl*x]))/(2*Sqr
t[c]) + (bxexLogl[l - c™2xx74])/(4*c)

Maple [A] time = 0.043, size = 91, normalized size = 0.8

ax2e bArtanh (cx )x e

— + adx + 5 + bArtanh (cxz) dx +

be ln (cx2 + 1) 1 beln (cx2 - 1)

—+ ———= —bdA
+ bd arctan (x\/E) N + ic bdAr

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(a+b*arctanh(c*x~2)),x)

[Out] 1/2*a*x~2*e+axd*x+1/2*b*arctanh(c*x”2)*x " 2*%e+b*arctanh(c*xx~2)*d*x+1/4*b*xe/c
*1n(c*xx~2+1)+b*d*arctan(x*c~(1/2))/c”(1/2)+1/4%b*xe/c*x1n(c*x~2-1)-b*d*arctan
h(xxc~(1/2))/c~(1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.80601, size = 616, normalized size = 5.26

ex2-2 \Jex+1
cx2-1

2acex? + 4 acdx + 4 byJed arctan (\/Ex) +2byJcd log( ) + belog (cx2 + 1) + belog (cx2 - 1) + (bcex2 +2

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/4x(2*xaxc*xe*x™2 + 4xaxckd*x + 4xb*xsqrt(c)*d*arctan(sqrt(c)*x) + 2*b*xsqrt(
c)*d*xlog((c*x™2 - 2xsqrt(c)*x + 1)/(c*x™2 - 1)) + bxexlog(c*x™2 + 1) + b*ex
log(c*x™2 - 1) + (b*ckexx™2 + 2¥bxckd*xx)*log(-(c*x”2 + 1)/(c*xx"2 - 1)))/c,

1/4% (2%axckexx™2 + 4*axckxd*x + 4xbxsqrt(-c)*d*arctan(sqrt(-c)*x) - 2*b*sqrt
(-c)*dxlog((c*xx~2 - 2*sqrt(-c)*x - 1)/(c*x"2 + 1)) + b*exlog(c*xx™2 + 1) + b
xexlog(c*x™2 - 1) + (b*ckexx™2 + 2*bxc*xd*x)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/

cl

Sympy [A] time = 20.3369, size = 473, normalized size = 4.04

3 3 3
1\2 .1 ) 1\2 .1 . 1\2 1 1 . [1 .
p o2 bcd(;) log (x+z\/;) lbcd(z) log (x+z\/;) 21bcd(z) log (x—\/;) 4bd\/;log (x—z\/;) 4ibd
aax + — — + -

——— —— — + bdx atanh (cxz) NERNEER L S A
2 2ic? 4 10ic 2ic? 4 10ic 2ic2  10ic

2ic2  10ic
—_— +_
2
ex
a (dx + 7)

T2 e T2 e T2 e T2 e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*atanh(cxx**2)),x)

[Out] Piecewise((axd*x + axexx**2/2 - bxckd*(1/c)**(3/2)*log(x + I*sqrt(1/c))/(-2
*Ixck*x2/c*x*2 + 10%Ixc/c) + Ixbkxckxd*(1/c)**(3/2)*x1log(x + Ixsqrt(1/c))/(-2*Ix
ck*2/cx*2 + 10*%Ixc/c) - 2*Ixbxc*xd*x(1/c)**(3/2)*1log(x - sqrt(1/c))/(-2xIxc**
2/c*x*2 + 10%Ixc/c) + bxd*xx*xatanh(ckx*x*2) + 4*xbxd*sqrt(1l/c)*log(x - I*sqrt(l
/c))/ (=2%Ixc*x2/cx*2 + 10%I*xc/c) - 4xIxbxd*sqrt(l/c)*log(x - Ixsqrt(1/c))/(
-2xI*c*kx2/c*x2 + 10%I*c/c) - 3*bxdxsqrt(1l/c)*log(x + Ixsqrt(1l/c))/(-2%Ixcxx*
2/c**2 + 10%Ixc/c) - BxIxbkxd*sqrt(1/c)*log(x + I*sqrt(1/c))/(=2xIxcx*2/c**2
+ 10%I*c/c) + 10*I*xbxd*sqrt(1l/c)*log(x - sqrt(l/c))/(-2*Ikxc*x*2/c**2 + 10%I
xc/c) + 8xIxbxd*sqrt(1/c)*atanh(cxx*x2)/(-2xI*c**2/c*x*2 + 10%I*c/c) + b*exx
xk2xatanh (ckxx*x*2) /2 + bxexlog(x - I*sqrt(1/c))/(2xc) + bxexlog(x + I*sqrt(l
/c))/(2%c) - bkxexatanh(c*x**2)/(2%c), Ne(c, 0)), (ax(d*x + exx**2/2), True)
)
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Giac [A] time = 1.31647, size = 166, normalized size = 1.42

2 2
arctan (\/Ex) arctan (\;_f—c) bex?elog (— Zﬁzj) + 2acx®e + 2 bedx log (— sz
+ +

Cg v=ccd 4c

) + 4 acdx + belog (czx4 - 1)

bc3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="giac")

[Out] b*c”3*d*(arctan(sqrt(c)*x)/c”(7/2) + arctan(c*x/sqrt(-c))/(sqrt(-c)*c~3)) +
1/4% (bxckxx"2*xexlog(-(c*x™2 + 1)/(c*x™2 - 1)) + 2%axckx"2%e + 2xb*ckxd*xx*xlog
(=(c*x72 + 1)/(c*xx™2 - 1)) + 4xaxckd*x + bxexlog(c™2xx"4 - 1))/c
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396 f a+btanh ™! (cxz)

Optimal. Leaf size=325

dx

d+ex

7 \=cd-e Ved- 7 \—cd+e 7 \Jed+e

2e 2e 2e 2e

[Out] ((a + b*ArcTanh[c*x~2])*Logld + e*x])/e - (b*Logl[(ex(1 - Sqrt[-cl*x))/(Sqrt
[-c]*d + e)]xLogld + exx])/(2*e) - (b*Logl[-((ex(1 + Sqrt[-cl*x))/(Sqrt[-cl*

d - e))]*xLogld + exx])/(2*xe) + (b*xLog[(ex(1 - Sqrtlcl*x))/(Sqrtlcl*d + e)]x

Logld + exx])/(2%e) + (bxLogl[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Logld

+ exx])/(2xe) - (b*PolyLogl2, (Sqrt[-cl*(d + e*x))/(Sqrtl[-cl*d - e)])/(2*e)

+ (b*PolyLog[2, (Sqrtlcl*(d + ex*x))/(Sqrtlcl*d - e)])/(2xe) - (b*PolyLogl2

, (8qrt[-cl*(d + exx))/(Sqrt[-cl*d + e)])/(2*e) + (b*PolyLogl[2, (Sqrtlc]x*(d

+ exx))/(Sqrtlcl*d + e)])/(2%e)

Rubi [F] time = 0.0626453, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, L

integrand size
0., Rules used = {}

dx

f a+btanh™} (cxz)

d+ex

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTanh[c*x72])/(d + e*x),x]

[Out] (axLogld + exx])/e + b*Defer[Int] [ArcTanh[c*x~2]/(d + e*x), x]

Rubi steps

d+ex d+ex d+ex

f a+btanh™ (cxz) ; f( a_ btanh™! (cx2)) N

1 tanh ™ (cx?
:aog(d+ex)+bf ( )dx

e d+ex

Mathematica [C] time = 17.4703, size = 285, normalized size = 0.88

alog(d + ex) N 7 \ed—e Jed—ie ' Jed+ie ' edre

b (PolyLog (2 \/E(d+ex)) — PolyLog (2, \/E(dwx)) — PolyLog (2 \/E(dﬂx)) + PolyLog (2 —\/E(dﬂx)) +

bPolyLog (2 \/__C(d+ex>) bPolyLog (2, \/E(d+e:)) bPolyLog (2 ‘/__C(dﬂx)) bPolyLog (2 M) log(d + ¢
+ —~ + +

~
£

e
Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcTanh[c*x"2])/(d + e*x),x]

[Out] (axLogld + e*xx])/e + (b*(2*ArcTanh[c*x"2]*Logl[d + exx] - Log[(ex(I - Sqrtlc
1*x))/(Sqrt[cl*d + Ixe)]l*Logl[d + exx] - Log[-((ex(I + Sqrtlcl*x))/(Sqrtl[c]*

d - Ixe))]x*Logld + exx] + Log[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Logld

+ e*xx] + Logld + exx]*Logl(e - Sqrtlcl*e*x)/(Sqrtlcl*d + e)] + PolyLogl[2,
(Sqrtlcl*(d + e*x))/(Sqrtlcl*d - e)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sqrt
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[cl*d - I*e)] - PolyLogl[2, (Sqrtlcl*(d + e*xx))/(Sqrtlcl*d + Ixe)] + PolyLog
[2, (Sqrtlcl*(d + e*xx))/(Sqrtlcl*d + e)]))/(2*e)

Maple [A] time = 0.07, size = 362, normalized size = 1.1

1 bln (ex + d) Artanh (cx? 1 _ 1
an(e:+d)+ ( )e ( )—bn(§z+d)ln((e\/—_C—(ex+d)c+cd)(e —c+cd) 1)——b n(;:rd)ln

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~2))/(exx+d),x)

[Out] ax*ln(e*x+d)/e+b*1n(e*x+d)/e*arctanh(c*x~2)-1/2*b/ex1n(e*x+d)*1In((ex(-c)~(1/
2) - (e*xx+d) *c+c*xd) / (ex(-c)~(1/2)+c*d))-1/2*b/ex1n(exx+d) *1n((e*x(-c) " (1/2)+(e

xx+d) *c-c*d) /(ex(-c)~(1/2)-c*d))-1/2xb/exdilog((ex(-c)~(1/2) - (e*xx+d) *c+cxd)
/(ex(-c)~(1/2)+c*d))-1/2%b/e*xdilog((ex(-c) ™ (1/2)+(e*x+d) *c-c*d) /(ex(-c)~(1/
2)-c*d))+1/2*%b/ex1n(exx+d) *1n((exc™ (1/2) - (exx+d)*c+cxd) / (exc™ (1/2)+c*xd) )+1/
2*xb/e*1n(exx+d) *1n((exc™(1/2)+(e*xx+d)*c-c*d)/(exc™(1/2)-c*d))+1/2%b/exdilog
((exc™(1/2) - (e*xx+d)*c+c*xd) / (exc™ (1/2)+cxd) )+1/2*b/e*dilog((e*xc”™(1/2)+(exx+d
)xc-c*xd)/(exc”™(1/2)-cxd))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log (cx2 + 1) - log (—sz + 1) alog (ex + d)
Ly f x4 28D
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))/(e*x+d),x, algorithm="maxima")
g g

[Out] 1/2*b*integrate((log(c*x™2 + 1) - log(-c*x”2 + 1))/(exx + d), x) + axlog(ex
x + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cxz) +a ]
X

int 1
integra [ p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~2))/(exx+d),x, algorithm="fricas")

[Out] integral((bxarctanh(cxx~2) + a)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((at+b*atanh(cxx**2))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

2
f bartanh (cx ) +a 0

ex+d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(e*xx+d),x, algorithm="giac")

[Out] integrate((bxarctanh(c*x"2) + a)/(exx + d), x)
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3.27

f a+btanh™! (cxz) q
X

(d+ex)?

Optimal. Leaf size=166

a+btanh™ (cxz) 2bedelog(d + ex)  bedlog (1 - cxz) bed log (cx2 + 1) byctan™! (\/Ex) by/ctanh™ (\/E
— — + —

e(d + ex) c2dt — et 2¢ (cd2 - 32) - 2e (cdz + 32) cd? + e2 cd? — e2

[Out] (b*Sqrtl[c]*ArcTan[Sqrtlc]l*x])/(cxd"2 + e72) - (b*Sqrt[c]*ArcTanh[Sqrt [c]*x]
)/(c*d™2 - e72) - (a + b*ArcTanh[c*x72])/(ex(d + e*x)) + (2*xb*ckdxexLogl[d +
exx])/(c™2xd"4 - e74) - (bxckdxLogl[l - c*xx"2])/(2%ex(cxd™2 - e72)) + (b*cx
dxLog[1l + c*xx~2])/(2%e*x(c*xd™2 + e72))

Rubi [A] time = 0.278595, antiderivative size = 166, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 18, e o e

= 0.389, Rules used = {6273, 12, 6725, 635, 207, 260, 203}

integrand size

a+btanh™ (cxz) 2bedelog(d + ex)  bedlog (1 - cxz) bed log (cx2 + 1) byctan™! (\/Ex) by/ctanh™ (\/E

e(d + ex) c2dt — 4 % (cd2 - 32) - 2 (ch + 62) " cd? + e2 cd? — ¢2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x"2])/(d + e*x)~2,x]

[Out] (b*Sqrt[c]*ArcTan[Sqrtlcl*x])/(cxd”2 + e~2) - (b*Sqrt[c]*ArcTanh[Sqrt[c]*x]
)/(c*d”2 - e72) - (a + b*ArcTanh[c*x72])/(ex(d + e*x)) + (2xbxc*d*exLogl[d +
exx])/(c™2xd”4 - e74) - (bxckdxLogl[l - c*xx"2])/(2%e*x(c*xd™2 - e72)) + (b*cx
dxLog[1l + c*xx~2])/(2%e*x(cxd™2 + e72))

Rule 6273

Int[((a_.) + ArcTanh[u J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~"(m + 1)*D[u, x])/(1 - u™2), x], x], x
] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)~2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[-(a*c)]



Rule 207

139

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a

, 01 Il GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 01 11 GtQ[b, 01)

Rubi steps

f a+btanh™} (cxz)

dx = —

1 b 2cx
a+ btanh™ (cxz) f (d+ex)(1-c2x4) *

(d + ex)? e(d + ex) e
a+btanh™ (cx?) (2be) | (d+ex)(1-c2xt) ax
e(d + ex) " e
de® e—cdx e+cdx
a+ btanh_l (sz) (2bc) f (_ (—c2d4+e4)(d+ex) " Z(Cdz—ez)(—1+cx2) * 2(cd2+e2)(1+cx2)) dx
T e(d + ex) - e
_ —cd d
_a+ btanh™ (sz) N 2bcde log(d + ex) N (be) f _elicjz dx N (be) f i-:_i;z( dx
e(d + ex) c2dt — et e (cd2 - ez) e (cd2 + ez)
— 1 x
_oat btanh™ (cxz) 2bcde log(d + ex) . (be) f oz dx B (chd) f oz dx .\ (bc)J
e(d + ex) c2d4 — et cd? — ¢? e (cd2 _ 62) cd
_ by/ctan™! (\/Ex) by/ctanh™ (\/Ex) a+btanh™ (cxz) 2bedelog(d + ex)  bedlc
B cd? + ¢2 cd? — e? e(d + ex) c2d* — et Ze(

Mathematica [A]

time = 0.356395, size = 261, normalized size = 1.57

1 24 bc?d® log (ch + 1) B bedelog (1 - c2x4) N 4bedelog(d + ex) . b+/c (c3/2d3 - cd?e - 63) log (1 —4c:

+
2| e(d+ex) c2d4e — eb c2dt — et c2dt — 4 ed — c2d*e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x72])/(d + ex*x)~2,x]

[Out] ((-2%a)/(ex(d + exx)) + (2*b*Sqrt[c]*ArcTan[Sqrtlcl*x])/(cxd”2 + e~2) - (2%

bxArcTanh[c*xx"2])/(e*x(d + exx)) + (b*Sqrtlc]l*(c”(3/2)*d"3 - c*xd"2*e - e~3)x*
Log[1l - Sqrtlcl*x])/(-(c"2*d"4*xe) + e75) + (b*Sqrtlcl*(c”(3/2)*d"3 + c*d™2x
e + e"3)xLog[l + Sqrtlcl*x])/(-(c"2xd"4*e) + e75) + (4dxbxcxd*exLog[d + e*x]
)/ (c72%d"4 - e74) + (b*c™2*d"3*Log[l + c*x72])/(c"2*xd"4*e - e75) - (b*cxd*e
xLog[1l - c™2%x74])/(c™2xd"4 - e74))/2




140

Maple [A] time = 0.034, size = 181, normalized size = 1.1

a bArtanh (cxz) bed In (cx2 + 1) bJcarctan (x\/E) bed In (cx2 - 1) by/cArtanh (x\/E)
Cex+d)e  (ex+d)e * e(2cd2+262) 2ed2 +2e2 e(20d2—2e2) B 2cd2— 22 +2@

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))/(exx+d)~2,x)

[Out] -a/(exx+d)/e-b/(exx+d)/e*xarctanh(c*x”~2)+b/exc/ (2*xc*d~2+2*e”2) *d*x1n(c*x"2+1)
+2*bxc”(1/2) / (2*xc*xd"2+2*e"2) *arctan(x*c”~ (1/2) ) -b/exc/ (2*¥c*d"2-2*e”2) *d*1n(c
*x72-1)-2*%bxc”(1/2) / (2*c*d~2-2*e~2) *arctanh (x*c~ (1/2) ) +2*xbxe*c*xd/ (c*d"2-e"2

)/ (cxd™2+e”2) *1n(e*xx+d)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 26.8824, size = 1350, normalized size = 8.13

X242 +

2ac?d* —2ae* -2 (bcd3e — bde® + (bcdze2 - be4)x)\/5 arctan (\/Ex) + (bcd3e + bde® + (bcdze2 + be4)x)\/5 log(

cx2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~2,x, algorithm="fricas")

[Out] [-1/2%(2%a*xc™2%d"4 - 2%axe”4 - 2%(bkc*d"3*e - bxd*e”3 + (bkc*xd™2%xe”2 - b*e”
4)xx)*sqrt(c)*arctan(sqrt(c)*x) + (b*cxd"3*e + bxd*e”3 + (bxc*d"2*e”2 + bxe
~4)xx)*sqrt(c)*log((c*x~2 + 2xsqrt(c)*x + 1)/(c*xx"2 - 1)) - (b*c™2xd"4 - bx
cxd"2%e”2 + (b*c”2%d"3*e - b*xckdxe”3)*x)*log(cxx™2 + 1) + (b*c™2%d™4 + b*cx
d"2xe”2 + (b*c"2*%d"3*e + b*ckxdxe~3)*x)*log(c*x™2 - 1) - 4x(bkcxdxe”3*x + bx
cxd"2xe”2)*xlog(exx + d) + (b*c™2xd"4 - b*xe"4)*log(-(c*x"2 + 1)/(c*x"2 - 1))
)/ (c™2xd"b*e - dxe”5 + (c7"2%d"4*e”2 - e76)*x), -1/2%(2xa*xc”2+xd"4 - 2*axe”4
- 2x(b*c*d"3%e + b*d*e”3 + (bxc*d"2%e”2 + bxe”4)*x)*sqrt(-c)*arctan(sqrt(-c
)*¥x) - (bxc*d~3%e - bxd*e”3 + (b*cxd™2%e”2 - bxe~4)x*x)*sqrt(-c)*log((c*xx"2
+ 2%sqrt(-c)*x - 1)/(c*x”2 + 1)) - (bxc”™2*d"4 - b*cxd"2*e”2 + (b*xc~2*d"3x*e
- b*c*d*e”3)*x)*log(c*x™2 + 1) + (bxc™2xd"4 + bxcxd™2xe”2 + (b*c™2%d"3%e +
bxckd*xe”3) *x) *log(c*x™2 - 1) - 4*x(bkckxd*e™3*x + b*cxd"2*e”2)*log(e*x + d) +

(b*c™2xd"4 - b*e"4)*xlog(-(c*x™2 + 1)/(c*xx"2 - 1)))/(c™2xd"5*xe - d*xe”5 + (c
"2%d74*e”2 - e76)*x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))/(exx+d)**2,x)

[Out] Timed out

Giac [A] time = 1.17415, size = 366, normalized size = 2.2

(Cd_c_d‘
xe+

2cd cd? &2 2cd ed? 2 241 2 carctan
dl ( —~ +—+—) dl ( — +—— - ) D (——)
1 R T (e+d)®  (xetd)® _ OB\ rerd (e+d)?>  (xe+d)? 3 eV log cx2-1
2 cd?e + é3 cd?e — €3 xe +d (cd2 - eZ)A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~2,x, algorithm="giac")

[Out] 1/2*(c*d*log(c - 2*c*d/(x*e + d) + cxd"2/(x*xe + d)72 + e72/(xxe + d)~2)/(cx
d™2%e + e73) - ckxdxlog(c - 2%cxd/(x*e + d) + c*d™2/(x*e + d)72 - e72/(x*e +
d)"2)/(c*d™2xe - e73) - e (-1)*log(-(c*x72 + 1)/(c*xx"2 - 1))/(x*e + d) + 2
xckarctan((c*xd - c*d™2/(x*e + d) + e72/(x*e + d))*e”(-1)/sqrt(-c))/((c*xd~2

- e"2)*sqrt(-c)) + 2xsqrt(c)*arctan((c*d - c*d”2/(x*e + d) - e72/(x*e + d))
xe”(-1)/sqrt(c))/(c*xd™2 + e72))*b - a*e”(-1)/(x*e + d)
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dx

398 f a+btanh ™! (cxz)

(d+ex)3

Optimal. Leaf size=226

a+btanh " (cx?) bede bee (3c%d* + ¢*) log(d + ex)  bc?dtan™ (yex)  be¥2d tanh™ (Vex)
— + — —

2e(d + ex)? (c2d4 — ) (d +ex) * (c2a4 - 54)2 (cd? + e2)2 (cd? - 62)2

[Out] -((bxcxd*e)/((c™2xd"4 - e4)*(d + e*x))) + (b*c™(3/2)*d*ArcTan[Sqrt[c]*x])/
(c*xd™2 + €72)72 - (b*c™(3/2)*d*ArcTanh[Sqrt[c]*x])/(cxd"2 - e72)"2 - (a + b
xArcTanh [cxx"2]) /(2%e*x(d + e*x)”2) + (bxckex(3*xc™2xd"4 + e~4)*Logld + ex*x])
/(c72*%d"4 - e74)72 - (bxc*(c*d™2 + e"2)*Log[l - c*xx72])/(4*ex(cxd”™2 - e72)~

2) + (bxcx(c*xd™2 - e"2)xLogl[l + c*xx"2])/(4*ex(c*xd”2 + e72)72)

Rubi [F] time = 0.0664324, antiderivative size = 0, normalized size of antiderivative

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =

0., Rules used = {}

integrand size

f a+btanh™! (cxz)

d
drexp

Verification is Not applicable to the result.

[In] Int[(a + bxArcTanh[c*x"2])/(d + e*x)~3,x]
[Out] -a/(2xex(d + ex*x)”2) + bxDefer[Int] [ArcTanh[c*x"2]/(d + exx)"3, x]

Rubi steps

f a+btanh™! (cxz) e f{ a btanh™ (cxz)] N

d+ex) AP = [@d+exp
a tanh ™ (cxz)
T 2e(d + ex)? " (d + ex)3

Mathematica [A] time = 0.712337, size = 379, normalized size = 1.68

1 2 bc? (c2d6 + 3dze4) log (cx2 + 1) bce (3czd4 + 64) log (1 - c2x4) 4bcde bc®2d (—Zczc
4| e@rexp " o (et - ) B (¢t - c2at)’ C(dt - d e

Antiderivative was successfully verified.

[In] Integratel[(a + bxArcTanh[c*x"2])/(d + e*x)~3,x]

[Out] ((-2xa)/(ex(d + exx)~2) - (4xbkckdxe)/((c™2+%d"4 - e"4)*(d + exx)) + (4xb*c”
(3/2)*dxArcTan[Sqrt[c]*x])/(cxd”2 + €72)72 - (2*bxArcTanh[c*x"2])/(ex(d + e
*xx)72) = (b*xc™(3/2)*d*(c”(5/2)*d"5 - 2xc~2*d 4xe - 4*xc*xd"2*xe”3 + 3xSqrtlc]l*
dxe”4 - 2*e”5)*xLogl[l - Sqrtlcl*x])/(ex(-(c™2xd~4) + e74)72) - (b*c~(3/2)*dx
(c™(5/2)*d™5 + 2%c™2*xd"4*e + 4*xckd™2%e”3 + 3*3qrt[c]*d*e”4 + 2%e”b)*Logl[l +
Sqrt[cl*x])/(ex(-(c™2*%d™4) + e€74)72) + (4xb*ckex(3*c™2xd"4 + e"4)*Logld +
exx])/(-(c™2xd"4) + e74)72 + (b*c™2%(c™2*d"6 + 3*d~2*xe"4)*Log[l + c*xx~2])/(



ex(-(c72xd74) + e74)72) - (bkxckxex(3*c™2+%d"4 + e~4)*Logl[l - c™2*x74])/(-(c"2

xd"4) + e”4)72)/4
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Maple [A] time = 0.04, size = 310, normalized size = 1.4

a bArtanh (cxz) bc? In (cx2 + 1) d?>  becln (cx2 + 1) bd 3
—_ + —_

+ 5C2 arctan (x\/E) -

2 (ex + d)2 e 2(ex+ d)2 e 4e (cdz + ez)z 4 (cd2 + ez)z (cd2 + 62)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(c*x~2))/(e*x+d)"3,x)

bc? In (cx2 -

4e (cd2 -

[Out] -1/2*a/(exx+d)"2/e-1/2%b/(exx+d) "2/e*xarctanh(c*xx”2)+1/4*b/exc”2/(cxd"2+e"2)

“2%1n(c*x"2+1) *d"2-1/4*xbxexc/ (c*d"2+e72) "2*x1In(c*xx~2+1) +b*c~ (3/2) *d*arctan(x
*c™(1/2))/(cxd"2+e”2) "2-1/4xb/exc”2/(cxd"2-e72) "2x1n(c*x"2-1) *d"2-1/4*bxe*c
/(c*d"2-e72) "2*x1n(c*x"2-1) -b*c~ (3/2) *d*arctanh(x*c~(1/2) )/ (c*d"2-e"2) "2-b*e
*c*xd/ (c*d"2-e72) /(cxd"2+e”"2) / (e*xx+d) +3*b*e*xc” 3/ (cxd"2-e72) "2/ (c*d"2+e~2) ~2%

1n(exx+d) *d"4+b*xe"5*c/(c*xd~2-e72) "2/ (c*xd"2+e"2) "2*1n (e*xx+d)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~3,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))/(exx+d)**3,x)

[Out] Timed out
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Giac [B] time = 89.4739, size = 684, normalized size = 3.03

cx

beid arctan (\/Ex) be?d arctan (\/_—C) (bc2d2 + bcez) log (cx2 - 1) (bc2d2 - bcez) log (—cx2 - 1) betd® I
i 2P v et (c2d4 —2cd?e? + 64)\/—_C 4 (czd4e —2cd?ed + 65) * 4 (c2d4e +2cd?e3 + 65) B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~3,x, algorithm="giac")

[Out] b*c™(3/2)*d*arctan(sqrt(c)*x)/(c"2xd"4 + 2*%cxd"2%e”2 + e”4) + bxc~2*d*arcta
n(c*x/sqrt(-c))/((c™2xd"4 - 2%cxd"2*%e”2 + e"4)*sqrt(-c)) - 1/4*(b*c™2%d"2 +
b*xcke~2)*log(c*x™2 - 1)/(c™2xd"4*xe - 2xc*d"2%e”3 + e75) + 1/4x(b*xc”™2xd"2 -
bxcke~2)*log(-c*xx"2 - 1)/(c”2xd"4*e + 2*%cxd"2%xe”3 + e75) - 1/4*%(bxc™4*d~8%
log(-(c*x™2 + 1)/(c*xx™2 - 1)) + 2%a*xc”™4xd™8 - 12%b*xc~3*d"4*x"2xe"4xlog(x*e
+ d) - 24*bkxc”3xd"b*x*e"3xlog(x*e + d) - 12*%bxc~3xd"6*e"2xlog(x*e + d) + 4x
bxc”3%d"bkx*e”3 + 4*bkcT3*xd"6*e”2 - 2%b*xc"2xd"4*e"4*xlog(-(c*kx"2 + 1)/ (c*kx72
- 1)) - 4xaxc”2*xd"4*e”4 - 4xbxckx"2*e"8xlog(x*e + d) - 8xbkckxd*x*e”7*log(x
xe + d) - 4xbxc*kd"2xe”6xlog(x*e + d) - 4xbkxckdxx*e”7 - 4xb*cxd"2%e”6 + bxe”
8xlog(-(c*x”2 + 1)/(c*x"2 - 1)) + 2%axe”8)/(c”™4*d"8*x"2*e”3 + 2xc~4*xd~9*x*e
T2 + cT4%d710%e - 2%cT2xd"4*x"2%e”7 — 4xcT2xd"b*x*e”6 - 2%cT2*d"6%e”5 + x72
xe"11 + 2xd*x*xe”10 + d"2%e”9)



145

3.29 f (d + ex) (a +btanh™ (cxz))2 dx
M. Leaf size=1085

result too large to display

[Out] a”2*d*x + (2*axbxd*ArcTan[Sqrt[cl*x])/Sqrtlc] + (I*b~2*d*ArcTan[Sqrt[c]l*x]~
2)/Sqrtlc] - (2xaxbxd*ArcTanh[Sqrt[c]l*x])/Sqrtlc] - (b~2xd*ArcTanh[Sqrt[c]*
x]72)/Sqrtlc] + (ex(a + b*ArcTanh[c*x"2])72)/(2%c) + (e*xx"2x(a + b*ArcTanh[
c*x72])72)/2 + (2*%b~2*d*ArcTanh [Sqrt [c]*x]*Log[2/(1 - Sqrtlcl*x)])/Sqrt[c]
- (2xb~2*dxArcTan[Sqrt [c]*x]*Log[2/(1 - I*Sqrtlcl*x)])/Sqrtlc] + (b~2xd*Arc
Tan[Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl#*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] +
(2%b~2%d*ArcTan[Sqrt [c]*x] *Log[2/(1 + I*Sqrtlcl*x)])/Sqrtlc] - (2*b~2*d*Arc
Tanh [Sqrt [c]*x]*Log[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b~2xd*ArcTanh[Sqrt[c]*x]
*xLog [(-2*%Sqrt [c]*(1 - Sqrt[-cl*x))/((Sqrt[-c] - Sqrtlc])*(1 + Sqrtlcl*x))])
/Sqrtlc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrtlc]*(1 + Sqrt[-c]*x))/((Sqr
t[-c] + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~ 2*d*ArcTan[Sqrt [c]*x]*Logl
((1 - I)x(1 + Sqrtlcl*x))/(1 - I*xSqrtlcl*x)])/Sqrtlc] - (b*ex(a + b*ArcTanh
[c*x~2])*Log[2/(1 - c*x72)])/c - axbkd*x*Log[l - c*x"2] - (b"2*dxArcTan[Sqr
t[cl*x]*Log[1l - c*x72])/Sqrtlc] + (b~2*dxArcTanh[Sqrt[c]l*x]*Logl[l - c*x~2])
/Sqrtlc] + (b™2*d*x*Log[l - c*x72]72)/4 + axb*xd*x*xLogl[l + cxx~2] + (b~2*d*A
rcTan[Sqrt [c]*x]*Log[1 + c*x72])/Sqrt[c] - (b~2*d*ArcTanh[Sqrt[c]*x]*Log[1
+ cxx72])/Sqrtlc] - (b~2*d*x*Logl[l - c*x"2]*Log[l + c*x72])/2 + (b~2*d*x*Lo
gll + cxx72]72)/4 + (b~2*d*PolyLog[2, 1 - 2/(1 - Sqrtlcl*x)])/Sqrtlc] + (I*
b~2xd*PolyLog[2, 1 - 2/(1 - I*Sqrtlcl+*x)])/Sqrtlc] - ((I/2)*b~2*d*PolyLogl[2
, 1 - (1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] + (I*b~2xd*Poly
Logl[2, 1 - 2/(1 + I*Sqrtlcl*x)])/Sqrtlc] + (b~2xd*PolylLog[2, 1 - 2/(1 + Sqr
t[c]*x)]1)/Sqrtlc] - (b~2*d*PolyLogl[2, 1 + (2*Sqrtlc]*(1 - Sqrtl[-cl*x))/((Sq
rt[-c] - Sqrtlcl)*(1 + Sqrtlcl*x))])/(2%Sqrtlc]) - (b"2xd*xPolyLogl[2, 1 - (2
*Sqrt[c]*(1 + Sqrt[-cl*x))/((Sqrtl-c] + Sqrtlcl)*(1 + Sqrtlcl*x))])/(2+Sqrt
[c]) - ((I/2)*b~2xd*PolyLog[2, 1 - ((1 - I)*(1 + Sqrtlcl*x))/(1 - IxSqrt([c]
*x)])/Sqrt[c] - (b™2*exPolylLogl[2, 1 - 2/(1 - c*xx"2)])/(2%c)

Rubi [A] time = 2.43804, antiderivative size = 1216, normalized size of antiderivative
= 1.12, number of steps used = 104, number of rules used = 39, integrand size = 18,

number of rules _ g 67 Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 6093, 2450, 2476,

integrand size

9448, 321, 2470, 12, 5984, 5918, 2402, 2315, 2556, 5992, 5920, 2447, 4928, 4856, 4920, 4854,
6099, 2454, 2389, 2296, 2295, 30, 2557, 2475, 43, 2416, 2394, 2393, 2391}

result too large to display

Warning: Unable to verify antiderivative.

[In] Int[(d + exx)*(a + b*ArcTanh[c*x"2])"2,x]

[Out] (a~2x(d + e*x)~2)/(2xe) + (2xaxbxdxArcTan[Sqrt[cl#*x])/Sqrtlc] + (I*b~2*d*Ar
cTan[Sqrt[c]*x]~2)/Sqrtc] - (2*axbxd*ArcTanh[Sqrt[cl*x])/Sqrtlc] - (b~2xdx
ArcTanh[Sqrt [c]*x]~2)/Sqrt[c] + 2*axb*d*x*xArcTanh[c*x"2] + axbkexx~2*xArcTan
hlc*x~2] + (2*%b~2*d*ArcTanh[Sqrt[c]*x]*Logl[2/(1 - Sqrtlcl*x)])/Sqrtlc] - (2
*xb~2xd*ArcTan [Sqrt [c]*x] *Log[2/(1 - I*Sqrtlcl+*x)])/Sqrtlc] + (b~2*d*ArcTan[
Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl#*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] + (2xb
~2xd*ArcTan [Sqrt [c]*x]*Log[2/(1 + I*Sqrtlcl*x)])/Sqrtlc] - (2xb~2*d*ArcTanh
[Sqrt [c]*x]*Logl[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b"2*d*ArcTanh[Sqrt[c]*x]*Log
[(-2xSqrt[c]*(1 - Sqrt[-cl*x))/((Sqrt[-c] - Sqrtlcl)*(1 + Sqrtlcl*x))]1)/Sqr
tlc] + (b™2xd*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrt[c]*(1 + Sqrt[-cl*x))/((Sqrt[-c
1 + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~ 2*d*ArcTan[Sqrt[c]*x]*Log[((1
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- I)*(1 + Sqrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] - (b~2*d*ArcTan[Sqrt[c]*x
I1*Log[1 - c*x~2])/Sqrtlc] + (b~2+d*ArcTanh[Sqrt[c]*x]*Log[l - c*x~2])/Sqrt[
c] + (b™2xd*x*Logl[l - c*x72]72)/4 - (b~2*%ex(1 - c*xx"2)*Log[l - c*x72]72)/(8
xc) - (b™2xexLog[l - c*x"2]*Logl[(1 + c*x72)/2])/(4*c) + (b~2*xdxArcTan[Sqrt[
cl*x]*Log[1 + c*x72])/Sqrtlc] - (b~ 2xd*ArcTanh[Sqrt[c]*x]*Logl[l + c*x~2])/S
grtlc] + (b7 2%exLogl(1 - c*x72)/2]*Logl[l + c*x~2])/(4*c) - (b™2xd*x*Logl[l -
cxx"2]*Log[1l + c*x72])/2 - (b™2%e*x"2*xLog[l - c*x"2]*Log[l + c*x72])/4 + (
b~ 2*d*x*Log[1 + c*x72]72)/4 + (b™2xe*x(1 + c*x"2)*Logl[l + c*xx~2]72)/(8*c) +

(axbxexLog[l - c™2%x74])/(2*%c) - (b~2*exPolyLogl[2, (1 - c*x72)/2])/(4*c) +

(b~2%exPolyLog[2, (1 + cxx72)/2])/(4*c) + (b~2xd*PolyLogl[2, 1 - 2/(1 - Sqrt
[c]*x)])/Sqrtc] + (I*b~2xd*PolylLogl[2, 1 - 2/(1 - I*Sqrt[cl*x)])/Sqrtlc] -

((I/2)*b~2*xd*PolyLog[2, 1 - ((1 + I)*x(1 - Sqrtlcl*x))/(1 - I*Sqrtlcl*x)])/S
grtlc] + (I*b~2*xd*xPolyLogl[2, 1 - 2/(1 + I*Sqrtlc]*x)])/Sqrtlc] + (b~2*d*Pol
yLogl[2, 1 - 2/(1 + Sqrtlcl*x)])/Sqrtlc] - (b~2*d*PolyLog[2, 1 + (2%Sqrtlclx*
(1 - Sqrtl-cl*x))/((Sqrt-c] - Sqrtlcl)*(1 + Sqrtlcl*x))])/(2xSqrtlc]) - (b
~2xd*PolyLog[2, 1 - (2*Sqrtlcl*(1 + Sqrt[-cl#*x))/((Sqrtl[-c] + Sqrtlc])*(1 +
Sqrt[c]*x))]1)/(2*Sqrt[c]) - ((I/2)*b~2*d*PolyLogl[2, 1 - ((1 - I)*x(1 + Sqrt
[c]*x))/(1 - IxSqrtlcl*x)])/Sqrtlc]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091

Int[ArcTanh[(c_.)*(x_)~(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c™2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/Db
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2xb), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2%b), Int[1/(xr - s*x~2), x], x]] /; FreeQ[{a, b}, x] && G
tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)]*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(dx(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 - c™2%x"(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 6093

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]*(b_.))"(p_.), x_Symbol] :> Int[Expand
Integrand[(a + (b*Log[l + c*x"n])/2 - (b*Logl[l - c*x"n])/2)7p, x], x] /; Fr
eeQ[{a, b, ¢, n}, x] & IGtQ[p, 0] && IntegerQ[n]

Rule 2450

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_ ), x_Symbo
1] :> Simp[x*(a + bxLoglc*(d + exx™n) pl)~q, x] - Dist[bxe*n*p*q, Int[(x"n*
(a + bxLoglc*(d + exx™n)"pl)~(q - 1))/(d + exx"n), x], x] /; FreeQ[{a, b, ¢
, d, e, n, pr, x] & IGtQ[q, 0] && (EqQlq, 1] || IntegerQ[n])

Rule 2476

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_)*(x_)"(m
_Ox((f) + (g_.)x(x_ )" (s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Loglc*x(d + exx™n)"pl)~q, x"m*x(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQlq, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2448

Int[Logl(c_.)*((d) + (e_)*x(x_)"(m_)) (p_.)]1, x_Symbol] :> Simp[x*Log[c*(d
+ e*x"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, pr, xJ

Rule 321

Int[((c_)*x(x D))" (m )*((a_) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*(c*xx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™n*(m - n + 1))/ (o*(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2470

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)I*(b_.))/((f_) + (g_.)
x(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + gxx~2), x]}, Simp[ux(a + bx
Loglcx(d + e*x™n)~pl), x] - Dist[b*e*n*p, Int[(uxx~(n - 1))/(d + e*x"n), x]
, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & IntegerQ[n]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d.) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQ[c™2%d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bx*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
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p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (e*x)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2556

Int[Log[v_J]*Loglw_], x_Symbol] :> Simp[x*Logl[v]*Loglw], x] + (-Int[Simplify
Integrand [(x*Log[w]*D[v, x])/v, x], x] - Int[SimplifyIntegrand[(x*Log[v]*D[
w, x])/w, x], x]) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,
x]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*(x_)"(m_.))/((d_ ) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*xx"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, O]

)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*xx)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh [c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2447

Int[Log[u J1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x]13}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4928

Int[(((a_.) + ArcTan[(c_.)*(x )I*(b_.))*(x)"(m_.))/((d) + (e_.)*x(x)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x"m/(d + e*x"2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 01)

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -S
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2%xx72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*x(d + exx
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanlc
*xx])*Log[(2%c*x(d + e*xx))/((cxd + I*xe)*x(1 - I*xc*x))])/e, x]) /; FreeQl{a, b,
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c, d, e}, x] && NeQ[c™2xd"2 + 72, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(bxex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c™2xd] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*xLogl[2/(1 + (exx)/d)])/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 6099

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)J*(b_.)) " (p_.)*((d_)*(x_))"(m_.), x_Sy
mbol] :> Int[ExpandIntegrand[(d+*x) m*(a + (b*Log[l + c*x"n])/2 - (bxLogl[l -
c*x"nl)/2)7p, x], x] /; FreeQ[{a, b, c, d, m, n}, x] && IGtQ[p, O] && Inte
gerQ[m] && IntegerQ[n]

Rule 2454

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )" (0 ))~(p_)I*(M_.))"(q_)*x )" (m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Lo

glex(d + exx)7"pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},

x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[q, 0]) &&
' (EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)]*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x"n])"p, x], x, d + exx], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2296

Int[((a_.) + Logl(c_.)*x(x_)"(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[xx(a + b
xLog[c*x"n]) "p, x] - Dist[b*n*p, Int[(a + b*Loglcxx™n])~(p - 1), x], x] /;
FreeQ[{a, b, c, n}, x] && GtQlp, 0] && IntegerQ[2xp]

Rule 2295

Int[Logl(c_.)*(x_)"(n_.)], x_Symbol] :> Simpl[x*Loglc*x™n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2557

Int[Loglv_]*Loglw_J*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Loglv
1*xLoglw]l, z, x] + (-Int[SimplifyIntegrand[(z*Logl[wl*D[v, x])/v, x], x] - In
t[SimplifyIntegrand[(z*Log[v]*D[w, x])/w, x], x]) /; InverseFunctionFreeQ[z
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, x]J]1 /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rule 2475

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )" (0 ))~(p_)I*x_.))"(q_)*x )" (m
_Ox((f) + (g_)x(x_)"(s_))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim

plify[(m + 1)/n] - D*(f + gxx~(s/n)) r*(a + b*xLoglcx(d + e*x)7pl)~q, x], x
, x’n], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p, q, r, s}, x] && IntegerQ
[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/nl] && (GtQ[(m + 1)/n, 0]
Il IGtQlq, 01)

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 2416

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )) " (n_)1*x(_.))"(p_.)*x((h_.)*x(x_))
“(m_D)*((f) + (g_)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLogl[c*(d + e*x)"n])7p, (h*x) " mx(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
, d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_ ) + (e_)*(x_))"(n_)]1*(_.0)/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)"nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + gxx))/(exf - dxg)]/(d + e*x)
, x1, x] /; FreeQ[{a, b, ¢, d, e, £, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + gxx
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQ[g + cx
(exf - dxg), 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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f (d + ex) (a +btanh™ (cxz))2 dx = f (az(d + ex) + 2ab(d + ex) tanh ™" (cxz) +b2(d + ex) tanh ™" (sz)z) dx

Mathematica [A]

= —az(dz-;ex)z + (2ab) f (d + ex) tanh ™" (cxz) dx + b? f (d + ex) tanh ™" (cx2)2 ¢
—az(d + ex)” + (2ab) f (d tanh ™ (cxz) +extanh™! (cxz)) dx + b? f (d tanh”
W + (2abd) f tanh™" (ex?) dx + (b2d) f tanh ™" (cxz)z dx + (2abe)
W + 2abdx tanh ™ (cxz) + abex? tanh ™" (cxz) + (bzd) f (le log® (1 -

_ 2.4
@ + 2abdx tanh ™ (sz) + abex? tanh ™" (sz) + belos (zlc ° ) -

1
= 4b%dx + EbZex2 +

-1 -1
a2(d + ex)? N 2abd tan (\/Ex) _ 2abd tanh (\/Ex)

+ 2abdx tanh™} (cxz) 1

2e \e Ve

a?(d + ex)>  2abd tan”! (\/Ex) 2abd tanh™} (\/Ex)
+ _
2e Ve e
a?(d +ex)?  2abdtan™' (vox)  2abdtanh (vex)
+ _

+ 2abdx tanh™! (cxz) 1

—b2ex? +

—b2ex? +
5 ex

+ 2abdx tanh™} (cxz) y

2e \e Ve

1 2(d 2 2abdtan”!(vex) 2abdtanh”! (\ex
2 @d+exn)” (vex) - (V&) + 2abdx tant

2 2e \/E \/E
a2(d +ex)?  2abdtan™' (vox)  2abdtanh™ (vex)
+ _
2e \/E \/E
1 a?(d + ex)?  2abd tan™! (\/Ex) 2024 tan! (\/Ex) idtan™! (4
+ - +

2 Ve Ve Ve

+ 2a

-1 0201 2 -1
a2(d + ex)? N 2abd tan (\/Ex) ib*d tan (\/Ex) B 2abd tanh (\/Ex) )

2 YNNG Ve

-1 29 -1 2 -1
a2(d + ex)? N 2abd tan (\/Ex) ib*d tan (\/Ex) B 2abd tanh (\/Ex) )

2 NG Ve

-1 22 -1 2 -1
a2(d + ex)? . 2abd tan (\/Ex) ib*d tan (\/Ex) B 2abd tanh (\/Ex) )

+

2% Ve Ve Ve

a?(d +ex)? 2abdtan™' (yVex) ib?dtan” (\/Ex)2 2abd tanh™" (v/cx)
+ - —

+

2% Ve Ve Ve

(d+exp  2abdtan” (Vex) iPdtan” (Vex)  2abdtanh™ (vex)
+ + _ B

2 Ve Ve Ve

time = 3.18411, size = 684, normalized size = 0.63

PV (—PolyLog (2.3 (1= Vex2)) + PolyLog (2, (-3 - §) (Va2 -1)) + PolyLog (2, (-3 + 1) (Vex2 -1)) +

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x"2])72,x]
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[Out] (2*a~2*cxd*x~2 + a~2%c*kexx”3 + 4*axbkcxd*x”~2xArcTanh[cxx~2] + 4*axb*xd*Sqrt[
c*x”2]*(ArcTan[Sqrt [c*x72]] - ArcTanh[Sqrt[c*x72]]) + b~ 2*exx*ArcTanh[c*x"2
1x((-1 + c*x"2)*ArcTanh[c*x"2] - 2*xLog[l + E~(-2*%ArcTanh[c*x72])]) + axbxex
x* (2%c*x"2*%ArcTanh [c*x”2] + Logl[l - c”2*x"4]) + b~2*xexx*PolyLog[2, -E~(-2xA
rcTanh[c*x"2])] - b~2*d*Sqrt [cxx~2]*((2+I)*ArcTan[Sqrt [c*x~2]]72 - 4*ArcTan
[Sqrt [c*xx~2] ] *ArcTanh [c*x~"2] - 2*Sqrt[c*x~2]*ArcTanh[c*x"2]"2 - 2*ArcTan[Sq
rt[cxx"2]]*Log[1 + E~((4*I)*ArcTan[Sqrt[c*x~2]])] - 2%ArcTanh[c*x~2]*Log[1
- Sqrtlc*x~2]] + Logl[2]*Logl[l - Sqrt[c*x~2]] - Logl[l - Sqrtlc*x72]]172/2 + L
ogll - Sqrtlcxx~2]]1*Logl[(1/2 + I/2)*(-I + Sqrt[c*x72])] + 2%ArcTanh[c*x~2]*
Log[1l + Sqrtlc*x~2]] - Logl[2]*Logl[l + Sqrtlc*x~2]] - Logl((1 + I) - (1 - I)
*Sqrt [cxx"2]) /2] *Log[1 + Sqrtlc*x~2]] - Logl(-1/2 - I/2)*(I + Sqrtlc*x~2])]
xLog[1 + Sqrt[c*x72]] + Logl[l + Sqrtlc*x~2]]172/2 + Logl[l - Sqrt[c*x~2]]*Log
[((1 +1I)+ (1 - I)*Sqrtlc*x~2])/2] + (I/2)*PolyLogl[2, -E~((4*I)*ArcTan[Sqr
t[c*x72]1]1)] - Polylogl2, (1 - Sqrtlc*x~2])/2] + PolyLogl[2, (-1/2 - I/2)*(-1
+ Sqrt[c*xx~2])] + PolyLogl[2, (-1/2 + I/2)*(-1 + Sqrtlc*x~2])] + PolyLogl2,

(1 + Sqrtlc*x~2])/2] - PolyLogl2, (1/2 - I/2)*(1 + Sqrtlc*x~2])] - PolyLog
[2, (1/2 + I/2)*(1 + Sqrtlcxx~2])]))/(2%c*x)

Maple [F] time = 0.269, size = 0, normalized size = 0.

f(ex +d) (a + bArtanh (cxz))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(at+b*arctanh(c*x”2))"2,x)

[Out] int((e*x+d)* (at+b*arctanh(c*x”2))"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*arctanh(c*x~2))"2,x, algorithm="maxima")
g g

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azex +a%d + (bzex + bzd) artanh (cx2)2 + 2 (abex + abd) artanh (cxz) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a™2*exx + a~2*xd + (b~2xe*x + b~2xd)*arctanh(c*x~2)72 + 2x(axbxex*x
+ axb*d)*arctanh(c*x”2), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (sz))z (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(ckx**2))**2,x)

[Out] Integral((a + b*atanh(c*x**2))**2*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(b artanh (cxz) + u)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x~2) + a)~2, x)
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2
(a+b tanh™! (cxz))

d+ex

dx

3.30

Optimal. Leaf size=22

(u +btanh™! (sz))z
d+ex *

Unintegrable [

[Out] Unintegrable[(a + b*ArcTanh[c*x"2])72/(d + ex*x), x]

Rubi [A] time = 0.118826, antiderivative size = 0, normalized size of antiderivative =
. . ber of rul

0., number of steps used = 0, number of rules used = 0, integrand size = 0, Ll L
integrand size

0., Rules used = {}

X

f (a +btanh™ (sz))z ;

d+ex

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTanh[c*x"2])"2/(d + e*x),x]

[Out] (a"2xLogld + ex*x])/e + 2xa*b*Defer[Int] [ArcTanh[c*x72]/(d + e*xx), x] + b™2x%
Defer[Int] [ArcTanh[c*x"2]"2/(d + e*x), x]

Rubi steps

dx

(a +btanh ™ (cxz))2 a2 2abtanh™ (cxz) b2 tanh ™t (cx2)2
f dx = f + +
d+ex d+ex d+ex d+ex

2
2100(d tanh™* (cx? tanh™* (ca?
= er(ng)f#dezf#dx
e d+ex d+ex

Mathematica [A] time = 45.2428, size = 0, normalized size = 0.

dx

f (a +btanh™ (cxz))2

d+ex

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x72])72/(d + e*x),x]

[Out] Integrate[(a + b*ArcTanh[c*x72])72/(d + e*x), x]

Maple [A] time = 0.33, size = 0, normalized size = 0.

dx

f (a + bArtanh (sz))z

ex +d

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arctanh(c*x~2))"2/(e*xx+d) ,x)

[Out] int((atb*arctanh(c*x~2))~2/(exx+d),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

a2 log (ex + d) N f bz(log (cx2 + 1) ~log (—cx2 + 1))2 N ab(log (cx2 + 1) ~log (—cx2 + 1)) N

e 4 (ex +d) ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))~2/(e*x+d),x, algorithm="maxima"

[Out] a"2*log(e*xx + d)/e + integrate(1/4*b~2x(log(c*x~2 + 1) - log(-c*x”"2 + 1))72
/(exx + d) + axb*x(log(c*xx”™2 + 1) - log(-c*x”2 + 1))/(e*xx + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

b? artanh (cx2)2 + 2 abartanh (cxz) +a?

ex+d

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))~2/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x72)72 + 2xa*b*arctanh(c*x~2) + a”2)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))**2/(exx+d) ,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f (b artanh (cxz) + a)2

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))~2/(exx+d),x, algorithm="giac")

[Out] integrate((bxarctanh(c*x”2) + a)~2/(e*x + d), x)
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Optimal. Leaf size=22

2
(a+b tanh™! (cxz))

156

(d+ex)?

dx

(d + ex)?

1 o2
Unintegrable [ (a +btanh (cx )) ,x]

[Out] Unintegrable[(a + b*ArcTanh[c*x~2])72/(d + exx)~2, x]

Rubi [A]

0., number of steps used = 0, number of rules used = 0, integrand size = 0,

0., Rules used = {}

time = 0.368842, antiderivative size = 0, normalized size of antiderivative =

number of rules

integrand size

dx

f (a +btanh™ (cxz))2

(d + ex)?

Verification is Not applicable to the result.

[In] Int[(a + b*ArcTanh[c*x"2])"2/(d + e*x)~2,x]

[Out] -(a"2/(ex(d + exx))) + (2xaxb*xSqrt[c]*ArcTan[Sqrtlcl*x])/(c*d”2 + e72) - (2
xaxb*xSqrt [c] *ArcTanh [Sqrt[c]l*x])/(c*d”2 - e72) - (2*axb*ArcTanh[c*x"2])/ (ex*

(d + exx)) + (4xaxbxcxd*exLogld + e*xx])/(c"2xd"4 - e"4) - (a*bkxcxdxLogl[l -
c*xx”2])/(ex(c*d™2 - e72)) + (a*bkxcxdxLogl[l + cxx"2])/(ex(cxd”2 + e72)) + b~
2*%Defer [Int] [ArcTanh[c*x"2]"2/(d + e*xx)"2, x]

Rubi steps

a+btanh™! (cxz))2

f(

(d + ex)?

dx—f 4

drex? T @t | drex)?

2

2abtanh™ (cx2) b2 tanh ™! (cxz)2 ;
x

A

1 2\2
+ (2ab )fwdx+b2fde

e(d + ex) (d + ex)?
2cx
a? 2abtanh™ (cxz) 5 f tanh ™ (cxz)2 s (2a )f (d+ex)(1- c2x4
e(d + ex) e(d + ex) (d + ex)? * e
a? 2abtanh™ (cxz) ) f tanh ™! (cx2)2 s (4abc )f (d+ex) (1-c224) dx
e(d + ex) e(d + ex) (d + ex)? * e
3
2 4 L
a2 2abtanh™ (sz) 5 tanh ™! (sz) p (4abc)f ( 2d4+e4)(d+ex) * 2|
Ted+en) | ed+en) f drexy 7
_ _ 2
a? 2ab tanh ! (sz) N 4abcdelog(d + ex) 2 f tanh ! (sz) et (Zabc)j
- x
e(d + ex) e(d + ex) c2d4 — et (d + ex)? e (cdf
_ _ 2
a2 2abtanh™ (cxz) 4abcdelog(d + ex) 2 f tanh ™ (cxz) e (2abc)f
— x
e(d + ex) e(d + ex) c2d* — 4 (d + ex)? cd?
72 2aby/Jctan™! (\/Ex) 2abyJctanh ™ (\/Ex) 2abtanh™! (cxz) N dabcde 1o
e(d + ex) cd? + 2 cd? — e2 e(d + ex) c2d*
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Mathematica [A] time = 42.4755, size = 0, normalized size = 0.

f (u +btanh™ (cxz))2 n

(d + ex)?

Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTanh[c*x"2])72/(d + ex*x)~2,x]

[Out] Integrate[(a + b*ArcTanh[c*x72])72/(d + e*x)~2, x]

Maple [A] time = 0.457, size = 0, normalized size = 0.

dx

(u + bArtanh (cxz))z
f (ex +d)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*xx"2))"2/(exx+d)"2,x)

[Out] int((atb*arctanh(c*x~2))~2/(exx+d)"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~2))~2/(exx+d)~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

2
‘ | b? artanh (cxz) + 2 abartanh (cxz) + a?
t
Hesta e2x2 + 2 dex + d?

, X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x72)72 + 2xa*bk*arctanh(c*x~2) + a~2)/(e”2*x"2 + 2xd

xexx + d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))**2/(exx+d)**2,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

2
f (b artanh (cxzz) + a) i
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))~2/(exx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~2) + a)~2/(exx + d)72, x)
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332  [(d+ex)*(a+btanh” (cx®)) dx

Optimal. Leaf size=336

_ 2 2/3.,2 1
(d + ex)? (a +btanh™ (cx3)) bd? log (1 - c2/3x2) bd? log (04/3x4 + 3% + 1) V3bd? tan™" ( : \/xg . ) bde]
+ -~ + +
3e 24/c 4~c 24/c

[Out] -(Sqrt[3]*bxd*exArcTan[1/Sqrt[3] - (2%c~(1/3)*x)/Sqrt[3]])/(2xc~(2/3)) + (S
qrt [3]*bxd*e*xArcTan[1/Sqrt[3] + (2%c™(1/3)*x)/Sqrt[3]1]1)/(2*c~(2/3)) + (Sqrt

[3] *b*d~2*ArcTan[(1 + 2%c~(2/3)*x72)/Sqrt[3]1])/(2%c~(1/3)) - (bxd*exArcTanh
[c™(1/3)*x]1)/c™(2/3) + ((d + exx)"3x(a + bxArcTanh[c*x"3]))/(3*e) + (bxd~2%

Logl[l - c7(2/3)*x72])/(2xc™(1/3)) + (b*d*exLogl[l - c~(1/3)*x + c~(2/3)*x"2]

)/ (4xc™(2/3)) - (bxd*exLogl[l + c~(1/3)*x + c7(2/3)*x72])/(4*c™(2/3)) + (b*(

c*d”3 + e”3)xLog[l - c*xx73])/(6*c*xe) - (b*(c*d”3 - e"3)xLogl[l + c*xx~3])/(6%

cxe) - (bxd~2*xLogl[l + c~(2/3)*x"2 + c~(4/3)*x74])/(4xc~(1/3))

Rubi [A] time = 0.510885, antiderivative size = 332, normalized size of antiderivative =

. . ber of rul
0.99, number of steps used = 25, number of rules used = 14, integrand size = 18, o o TR
integrand size

= 0.778, Rules used = {6742, 6091, 275, 292, 31, 634, 617, 204, 628, 6097, 296, 618, 206,
260}

_1 [ 2¢3Rx241
ad+ex)? bdlog(1-c?Px?) b log(c*Pxt + HPx? +1) V3bd? tan™ ( NG ) bdelog (c?Px? - JJex +
+ - +

3e 2+c 4-]c 2+c * 423

Antiderivative was successfully verified.

[In] Int[(d + exx) 2*x(a + b*xArcTanh[c*x"3]),x]

[Out] (ax(d + e*xx)~3)/(3*e) - (Sqrt[3]*bxd*exArcTan[1/Sqrt[3] - (2%c~(1/3)*x)/Sqr
t[311)/(2xc™(2/3)) + (Sqrt[3]xb*d*exArcTan[1/Sqrt[3] + (2%c~(1/3)*x)/Sqrt([3
11)/(2xc™(2/3)) + (Sqrt[3]*b*d~2xArcTan[(1 + 2*c~(2/3)*x72)/Sqrt[31])/(2xc~
(1/3)) - (bxd*exArcTanh[c™(1/3)*x])/c™(2/3) + b*d~2*xxArcTanh[c*x"~3] + bxdx*
exx~2*%ArcTanh [c*x73] + (b*e”2%x"3*ArcTanh[c*x~3])/3 + (bxd~2*Log[l - ¢~ (2/3
)*x72])/(2%c™(1/3)) + (bxd*exLogl[l - c~(1/3)*x + ¢ (2/3)*x72])/(4*c”(2/3))

- (b*d*exLog[l + c~(1/3)*x + ¢~ (2/3)*x72])/(4%c~(2/3)) - (b*d"2xLog[l + c~(
2/3)*x72 + ¢~ (4/3)*x74]) / (4%c~(1/3)) + (bxe"2xLogl[l - c™2xx76])/(6%c)

Rule 6742

Int[u_, x_Symbol]l :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091

Int[ArcTanh[(c_.)*(x_ )~ (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 275

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)x(a + b*x~(n/k))7p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 292
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Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])"(-
1), Int[1/(Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3]1°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQl[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a)) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0]1)

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)J*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(d*(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 - c™2%x~(2*n)), x1, x] /;
FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 296

Int[(x )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), nl]l, s = Denominator[Rt[-(a/b), nl]], k, u}, Simp[u = Int[(r*Cos
[(2*%k*m*Pi)/n] - s*Cos[(2xk*x(m + 1)*Pi)/n]l*x)/(r~2 - 2*xr*xsxCos[(2*k+*Pi)/n]*
X + 872*xx72), x] + Int[(r*Cos[(2*k*m*Pi)/n] + s*Cos[(2*¥k*(m + 1)*Pi)/n]l*x)/
(r72 + 2xr*xs*Cos[(2%k*Pi)/nl*x + s72%x"2), x]; (2*xr"(m + 2)*Int[1/(r"2 - s~
2%x72), x])/(a*n*s”m) + Dist[(2*r"(m + 1))/(a*n*s”"m), Sum[u, {k, 1, (n - 2)
/4}1, x1, x11 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && Lt
Qm, n - 1] &% NegQ[a/Db]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

f (a(d +ex)? + b(d + ex)? tanh ™ (cx3)) dx

d 3 _
_adre) + bf(d +ex)? tanh ™! (cx3) dx
3e

a(d + ex)?

f (d + ex)? (a +btanh™ (cx3)) dx

=—— +b f (d2 tanh ™! (cx3) + 2dextanh ™! (cx3) +2x2tanh ™! (cx3)) d

3e
a(d + ex)®

-— " 4 (bdz) f tanh ™" (cx3) dx + (2bde) f xtanh™ (cx3) dx + (bez) J

3e
a(d + ex)?

=~ 4 bdPxtanh (cx3) + bdex? tanh ™ (cx3) + %bezx3 tanh ™ (cx3) -

3e

a(d + ex)®

= — "/ 4 bdxtanh”} (cx3) + bdex? tanh ™! (cx3) + %bezx3 tanh ™t (cx3) +

3e

a(d + ex)®> bde tanh™! (\%x)

= + bd?xtanh™ (cx3) + bdex? tanh ™" (cx3) + %

3e c23

(/'l(d + ex)3 bde tanh_l (\S/EX)

= + bd?x tanh ™" (cx3) + bdex? tanh ™ (cx3) + %

3e c2/3
3 oy
ad + ey V3bdetan™ (%) ‘/gdetan_l(l+iff) bde tanh ™" (¥
- 3e B 2c2/3 * 2c2/3 - c2/3

3 3
ad + ex? \/gbdetan'l(l_z\/zx) \/gbdetan'l(nz‘/zx) \/§bd2tan'1(

_ G ), ),

3e 2c2/3 2c2/3

Mathematica [A] time = 0.279358, size = 299, normalized size = 0.89

24/c

12acd?x + 12acdex? + dace?x® — 3b/cd (\%d - e) log (c2/3x2 — fex + 1) — 3b+cd (\3/501 + e) log (c2/3’x2 + {ex + 1) +

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx)"2%(a + bxArcTanh[c*x~3]),x]

[Out] (12*a*c*d™2xx + 12*axckdxe*x”™2 + 4xaxckxe”2*%x~3 + 6xSqrt[3]*bxc™(1/3)*dx(c(

1/3)*d + e)*ArcTan[(-1 + 2*xc™(1/3)*x)/Sqrt[3]] - 6*Sqrt[3]*b*xc™(1/3)*d*(c™(
1/3)*d - e)*ArcTan[(1 + 2xc™(1/3)*x)/Sqrt[3]] + 4*bxc*x*(3*d~2 + 3*d*xexx +
e”2xx"2)*ArcTanh [c*x~3] + 6*%b*xc~(1/3)*d*(c~(1/3)*d + e)*Log[l - c~(1/3)*x]
+ 6xbxc”(1/3)*d*(c™(1/3)*d - e)*Logl[l + c~(1/3)*x] - 3*bxc™(1/3)*d*(c~(1/3)
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xd - e)*xLogl[l - c”(1/3)*x + c~(2/3)*x72] - 3*bxc™(1/3)*d*x(c”(1/3)*d + e)*Lo
gll + c~(1/3)*x + ¢~ (2/3)*x"2] + 2xb*e"2xLog[l - c™2*x~6])/(12%c)

Maple [A] time = 0.032, size = 500, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 2% (at+b*arctanh(c*x~3)),x)

[Out] 1/3*a*xx”3*e”2+a*xx~2*xd*e+a*xx*d”~2+1/3*a/e*xd"3+1/3*b*xe”2*arctanh (c*x™3) *x~3+bx*
exarctanh (c*x~3) *x~2*d+b*arctanh (c*xx~3) *x*xd~2+1/3*b/e*xarctanh (c*xx~3)*d"3+1/
2%b/c*d”2/(1/c) " (2/3)*1n(x-(1/c)~(1/3))-1/4%b/cxd~2/(1/c)~(2/3)*1n(x"2+(1/c
)" (1/3)*x+(1/c)~(2/3))-1/2*b/c*d~2/(1/c) " (2/3)*37(1/2) *arctan(1/3*3~ (1/2) *(
2/(1/c)”(1/3)*x+1))+1/2%bxe/c*xd/(1/c)~(1/3) *1In(x-(1/c) ~(1/3))-1/4*b*xe/c*xd/ (
1/c)7(1/3)*1n(x"2+(1/c)~(1/3)*x+(1/c)~(2/3) ) +1/2xb*e/c*d*37(1/2) /(1/c)~(1/3
Y¥arctan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x+1) )+1/6*xb/e*1n(c*x~3-1)*d~3+1/6*b*e”2
/cx1n(c*x~3-1)+1/2*%b/c*d~2/(1/c)~(2/3)*1n(x+(1/c)~(1/3))-1/4xb/cxd"2/(1/c) ™
(2/3)*In(x"2-(1/c) "~ (1/3)*x+(1/c)~(2/3))+1/2%b/cxd"2/(1/c)~(2/3)*3~ (1/2) *arc
tan(1/3*%37(1/2)*(2/(1/c) "~ (1/3)*x-1))-1/2%bxe/c*d/(1/c)~(1/3) *1In(x+(1/c) " (1/
3))+1/4xb*xe/c*xd/(1/c)~(1/3)*1n(x"2-(1/c) " (1/3) *x+(1/c)~(2/3) ) +1/2*bxe/c*d*3
~(1/2)/(1/c)~(1/3)*arctan(1/3%3~(1/2)*(2/(1/c)~(1/3)*x-1))-1/6%b/e*x1n(c*x"3
+1)*d"3+1/6*xbxe”2/cx1n(c*x~3+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2x(a+b*arctanh(c*x~3)),x, algorithm="maxima")
g g

[Out] Exception raised: ValueError

Fricas [C] time = 18.1893, size = 20131, normalized size = 59.91

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*x(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/24*(8*axcxe”2xx~3 + 24*a*xckd*e*xx™2 + 24*xaxcxd™2xx - 2% (2% (1/2)7(2/3)*(b"2
*xe"4/c”2 - (9%cxd"3xe + e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2*¥b"3*e”6/c”3 + 27x
(c*d™3 + e73)*b73*d"3/c”2 - 3*(9*cxd"3*e + e74)*b"3*e”2/c”3 + (27*c"2xd"6 +
e"6)*b~3/c"3)"(1/3) - 2xbxe”2/c + (1/2)"(1/3)*(2*xb~3*%e”6/c”3 + 27*(c*xd~3 +
e”3)*b"3*d"3/c”2 - 3*%(9*c*d"3*e + €74)*b"3*e”2/c”3 + (27*c"2*%d"6 + e76)*b”
3/c”3)7(1/3)*(I*xsqrt(3) + 1))*c*xlog(15*b~2*c*xd~3*%e”2 + b~ 2*%e”5 + 1/4*%(2*x(1/
2)7(2/3)%(b"2*%e"4/c”2 - (9*c*d"3*xe + e74)*b~2/c”2)*(-I*sqrt(3) + 1)/(2%b~3x
e”6/c”3 + 27*(c*d"3 + e73)*b"3%d"3/c”2 - 3*(9*kc*kd"3*e + e74)*b"3%e"2/c”3 +
(27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)~(1/3)*(2*¥b"3*e"6/c”3
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+ 27*%(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*kckd"3*e + e74)*b"3%e”2/c”3 + (27*c”2x*
d”6 + e76)*b"3/c”3) 7 (1/3)*(I*sqrt(3) + 1)) 2xc™2%e - 1/2%(3*b*c™2*%d"3 - 2xb
xcxe”3)*x (2% (1/2)7(2/3)*(b"2*%e"4/c”2 - (9%c*d"3*e + e74)*b~2/c”2)*(-I*sqrt(3
) + 1)/(2%b"3%e”6/c”3 + 27*(c*xd™3 + e73)*b~3%d"3/c”2 - 3*(9*kc*xd"3*e + e74)*
b"3*%e”2/c”3 + (27*c”2%d"6 + e76)*b"3/c"3)"(1/3) - 2%b*e”2/c + (1/2)"(1/3)*(
2*%b”"3%e”6/c”3 + 27x(c*d”3 + e73)*b"3*d"3/c”2 - 3*(9*c*d"3*e + e74)*b"3*xe"2/
c”3 + (27%c”2xd"6 + e€76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1)) + 9% (b"2*c™2*d"5 +
bT2xcxd"2%e"3) *x) - 2% (2% (1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*xd"3*xe - e74)*b"2/
c"2)*(-I*xsqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3 - e73)*b~3*d"3/c”2 + 3% (9%
cxd"3%e - e74)*b"3*%e”2/c”3 + (27*c"2*%d"6 + e76)*b"3/c"3)"(1/3) - 2xb*xe"2/c
+ (1/2)7(1/3)*(2*xb"3%e"6/c"3 - 27*(c*d”™3 - e73)*b~3*xd~3/c"2 + 3*(9*c*d™3*e
- e74)*b"3xe”2/c”3 + (27*c72*d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) *cx*l
0g(15*b~2%c*d"3*e”2 - b~ 2%e”5 - 1/4%(2%(1/2)7(2/3)*(b"2%e”4/c”2 + (9*c*xd~3x
e - e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3*%e"6/c”3 - 27*(c*d"3 - e~3)*b~3*d"
3/c”2 + 3% (9*cxd"3%e - e"4)*b"3%e"2/c”3 + (27*c”2*xd"6 + e”6)*b"3/c"3)"(1/3)
- 2%b*e”2/c + (1/2)°(1/3)*(2%¥b"3%e"6/c”3 - 27*(c*d"3 - e~3)*b"3*d"3/c"2 +
3x(9*cxd"3*xe - e74)*b"3*%e”2/c”3 + (27xc"2+%d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt
(8) + 1))72*xc™2%e — 1/2*%(3%b*c”2*%d"3 + 2xbkxcxe”3)*x(2x(1/2)~(2/3)*(b"2*e"4/c
T2 + (9%c*xd”"3xe - e74)*b72/c”2)*(-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3
- e73)*b73*d"3/c”2 + 3% (9*xc*d"3*xe - e74)*b"3*e”2/c”3 + (27*c"2*%d"6 + e76)*
b~3/c”3)"(1/3) - 2¥b*e”2/c + (1/2)"(1/3)*(2*¥b"3*%e"6/c"3 - 27*(c*d"3 - e~ 3)*
b~3*%d"3/c”2 + 3% (9xcxd"3*e - e74)*b"3*e”2/c”3 + (27*c”2xd"6 + e76)*b"3/c”3)
T(1/3)*(I*sqrt(3) + 1)) - 9% (b72%c™2xd"5 - b7™2xc*d"2%e”3)*x) + (6%b*e”2 + (
2x(1/2)7(2/3)*x(b~2*%e"4/c”2 + (9*cxd"3*%e - e74)*b~2/c”2)*(-Ixsqrt(3) + 1)/(2
*b"3%e”6/c”3 - 27*(c*d”3 - e73)*b"3*d"3/c”2 + 3*%(9*kcxd"3xe - e74)*b"3*xe"2/c
~3 + (27*c”2*d"6 + e76)*b"3/c"3)"(1/3) - 2*b*e”2/c + (1/2)"(1/3)*(2%b"3*e"6
/c”3 = 27*%(c*d”3 - e73)*b"3%d"3/c”2 + 3*(9*kc*kd"3*e - e74)*xb"3%e"2/c”3 + (27
*C"2+%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c + 3*sqrt(1/3)*c*sqrt((144
*b"2%c*d"3*%e - 4*xb"2xe"4 - 4% (2% (1/2)7(2/3)*(b"2*e"4/c”2 + (9*c*d"3*e - €74
)*¥b72/c”2) % (~I*sqrt(3) + 1)/(2*%b"3%e”6/c”3 - 27*(c*d”3 - e73)*b~3%d"3/c"2 +
3% (9*c*kd"3*e - e74)*b"3*%e"2/c”3 + (27*c”2*d"6 + e"6)*b~3/c"3)"(1/3) - 2*b*
e”2/c + (1/2)"(1/3)*(2*b~3%e”6/c"3 - 27*(c*d™3 - e73)*b~3*d"3/c”2 + 3*(9*c*
d"3%e - e74)*b"3%e”2/c”3 + (27*c72*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1
))xbxcxe”2 - (2%(1/2)7(2/3)*(b"2*xe"4/c”2 + (9%c*d"3*e - e74)*b~2/c”2)*x(-I*s
qrt(3) + 1)/(2xb~3*%e"6/c”3 - 27*(cxd"3 - e73)*b~3*%d"3/c”2 + 3*%(9*c*xd"3xe -
e"4)*xb"3*%e"2/c”3 + (27*c"2*%d"6 + e76)*b"3/c”3)"(1/3) - 2xbxe”2/c + (1/2)"(1
/3)*%(2%b"3*%e”6/c”3 - 27*(cxd”3 - e73)*b"3*d"3/c”2 + 3*(9*xcxd"3*e - e”4)*b"3
xe72/c”3 + (27*c”2*%d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))72%c™2)/c"2))*
log(-15%b~2%c*xd"3*%e”2 + b~™2xe”5 + 1/4%x(2x(1/2)7(2/3)*(b"2*%e"4/c”2 + (9%c*d”
3xe - e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%b~3%e”6/c”3 - 27x(c*d”3 - e73)*b~3x
d"3/c”2 + 3%(9*kcxd"3*e - e”4)*b"3*e"2/c”3 + (27*c"2*%d"6 + e”6)*b~3/c”3)"(1/
3) - 2*xb*e”2/c + (1/2)"(1/3)*(2%b"3*e”6/c”3 - 27*(c*d”3 - e73)*b"3*d"3/c"2
+ 3% (9xc*d"3%e - e74)*b"3%e72/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) " (1/3)*(I*sq
rt(3) + 1))72%c™2xe + 1/2%(3*b*c™2*d"3 + 2xbxc*xe”3)*(2x(1/2)~(2/3) * (b~ 2*e”4
/c”2 + (9%c*xd"3*e - e74)*b"2/c”2)*x(~I*xsqrt(3) + 1)/(2xb~3*%e”6/c”3 - 27*x(cxd
"3 - e73)*b"3*%d"3/c”2 + 3% (9*kc*xd"3*ke — e"4)*b"3*%e”2/c”3 + (27*c"2%d"6 + e”6
)*b~3/c”3)"(1/3) - 2*xb*e”2/c + (1/2)"(1/3)*(2%b"3*%e”6/c”3 - 27*(c*d"3 - e~3
)*¥b7"3*%d"3/c”2 + 3*(9%c*d"3xe - €74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b"3/c”
3)7(1/3)*(I*xsqrt(3) + 1)) - 18%(b72*c™2*d"5 - b~ 2*xc*d"2*e~3)*x + 3/4xsqrt(1
/3) % (6*%b*c™2*d"3 - 2xbxcxe”3 - (2%(1/2)7(2/3)*(b"2*e"4/c"2 + (9*c*d"3*e - e
“4)xb"2/c”2) % (~Ixsqrt(3) + 1)/(2%b~3%e”6/c”3 - 27x(c*xd”~3 - e73)*b~3*d"3/c"2
+ 3% (9*c*xd"3*xe - e74)*b"3*%e”2/c”3 + (27*c”2*%d"6 + e76)*b"3/c”3)"(1/3) - 2%
b*xe~2/c + (1/2)7(1/3)*(2*¥b~3%e"6/c"3 - 27*(c*d™3 - e73)*b"3*d"3/c”2 + 3* (9%
cxd"3%e - e74)*xb”"3%e72/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)"(1/3)*(I*sqrt(3) +
1)) *c™2%e) *sqrt ((144%b~2xc*d"3*e - 4*b"2xe”4 - 4x(2x(1/2)~(2/3)*(b"2*e~4/c
T2 + (9%cxd"3xe - e74)*b”2/c”2)*(-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3
- e73)*b"3*d"3/c”2 + 3% (9*xc*d"3*e - e74)*b"3*e"2/c”3 + (27*c"2*%d"6 + e76)*
b~3/c”3)"(1/3) - 2*b*e"2/c + (1/2)"(1/3)*(2*¥b"3*e"6/c”3 - 27*(c*d”3 - e73)x*
b~3*%d"3/c”2 + 3% (9xcxd"3*e - e74)*b”"3*e"2/c”3 + (27*c72*xd"6 + e76)*b"3/c”3)
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“(1/3)*(I*sqrt(3) + 1))*bxcxe”2 - (2x(1/2)7(2/3)*(b"2*%e"4/c”2 + (9*c*d"3*e
- e74)*b"2/c”2) % (-I*sqrt(3) + 1)/(2%b73%e”6/c”3 - 27*(c*d”3 - e73)*b~3*d~3/
c”2 + 3%(9xcxd”"3*e - e74)*b"3*e”2/c”3 + (27*c72*xd”"6 + e76)*b"3/c”3)"(1/3) -
2xb*xe~2/c + (1/2)7(1/3)*(2xb~3%e"6/c”3 - 27*(c*d"3 - e73)*b~3%d"3/c"2 + 3%
(9%c*d"3*e - e74)*b"3*%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c"3) " (1/3)*(I*sqrt(3
) + 1))72%xc72)/c”2)) + (6xb*e”2 + (2x(1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*d~3x*e
- e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%b"3*e"6/c”3 - 27x(c*d”3 - e73)*b~3*d~3/
c”2 + 3*%(9*xc*d"3*%e - e74)*b"3xe”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3)"(1/3) -
2xb*xe~2/c + (1/2)7(1/3)*(2xb~3%e"6/c”3 - 27*(c*d"3 - e73)*b~3%d"3/c"2 + 3%
(9%c*d"3*e - e74)*b"3*%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c"3) " (1/3)*(I*sqrt(3
) + 1))*%c - 3*xsqrt(1/3)*c*sqrt ((144%b~2xc*d"3%e - 4*b"2xe”4 - 4x(2x(1/2)7(2
/3)*(b"2%e"4/c”2 + (9%cxd"3*%e - e74)*b”2/c”2)*(-I*sqrt(3) + 1)/(2%b~"3*e”6/c
3 - 27*%(cxd”3 - e73)*b7"3%d"3/c”2 + 3% (9*c*xd"3xe - e74)*b"3*e”2/c”3 + (27*c
“2*d"6 + e76)*b~3/c”3)7(1/3) - 2*xbxe”2/c + (1/2)7(1/3)*(2*xb~3%xe”6/c"3 - 27*
(c*xd™3 - e73)*b~3*d"3/c”2 + 3x(9*c*d"3*e - e74)*b"3*e”2/c”3 + (27*c”2xd"6 +
e”6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*b*xcxe”2 - (2%(1/2)7(2/3)*(b"2%e"4/c"2
+ (9%cxd”"3*e - e74)*b"2/c”2)*(~Ixsqrt(3) + 1)/(2*xb~3%xe”6/c”3 - 27*(cxd”3 -
e”3)*b"3*d"3/c”2 + 3% (9*kc*d"3*e - e74)*b"3xe”2/c”3 + (27*c72*d"6 + e76)*b”
3/c”3)7(1/3) - 2xb*xe”2/c + (1/2)7(1/3)*(2%¥b~"3*e"6/c”3 - 27x(c*d"3 - e73)*b~
3*xd~3/c”2 + 3% (9*c*xd"3xe - €74)*b"3%e"2/c”3 + (27*c”2*xd"6 + e76)*b~3/c”3) " (
1/3)*(I*sqrt(3) + 1))72%c"2)/c”2))*log(-15*%b~2xcxd"3*e”2 + b~ 2%e”5 + 1/4x%(2
*x(1/2)7(2/3)*(b"2*%e"4/c”2 + (9*c*xd"3xe - e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%
b~3%e”6/c”3 - 27*(c*d"3 - e73)*b~3*d"3/c”2 + 3*%(9*c*d"3*%e - e”4)*b"3xe”2/c”
3 + (27*c”2xd"6 + e76)*b~3/c”3)"(1/3) - 2xb*e”2/c + (1/2)7(1/3)*(2%b~3*e”~6/
c™3 - 27*(c*d"3 - e73)*b"3*d"3/c”2 + 3% (9*kc*d"3*e - e74)*b"3xe”2/c”3 + (27%
c"2*%d”™6 + e"6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))72xc"2%e + 1/2%(3xb*xc”2*d"3 +
2xbxcxe”3)* (2% (1/2) 7 (2/3) *(b"2%e"4/c”2 + (9*c*d"3*e - e74)*b"2/c”2)*(-I*sq
rt(3) + 1)/(2%xb~3%e"6/c”3 - 27x(c*d"3 - e73)*b"3*d"3/c”2 + 3*%(9*c*d"3xe - e
“4)*b"3*%e"2/c”3 + (27xc”2xd"6 + e76)*b~3/c"3)"(1/3) - 2%bxe”2/c + (1/2)°(1/
3)*(2%b~3%e"6/c"3 - 27*(c*d”3 - e73)*b”"3*%d"3/c”2 + 3% (9*c*xd"3*%e - e74)*b~3x
e72/c”3 + (27xc”2*d"6 + e76)*b~3/c”3) " (1/3)*x(Ixsqrt(3) + 1)) - 18%(b~2*c™2x
d”5 - b72*cxd"2%e"3)*x - 3/4*sqrt(1/3)*(6%b*xc™2xd"3 - 2%bkxcxe”3 - (2%(1/2)~
(2/3)*%(b"2%xe"4/c”2 + (9*c*d"3xe - e74)*b7"2/c”2)*(~-I*sqrt(3) + 1)/(2*%b"3*e”6
/c”3 = 27*(c*d"3 - e73)*b~3*d"3/c”2 + 3*(9*c*d"3*%e - e74)*xb"3xe”2/c”3 + (27
*xCc"2%d"6 + e76)*b"3/c”3)7(1/3) - 2%bxe”2/c + (1/2)"(1/3)*(2*¥b~3*e"6/c"3 - 2
7Tx(cxd™3 - e73)*b~3*%d"3/c”2 + 3*%(9*c*d"3xe - e"4)*b"3xe”2/c”3 + (27*c”2*d"6
+ e76)*b73/c”3) 7 (1/3)*(I*xsqrt(3) + 1))*c 2%e)*sqrt((144*b~2*cxd"3*%e - 4*b~
2xe”4 - 4x(2x(1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*d"3*e - e”4)*b~2/c”2)*(-I*sqrt
(3) + 1)/(2%b"3%xe”6/c”3 - 27*(c*xd”3 - e73)*b~3*xd"3/c”2 + 3*(9*c*d"3*%e - e74
)*b~3*%e”2/c”3 + (27xc”2%d"6 + e76)*b"3/c"3)"(1/3) - 2*bxe”2/c + (1/2)7(1/3)
*x(2xb~3%e"6/c”3 - 27x(cxd”™3 - e73)*b~3*%d"3/c”2 + 3*(9xc*d"3xe - e74)*b"3xe”
2/c”3 + (27*c72*%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*b*xcxe”™2 - (2*(1/
2)7(2/3)%(b"2%xe"4/c”2 + (9*c*d"3*e - e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x
e76/c”3 - 27*(c*xd”3 - e73)*b7"3%d"3/c”2 + 3% (9*c*xd"3xe - e74)*b"3*e”2/c”3 +
(27*c™2*%d"6 + e76)*b~3/c~3)"(1/3) - 2*bxe”"2/c + (1/2)~(1/3)*(2*b~3*e”6/c”3
- 27x(c*xd"3 - e73)*b"3*%d"3/c”2 + 3*%(9*c*xd"3xe - e"4)*b"3xe”2/c”3 + (27*c”2x
d”6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))72*c~2)/c”2)) + (6%bxe”2 + (2*(1/
2)7(2/3)*(b"2%xe"4/c”2 - (9%c*d"3*e + e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x
e76/c”3 + 27*(c*d”3 + e73)*b”"3%d"3/c”2 - 3*(9*c*xd"3%e + e74)*b"3%e"2/c”3 +
(27xc™2*d"6 + e76)*b"3/c”3)7(1/3) - 2*bxe”2/c + (1/2)7(1/3)*(2xb~3*%e~6/c”3
+ 27x(cxd”3 + e73)*b~3*%d"3/c”2 - 3% (9*c*d"3xe + e”4)*b"3xe”2/c”3 + (27*c”2x
d™6 + e76)*b~3/c”3) " (1/3)*x(I*sqrt(3) + 1))*c + 3*ksqrt(1/3)*cxsqrt(-(144%b~2
xckd"3%e + 4xb"2xe”4 + 4x(2%x(1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3*%e + e”4)*b”
2/c”2)*x(~Ixsqrt(3) + 1)/(2xb"3%e”6/c”3 + 27*(cxd™3 + e73)*b~3*xd"3/c”2 - 3x*(
Oxc*d"3%e + e74)*b"3xe”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3)"(1/3) - 2*b*xe”2/
c + (1/2)7(1/3)*(2%b"3*%e"6/c”3 + 27x(c*d"3 + e73)*b"3*d"3/c"2 - 3x(9*cxd™3*
e + e74)*b"3xe”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) 7 (1/3)*(I*sqrt(3) + 1))*b
xcke™2 + (2x(1/2)7(2/3)*(b"2%e™4/c”2 - (9%cxd"3*%e + e74)*b"2/c”2) *(-I*sqrt(
3) + 1)/(2%b"3%e”6/c”3 + 27x(c*xd”™3 + e73)*b~3*d"3/c”2 - 3% (9*c*d"3xe + e74)



165

*b~3*%e”2/c”3 + (27*c"2%d"6 + e76)*b~3/c”3)"(1/3) - 2%b*e”2/c + (1/2)"(1/3)*
(2%b~3%e76/c”3 + 27*(c*d”™3 + e73)*b"3%d"3/c”2 - 3*(9*kc*xd"3*e + e74)*b " 3*e”2
/c”3 + (27xc”2*%d"6 + e76)*b"3/c”3) 7 (1/3)*(I*sqrt(3) + 1)) 2xc~2)/c”~2))*log(
-15%b"2%c*xd"3*%e”2 — b 2%e”5 - 1/4x(2x(1/2)"(2/3)*(b"2%e"4/c”2 - (9*c*xd " 3*e
+ e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2xb~3%e”6/c”3 + 27x(c*d”3 + e73)*b~3*d"3/
c”2 - 3%(9%c*d"3*e + e74)*b"3*e"2/c”3 + (27*%c”2*%d"6 + e76)*b"3/c"3)"(1/3) -
2%b*e”2/c + (1/2)7(1/3)*(2%b"3%e"6/c”3 + 27*(c*d"3 + e73)*b~3%d"3/c"2 - 3%
(9%c*d"3*e + e74)*b"3*%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3
) + 1))72%c"2%e + 1/2*%(3*bxc”2*%d"3 - 2*b*xc*xe”3) * (2% (1/2) " (2/3)*(b"2xe~4/c"2
= (9%c*d"3xe + e74)*b"2/c”2)*(~Ixsqrt(3) + 1)/(2¥b"3*e”6/c”3 + 27*(c*d”3 +
e”3)*b”3*d"3/c”2 - 3% (9xcxd"3%e + e”4)*b"3*e”2/c”3 + (27*c”2*%d"6 + e76)*b”
3/c73)7(1/3) - 2xbxe”2/c + (1/2)7(1/3)*(2*xb"3*e”6/c~3 + 27*(c*d”3 + e€73)*b~
3*d"3/c”2 - 3% (9*cxd"3*e + e74)*b"3*%e”2/c”3 + (27*c"2xd"6 + e76)*b~3/c”3) " (
1/3)*(I*sqrt(3) + 1)) + 18%(b"2xc™2xd"5 + b™2xc*xd"2xe”3)*x + 3/4xsqrt(1/3)*
(6xb*c™2%d"3 + 2*bkxc*xe™3 + (2x(1/2)7(2/3)*(b"2*e"4/c”2 — (9*c*d"3*e + e74)*
b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3*%e”6/c”3 + 27*(c*xd"3 + e73)*b~3*%d"3/c"2 - 3
*(9*%cxd"3*e + e€74)*b"3*%e”2/c”3 + (27*c”2%d"6 + e76)*b~3/c”3)"(1/3) - 2%bxe”
2/c + (1/2)"(1/3)*(2*b~3*e"6/c”3 + 27*(c*d"3 + e73)*b~3*d"3/c”2 - 3*(9*c*d”
3xe + e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))
xC"2%e) xsqrt (- (144*b~2%c*d"3*e + 4*b"2%e”4 + 4x(2x(1/2)7(2/3)*(b"2xe~4/c"2
- (9%c*d"3*%e + e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2*%b"3*%e”6/c”3 + 27*(c*d”3 +
e”3)*b"3*%d"3/c”2 - 3*(9*cxd"3%e + e74)*b"3*e”2/c”3 + (27xc”2*%d"6 + e76)*b”3
/c”3)"(1/3) - 2*b*xe”2/c + (1/2)"(1/3)*(2*¥b"3*e"6/c”3 + 27*(c*d”"3 + e73)*b~3
*d73/c”2 - 3%(9*kc*xd"3*ke + e”4)*b"3*e”2/c”3 + (27*c"2*%d"6 + e76)*b"3/c"3)" (1
/3)*(Ixsqrt(3) + 1))*bxc*xe™2 + (2x(1/2)7(2/3)*(b"2*%e"4/c”2 - (9*c*xd"3*e + e
“4)xb~2/c”2) % (-Ixsqrt(3) + 1)/(2%b~3*e”6/c”3 + 27x(cxd”~3 + e73)*b~3*d"3/c"2
- 3*%(9*c*kd"3*e + e74)*b"3%e"2/c”3 + (27*c”2*d”6 + e76)*b~3/c"3)"(1/3) - 2%
bxe~2/c + (1/2)7(1/3)*(2*%b"3*e”6/c”3 + 27x(c*d"3 + e73)*b~3*d"3/c”2 - 3% (9%
c*d"3%e + e74)*b"3%e”2/c”3 + (27xc”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) +
1))72xc”2)/c”2)) + (6%b*xe”2 + (2x(1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3*e + e
“4)xb"2/c”2) % (-Ixsqrt(3) + 1)/(2%b~3*e”6/c”3 + 27x(c*xd”3 + e73)*b~3*d"3/c"2
- 3*%(9*c*d"3*e + e74)*b"3%e"2/c”3 + (27*c”2*d”6 + e76)*b~3/c"3)"(1/3) - 2%
bxe~2/c + (1/2)7(1/3)*(2*%b~3*e”6/c”3 + 27x(c*d”3 + e73)*b~3*d"3/c”2 - 3% (9%
c*d"3%e + e74)*b"3%e”2/c”3 + (27xc”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) +
1))*c - 3*xsqrt(1/3)*c*xsqrt(-(144%b~2xcxd"3*e + 4xb~2xe”4 + 4x(2x(1/2)7(2/3
)*¥(b~2%e"4/c”2 - (9*cxd"3%e + e"4)*b~2/c”2)*(~I*sqrt(3) + 1)/(2xb~3*e”6/c”3
+ 27*(cxd™3 + e73)*b"3*%d"3/c”2 - 3*(9*kcxd"3xe + e74)*b"3*%e”2/c”3 + (27*c”2
*d"6 + e76)*b~3/c”3)7(1/3) - 2xb*xe”2/c + (1/2)7(1/3)*(2%b~"3*e"6/c”3 + 27*(c
*d"3 + e73)*b73*d"3/c72 - 3% (9*c*d"3*e + e74)*b"3*e”2/c”3 + (27*c72%d76 + e
“6)*b~3/c”3) " (1/3) % (I*sqrt(3) + 1))*bkxcxe”2 + (2%(1/2)7(2/3)*(b"2%e"4/c"2 -
(9%c*d"3%e + e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2*b~3*%e"6/c”3 + 27*(c*d"3 + e
~3)*b"3*%d"3/c”2 - 3*%(9*cxd"3*e + e74)*b"3*e”2/c”3 + (27*c”2*xd"6 + e76)*b"3/
c™3)7(1/3) - 2xb*e”2/c + (1/2)°(1/3)*(2%b"3%e~6/c”3 + 27*(c*d"3 + e”3)*b~3*
d"3/c”2 - 3%(9*%c*xd"3*e + e”4)*b"3*e”2/c”3 + (27*c"2%d"6 + e”6)*b~3/c”3)"(1/
3)*(I*xsqrt(3) + 1))72%xc”2)/c”2))*Llog(-16%b~2xc*d"3*xe”2 - b™2xe”5 - 1/4x(2x(
1/2)7(2/3)*(b"2xe"4/c”2 - (9xc*d”"3*e + e74)*b~2/c”2)*(~I*sqrt(3) + 1)/(2*b~
3%e”6/c”3 + 27+ (cxd”3 + e73)*b"3*d"3/c”2 - 3*(9*c*xd"3*e + e74)*xb"3*e”2/c”3
+ (27*c™2*%d"6 + e76)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)~(1/3)*(2%¥b~3*e"6/c”
3 + 27*(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*kc*xd"3*e + e74)*b"3*%e”2/c”3 + (27*c”
2xd"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1)) 2xc"2%e + 1/2%(3*b*c™2*d"3 - 2
xb*xcxe”3) * (2% (1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3*e + e74)*b~2/c”2)*x(-I*sqrt
(3) + 1)/(2xb"3*%e"6/c”3 + 27*(c*d”3 + €73)*b~3*%d"3/c”2 - 3*(9*c*d"3*e + €74
)*¥b”"3*%e"2/c”3 + (27*c”2*d"6 + e76)*b~3/c"3)"(1/3) - 2xb*e”2/c + (1/2)°(1/3)
*(2+%b"3%e”6/c”3 + 27*(cxd”3 + e73)*b"3*d"3/c”2 - 3*(9*cxd"3xe + e74)*b " 3*e”
2/c”3 + (27*%c72*%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) + 18*x(b~2*c”™2*d"
5 + b72xc*xd"2xe"3)*x - 3/4xsqrt(1/3)*(6xb*c”2+%d”~3 + 2*xbxc*e”3 + (2x(1/2)7(2
/3)%(b"2%e"4/c”2 - (9*c*d"3*xe + e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%b~3%e”6/c
"3 + 27*%(c*d”3 + e73)*b"3*xd"3/c”2 - 3*%(9*c*d"3*e + e74)*b"3xe"2/c”3 + (27*c
“2%d"6 + e76)*b"3/c”3)"(1/3) - 2%b*xe”2/c + (1/2)"(1/3)*(2*xb"3%e"6/c”3 + 27*
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(c*d™3 + e73)*b73*d"3/c”2 - 3*(9*xcxd"3*e + e74)*b"3*e”2/c”3 + (27*c”2xd"6 +
e76)*b~3/c"3) " (1/3)*(I*sqrt(3) + 1))*c 2*e)*sqrt(-(144*b"2*c*d"3%e + 4*b~2
xe™4 + 4x(2x(1/2)7(2/3)*x(b"2*%e”4/c”2 - (9%cxd"3*%e + e74)*b~2/c”2) *(-I*xsqrt(
3) + 1)/(2*b"3*%e"6/c"3 + 27*(c*d"3 + e73)*b"3*d"3/c"2 - 3*%(9*c*d"3*e + e74)
*b"3*%e”2/c”3 + (27*c”2*%d"6 + e76)*b"3/c"3)"(1/3) - 2*xb*xe”2/c + (1/2)"(1/3)*
(2%b73*%e"6/c”3 + 27*(c*d”3 + e73)*b~3*d"3/c”2 - 3*%(9*c*d"3*e + e74)*b " 3*e”2
/c”3 + (27*c”2%d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))*b*xcxe™2 + (2%(1/2
)7 (2/3)%(b72%e"4/c”2 - (9*c*d"3*e + e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x*e
“6/c”3 + 27*(c*d”3 + e73)*b"3*%d"3/c”2 - 3*%(9*kc*kd"3*e + e74)*b"3*xe"2/c”3 + (
27*%c"2%d"6 + e76)*b~3/c”3)"(1/3) - 2xb*xe”2/c + (1/2)°(1/3)*(2%¥b"3%e”6/c"3 +
27*(c*d"3 + e73)*b"3*d"3/c”2 - 3*%(9*cxd"3*e + e74)*b"3*e”2/c”3 + (27*c"2xd
6 + e76)*b73/c”3) " (1/3)*(I*sqrt(3) + 1))72%c"2)/c”2)) + 4x(bxc*xe™2xx”3 + 3
xb*xckd*e*xx™2 + 3xbkcxd"2*xx)*log(-(c*x”3 + 1)/(c*x"3 - 1)))/c

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x**3)) ,x)

[Out] Timed out

Giac [A] time = 4.29223, size = 527, normalized size = 1.57

=
|
|
ol
S~——
W=

4 1 4
D 2/3|c|3 arctan (% \3c3 (Zx + Ll)) Ic|? log (xz + % + i) 2 log(
3 c3

~ bed - RAA R

c® c’ c7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2x(a+b*arctanh(c*x”3)),x, algorithm="giac")
g g g

[Out] -1/4%b*xc™b*d*x(2x(-1/c)~(2/3)*1log(abs(x - (-1/c)~(1/3)))/c”5 - 2*sqrt(3)*abs

(c)~(4/3)*arctan(1/3*sqrt (3)*c~(1/3)*(2xx + 1/c~(1/3)))/c”7 + abs(c)~(4/3)*
log(x~2 + x/c”(1/3) + 1/c~(2/3))/c”7 - 2*log(abs(x - 1/c~(1/3)))/c~(17/3) +
2*%sqrt (3)*(-c72) " (2/3)*arctan(1/3*sqrt (3)*(2*x + (-1/c)~(1/3))/(-1/c)~(1/3
))/c”7 - (-c72)7(2/3)*1log(x72 + x*x(-1/c)”(1/3) + (-1/c)"(2/3))/c"T)*e + 1/4
*xb*c”3%d 2% (2xsqrt (3) *abs(c) ~(2/3) *arctan(1/3*sqrt (3)*(2*xx~2 + 1/abs(c)~(2/
3))*abs(c)~(2/3))/c”™4 - abs(c)~(2/3)*log(x"4 + x"2/abs(c)”~(2/3) + 1/abs(c)”
(4/3))/c”4 + 2xlog(abs(x”™2 - 1/abs(c)~(2/3)))/(c"2*abs(c)~(4/3))) + 1/6x%(b*
c*xx”~3*%e"2xlog(-(c*x"3 + 1)/(c*x"3 - 1)) + 3xb*xckd*x™2xexlog(-(c*xx~3 + 1)/(c
*x"3 - 1)) + 2kaxc*kx"3%e”2 + Bxaxckdxx"2%e + 3xbkckxd"2*xxlog(-(c*x”3 + 1)/(
c*x73 - 1)) + 6%akcxd"2*xx + bxe"2xlog(c™2*%x76 - 1))/c
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3.33 f (d + ex) (a +btanh™ (cx3)) dx

Optimal. Leaf size=285

_1 [ 2c¢2Bx241
(d + ex)? (a +btanh™ (cx3)) N bd log (1 - cz/3x2) ) bd log (04/3x4 + 0B + 1) . V3bd tan™" (TJr) N be log(
2e 2+/c 4xfc 24/c

[Out] -(Sqrt[3]*bxexArcTan[1/Sqrt[3] - (2xc~(1/3)*x)/Sqrt([3]])/(4*c~(2/3)) + (Sqr
t [3] *b*exArcTan[1/Sqrt [3] + (2%c~(1/3)*x)/Sqrt[3]1])/(4xc~(2/3)) + (Sqrt[3]x*
bxd*ArcTan[(1 + 2%c~(2/3)*x72)/Sqrt[3]1]1)/(2*c~(1/3)) - (b*exArcTanh[c~(1/3)
*xx])/(2%c™(2/3)) - (b*d"2*xArcTanh[c*x73])/(2%e) + ((d + e*x)”2*(a + bxArcTa
nh[c*x~3]))/(2%e) + (b*d*Log[l - c~(2/3)*x72])/(2*c~(1/3)) + (b*exLogl[l - ¢
“(1/3)*x + ¢~ (2/3)*x72])/(8%c™(2/3)) - (b*exLogl[l + c~(1/3)*x + c~(2/3)*x72
1)/(8xc™(2/3)) - (bxd*Logll + c™(2/3)*x72 + c”(4/3)*x74])/(4xc~(1/3))

Rubi [A] time = 0.451595, antiderivative size = 285, normalized size of antiderivative =

. . umber of rules
1., number of steps used = 23, number of rules used = 13, integrand size = 16, oo e
integrand size

= 0.812, Rules used = {6273, 12, 1831, 275, 206, 292, 31, 634, 617, 204, 628, 296, 618}

(d + ex)? (u +btanh™ (cx3)) bd log (1 - c2/3x2) bd log (c4/3x4 + 2Py + 1) V3bd tan™" (ZCZ/ng) belog (
+ - + +

2e 24c 44/c 24/c

Antiderivative was successfully verified.

[In] Int[(d + e*x)*(a + b*ArcTanh[c*x"3]),x]

[Out] -(Sqrt[3]*b*exArcTan[1/Sqrt[3] - (2%c~(1/3)*x)/Sqrt[3]1]1)/(4xc~(2/3)) + (Sqr
t [3]*bxexArcTan[1/Sqrt [3] + (2%c~(1/3)*x)/Sqrt[3]1]1)/(4*c~(2/3)) + (Sqrt[3]*
bxd*ArcTan[(1 + 2%c”(2/3)*x72)/Sqrt[3]1]1)/(2*%c~(1/3)) - (b*exArcTanh[c™(1/3)
xx])/(2xc™(2/3)) - (b*d~2*ArcTanh[c*x73])/(2*%e) + ((d + exx)"2x(a + bxArcTa
nh[c*x73]))/(2%xe) + (b*d*Logl[l - c~(2/3)*x72])/(2*c~(1/3)) + (b*exLogl[l - ¢
T(1/3)*x + ¢ (2/3)*x72])/(8%c™(2/3)) - (bxexLogl[l + c™(1/3)*x + c~(2/3)*x"2
1)/(8xc™(2/3)) - (b*d*Logl[l + c~(2/3)*x72 + ¢~ (4/3)*x74])/(4*c™(1/3))

Rule 6273

Int[((a_.) + ArcTanh[u J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)~(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 - u™2), x], x], x
] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 1831

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)"(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x"(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n
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Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 296

Int[(x )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), n]], s = Denominator[Rt[-(a/b), nl], k, u}, Simp[u = Int[(r*Cos
[(2*%k*m*Pi)/n] - s*Cos[(2xk*(m + 1)*Pi)/n]l*x)/(r~2 - 2*xrxsxCos[(2*k*Pi)/n]*
x + 872xx72), x] + Int[(r*Cos[(2*xk*m*Pi)/n] + s*Cos[(2xk*x(m + 1)*Pi)/n]x*x)/
(r°2 + 2*r*s*xCos[(2xk*Pi)/nl*x + s72*x"2), x]; (2*xr~(m + 2)*Int[1/(x"2 - s~
2%x72), x])/(a*n*s"m) + Dist[(2*r~(m + 1))/(a*n*s”m), Sum[u, {k, 1, (n - 2)
/4], x1, x11 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && Lt
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Qlm, n - 1] && NegQ[a/bl

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*xaxc, 0]

Rubi steps
2 2
d +ex)? (a + btanh ™ (ca p 2@ g
f(d + ex) (a +btanh™ (cx3)) dx = ( ) ( ( )) / 1
2e 2e
(d + ex)? (a +btanh™ (cx3)) (3b) [ = 1(d+ze? dx
B 2e - 2e
24 3 2.4
(d+exP (a+btanh™ (cr?)) (b [ (1 St ot 1f§xe) dx
B 2e 2e
2
_ (@+ex (a+btanh™ s (3bed?) [ o
- 2 - (3bed) f 1- 2 T
_ 2
(d + ex)? (a +btanh™! (cx3)) 1 x X (de )
= P - §(3bcd) Subst (f - dx, x, x ) -
betanh ™’ (\S/Ex) bd? tanh™ (cx3) (d + ex)? (a +btanh™ (cx3)) 1 .
T 2¢%3 - 2¢ " 2¢ 2 ( \
be tanh ™ (%x) bd? tanh ™ (cx3) (d + ex)? (a +btanh™ (cx3)) bdlo
T 2¢%3 - 2e " 2e "
23 3
V3betan™ (1 i/—;/zx) V3be tan™ (Hf/—;/zx) be tanh™" ( \B/Ex) bd? tanh™
T 4c23 - 4c23 - 2c23 - 2e
3 3
V3be tan™! (1_2 \/Ex) V3betan™ (M) V3bd tan (1+2C2/3 2) be t:
_ V3 /), V3 ), V3 ) el
- Ac2/3 A¢2/3 2 \3/5

Mathematica [A] time = 0.102132, size = 333, normalized size = 1.17

bd (log (1:2/3x2 — ex + 1) + log( 23x2 + fex + 1) 2log (l —~ %x) -2log (\3/Ex + 1) ~2y3tan’! (
adx + Eaex2 - P

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + bxArcTanh[c*x73]),x]

[Out] axd*x + (axe*xx~2)/2 + (Sqrt[3]*bkxexArcTan[(-1 + 2*c~(1/3)*x)/Sqrt[3]1])/(4*c
~(2/3)) + (Sqrt[3]*bxexArcTan[(1 + 2xc~(1/3)*x)/Sqrt[3]])/(4*c~(2/3)) + bxd
*xxxArcTanh [cxx~3] + (b*e*xx"2*ArcTanh[c*x73])/2 + (bxexLogl[l - ¢~ (1/3)*x])/(
4xc”(2/3)) - (bxexLogl[l + c~(1/3)*x])/(4%c~(2/3)) + (bxexLogl[l - c~(1/3)*x

+ ¢ (2/3)*%x72])/(8%c™(2/3)) - (bkxexLogll + c~(1/3)*x + c~(2/3)*x72])/(8%c”(

2/3)) - (bxd*(-2xSqrt[3]*ArcTan[(-1 + 2xc~(1/3)*x)/Sqrt[3]] + 2*xSqrt[3]*Arc
Tan[(1 + 2%c™(1/3)*x)/Sqrt[3]] - 2xLogl[l - c~(1/3)*x] - 2xLogl[l + c~(1/3)*x

1 + Logll - c™(1/3)*x + c™(2/3)*x72] + Logl[l + c~(1/3)*x + c~(2/3)*x72]))/(
4xc™(1/3))
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Maple [A] time = 0.031, size = 362, normalized size = 1.3

bArtanh (cx®) x2 -5
%26 + adx + rtan 2(cx )x ® 4 bArtanh (cx3) dx + S—i In (x —~ \3/ch) (c_l) - Z—i In (xz + Vel + (C_l)

WIN

Jey

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x~3)),x)

[Out] 1/2*a*xx”2*xe+axdxx+1/2*b*arctanh(c*x”3)*x"2*e+b*arctanh (c*x~3) *d*x+1/2*b*d/c
/(1/c)~(2/3)*1n(x-(1/c)~(1/3))-1/4%bxd/c/(1/c)~(2/3)*1n(x"2+(1/c) ~(1/3) *x+(
1/¢)~(2/3))-1/2*%b*xd/c/(1/c)~(2/3)*3" (1/2) *arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)
*x+1))+1/4xbxe/c/(1/c) " (1/3)*¥1n(x-(1/c)~(1/3))-1/8*bxe/c/(1/c) " (1/3)*1n(x"2
+(1/c)"(1/3)*x+(1/c)~(2/3))+1/4xb*ex3~(1/2) /c/(1/c)~(1/3) *arctan(1/3*3°(1/2
)*%(2/(1/c)™(1/3)*x+1))+1/2xb*xd/c/(1/c)~(2/3) *1In(x+(1/c)~(1/3))-1/4*bxd/c/ (1
/c)”™(2/3)*1n(x"2-(1/c) " (1/3)*x+(1/c)~(2/3) ) +1/2%bxd/c/(1/c) " (2/3) %37 (1/2) *a
rctan(1/3*37(1/2)*(2/(1/c)~(1/3)*x-1))-1/4xbxe/c/(1/c)~(1/3)*1n(x+(1/c) "~ (1/
3))+1/8xbxe/c/(1/c)~(1/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3))+1/4xb*xex3"(1/2)
/c/(1/c)”(1/3)*arctan(1/3*37(1/2)*(2/(1/c)~(1/3)*x-1))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x~3)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [C] time = 14.7197, size = 9110, normalized size = 31.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/2*a*xe*x”2 + axd*x + 1/8%(4x(1/2)7(2/3)*b~2xd*ex(-I*sqrt(3) + 1)/(((8*c*xd”
3 + e 3)*b"3/c”2 + (8*%c*xd"3 - e73)*b73/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*c*xd™
3 + e73)*b"3/c”2 + (8*c*d”3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))*log(2*(4
*x(1/2)7(2/3) *b~2xd*ex (~I*sqrt(3) + 1)/(((8*%c*d™3 + e73)*b~3/c”2 + (8*c*d~3
- e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d~3 + e73)*b~3/c”2 + (8*c*d~3
- e73)*b73/c”2)"(1/3)*(I*sqrt(3) + 1))*bxc*xd™2 + 4xb”"2xd*e”2 + 1/4x(4%(1/2)
~(2/3)*b7"2xd*e*x (-I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8*%cxd™3 - e73)
*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*xc*d"3 + e73)*b~3/c”2 + (8xc*d"3 - e73)
*b~3/c”2) " (1/3) % (I*sqrt(3) + 1)) 2*cxe + (8xb~™2xc*xd”™3 + b™2%e”3)*x) - 1/16%
(4% (1/2)7(2/3) *b~2xd*e* (-I*sqrt(3) + 1)/(((8%c*xd~3 + e73)*b~3/c”2 + (8*c*d"
3 - e 3)*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d~3 + e~ 3)*b~3/c”2 + (8*c*xd™
3 - e73)*b"3/c”2) " (1/3)*(I*sqrt(3) + 1) - 2*sqrt(3/2)*sqrt(1/2)*sqrt (-(32*b
“2xdxe + (4%(1/2)7(2/3)*b"2xd*e*x(-I*sqrt(3) + 1)/(((8*c*d”3 + e73)*b~3/c"2
+ (8*%cxd”3 - e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8xc*d~3 + e~3)*b~3/c"2
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+ (8%c*d"3 - e73)*b"3/c”2) " (1/3)*(I*sqrt(3) + 1))72%c)/c))*Llog(-(4x(1/2)"(2
/3)*b"2xd*e*x (~I*sqrt(3) + 1)/(((8xc*d”3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b~
3/c”2)7(1/3)*%c) - (1/2)7(1/3)*((8*c*d"3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b~
3/c”2)7(1/3) % (I*xsqrt(3) + 1))*bkxcxd™2 - 2%b~2*d*e”2 - 1/8%(4x(1/2)~(2/3)*b"
2*d*ex (~I*sqrt(3) + 1)/(((8*c*d"3 + e73)*b~3/c”2 + (8xcxd"3 - e73)*b~3/c"2)
“(1/3)*c) - (1/2)7(1/3)*((8xc*xd™3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b~3/c"2)
“(1/3)*(I*sqrt(3) + 1)) 2%c*xe + 1/4*sqrt(3/2)*sqrt(1/2)*(8*bxcxd~2 - (4x*(1/
2)~(2/3)*b"2*d*e* (-Ixsqrt(3) + 1)/(((8*cxd~3 + e73)*b~3/c”2 + (8*%cxd"3 - e~
3)*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8xc*d~3 + e73)*b~3/c”2 + (8*c*d"3 - e~
3)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))*cx*e)*sqrt(-(32+«b~2xd*xe + (4%(1/2)7(2/3)*
b~ 2*d*ex (-I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8*c*d"3 - e73)*b~3/c”
2)7(1/3)*c) - (1/2)7(1/3)*((8xc*d™3 + e73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c”
2)7(1/3)*(I*sqrt(3) + 1))72%c)/c) + (8*b72%c*d™3 + b~ 2*%e"3)*x) - 1/16%(4x(1
/2)7(2/3) *b~2xd*ex (~I*sqrt(3) + 1)/(((8xc*d”3 + e73)*b~3/c”2 + (8*c*d”3 - e
~3)*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*xd”"3 + e73)*b~3/c”2 + (8*cxd”™3 - e
~3)*%b~3/c”2) " (1/3)*(I*sqrt(3) + 1) + 2*sqrt(3/2)*sqrt(1/2)*sqrt (- (32xb~2*dx*
e + (4%(1/2)7(2/3)*b~2*d*ex (-Ixsqrt(3) + 1)/(((8*c*xd~3 + e73)*b~3/c”2 + (8%
c*d”3 - e73)*b~3/c”2) " (1/3)*c) - (1/2)7(1/3)*((8*c*d”™3 + e~ 3)*b~3/c”2 + (8%
c*d”3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))~2%c)/c))*log(-(4*x(1/2)~(2/3)*Db
“2%d*xex (-Ixsqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8*c*xd™3 - e73)*b~3/c"2
)T (1/3)*c) - (1/2)7(1/3)*((8%cxd”™3 + e73)*b~3/c”2 + (8*c*xd”™3 - e73)*b~3/c"2
)T (1/3) % (Ixsqrt(3) + 1))*bkxc*d™2 - 2%b~2xd*e”2 - 1/8%(4x(1/2)7(2/3)*b~2xd*e
*(~I*sqrt(3) + 1)/(((8xc*xd™3 + e73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c"2)"(1/3
)*c) = (1/2)7(1/3)*((8*c*xd™3 + e73)*b~3/c”2 + (8*cxd™3 - e73)*b~3/c”2)~(1/3
)*(I*xsqrt(3) + 1)) 2*xcxe - 1/4*xsqrt(3/2)*sqrt(1/2)*(8xbxc*d™2 - (4x(1/2)7(2
/3)*b~2xd*ex* (~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8%cxd"3 - e73)*b"
3/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd~3 + e73)*b~3/c”2 + (8*c*d”™3 - e~3)*b~
3/c72)7(1/3)*(I*sqrt(3) + 1))*c*e)*sqrt(-(32xb~2xd*xe + (4*(1/2)7(2/3)*b~2xd
xex (-I*xsqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 + (8*c*xd™3 - e73)*b~3/c”2)" (1
/3)*c) - (1/2)7(1/3)*((8%c*xd”3 + e73)*b~3/c”2 + (8%c*d™3 - e73)*b~3/c”2)" (1
/3)*(I*xsqrt(3) + 1))72xc)/c) + (8*%b"2xcxd"3 + b™2xe"3)*x) + 1/16%x(4*x(1/2)"(
2/3) *b"2%d*ex (~I*sqrt(3) + 1)/(((8%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b
~3/c”2)"(1/3)*c) + (1/2)7(1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8*c*d"3 - e73)*b
~3/c72)7(1/3)*(I*xsqrt(3) + 1) + 2xsqrt(3/2)*sqrt(1/2)*sqrt((32%b~2xd*xe - (4
*x(1/2)7(2/3) #*b~2*d*ex (~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 - (8*c*d"3
- e73)*%b7"3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8*cxd™3 + e73)*b~3/c”2 - (8*c*d~3
- e73)%b73/c”2) " (1/3)*(I*sqrt(3) + 1))72xc)/c))*Log((4*x(1/2)7(2/3)*b~2xd*ex
(-I*sqrt(3) + 1)/(((8*c*d"3 + e73)*b"3/c”2 - (8*%c*d™3 - e73)*b~3/c"2)"(1/3)
xc) + (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c™2 - (8*cxd™3 - e73)*b~3/c”2)"(1/3)
*x(Ixsqrt(3) + 1))*bxc*kd™2 - 2xb~2xd*e”2 + 1/8%(4%(1/2)7(2/3)*b~2*d*e* (-I*sq
rt(3) + 1)/(((8%cxd”3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b~3/c”2)"(1/3)*c) +
(1/2)7(1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c”2)7(1/3)*(I*xsq
rt(3) + 1))7"2xc*xe + 1/4%sqrt(3/2)*sqrt(1/2)*(8*b*xcxd™2 - (4%(1/2)~(2/3)*b~2
*xdrex (~Ixsqrt(3) + 1)/(((8%cxd™3 + e73)*b~3/c”™2 - (8*c*d"3 - e73)*b~3/c"2)"
(1/3)*c) + (1/2)7(1/3)*((8*c*d"3 + e73)*b~"3/c”2 - (8*c*d"3 - e73)*b~3/c"2)~
(1/3)*(I*sqrt(3) + 1))*c*e)*sqrt((32xb~2*xdxe - (4x(1/2)7(2/3)*b~2xd*e* (~I*s
qrt(3) + 1)/(((8*%c*d~3 + e73)*b~3/c”2 - (8*c*xd™3 - e73)*b~3/c"2)"(1/3)*c) +
(1/2)7(1/3)*((8*%c*xd~3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c”2) " (1/3)*(I*s
qrt(3) + 1))72*c)/c) - (8%b"2*c*xd”3 - b™2xe”3)*x) + 1/16%(4*x(1/2)"(2/3)*b"2
xd*xex (~I*xsqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b”"3/c"2)"
(1/3)*c) + (1/2)7(1/3)*((8*c*d"3 + €73)*b~"3/c”2 - (8*c*d"3 - e73)*b~3/c"2)"
(1/3)*(I*sqrt(3) + 1) - 2*sqrt(3/2)*sqrt(1/2)*sqrt((32*b~2*xd*e - (4*(1/2)7(
2/3) *b”2*xd*ex (-I*sqrt(3) + 1)/(((8%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b
~3/c”2)"(1/3)*c) + (1/2)7(1/3)*((8%c*d”3 + e73)*b~3/c”2 - (8*c*d"3 - e73)*b
~3/c72)7(1/3)*(I*sqrt(3) + 1))72%c)/c))*log((4x(1/2)~(2/3)*b~2*d*ex (-I*sqrt
(3) + 1)/(((8%cxd"3 + e73)*b~3/c”2 - (8%cxd™3 - e73)*b~3/c”2)"(1/3)*c) + (1
/2)7(1/3)*((8xc*d"3 + e73)*b~3/c”2 - (8%c*d"3 - e73)*b~3/c”2) " (1/3)*(I*sqrt
(3) + 1))*b*cxd™2 - 2*b72*d*e”2 + 1/8%(4%(1/2)7(2/3)*b"2*xd*e*x(-I*sqrt(3) +
1)/(((8%c*d™3 + e73)*b~3/c”2 - (8xc*xd™3 - e73)*b~3/c”2)"(1/3)*c) + (1/2)~(1
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/3)*((8%c*xd~3 + e73)*b~3/c”2 - (8xc*xd"3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) +

1)) 2xc*e - 1/4xsqrt(3/2)*sqrt(1/2)*(8xb*xcxd™2 - (4%(1/2)7(2/3)*b~2*d*ex (-1
*xsqrt(3) + 1)/(((8*cxd™3 + e73)*b~3/c”2 - (8*%cxd™3 - e73)*b~3/c”"2)7(1/3)*c)
+ (1/2)7(1/3)*((8xc*d™3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c”2) " (1/3)*(I
*sqrt(3) + 1))*c*e)*sqrt((32¥b~2xdxe - (4%(1/2)7(2/3)*b~2*xd*ex(-I*sqrt(3) +
1)/(((8*%c*d™3 + e73)*b~3/c”2 - (8xcxd™3 - e73)*b~3/c”2)"(1/3)*c) + (1/2)°(
1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8*%c*d™3 - e73)*b~3/c72) 7 (1/3)*(I*sqrt(3) +
1))72xc)/c) - (8*%b™2*c*xd™3 - b~ 2*%e"3)*x) - 1/8%(4*(1/2)7(2/3)*b~2*xd*ex* (-I*
sqrt(3) + 1)/(((8*c*xd™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c~2)~(1/3)*c)
+ (1/2)7(1/3)*((8xc*d™3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c”2) " (1/3)*(Ix*
sqrt(3) + 1))xlog(-2x(4x(1/2)"(2/3)*b"2*d*ex (-I*sqrt(3) + 1)/(((8*c*d"3 + e
"3)*b73/c”2 - (8%cxd™3 - e73)*b"3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8*c*d"3 + e
"3)*b73/c”2 - (8%c*d”3 - e73)*b”3/c”2) " (1/3)*(I*sqrt(3) + 1))*bxc*xd™2 + 4x*b
“2xd*e”2 - 1/4x(4x(1/2)7(2/3) *b"2xd*ex (~I*sqrt(3) + 1)/(((8%c*d”3 + e~ 3)*b~
3/c”2 - (8%cxd™3 - e73)*b~3/c”2)"(1/3)*c) + (1/2)7(1/3)*((8*c*d~3 + e73)*b~
3/c”2 - (8%c*d"3 - e73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1)) 2*xcxe - (8xb~2*cx*d”
3 - b"2*%e73)*x) + 1/4*(bxexx"2 + 2xbxd*x)*log(-(c*x~3 + 1)/(c*x"3 - 1))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)* (at+b*atanh(cxx**3)),x)

[Out] Timed out

Giac [A] time = 2.17951, size = 432, normalized size = 1.52

W=

()

x—|—-

c 1
c3

4 1 4
D 2/3|c|3 arctan (% \3c3 (Zx + i)) |c|3 log (x2 4 i) 2 log(

—— b - + -
8 > c’ c7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~3)),x, algorithm="giac")

[Out] -1/8*b*xc™b*x(2*(-1/c)~(2/3)*log(abs(x - (-1/c)~(1/3)))/c™5 - 2*xsqrt(3)*abs(c

)~ (4/3)*arctan(1/3*sqrt(3)*xc~(1/3)*(2*x + 1/c~(1/3)))/c”7 + abs(c)~(4/3)*1lo
g(x™2 + x/c”(1/3) + 1/c~(2/3))/c”7 - 2xlog(abs(x - 1/c~(1/3)))/c~(17/3) + 2
*xsqrt (3)*(-c~2) " (2/3) *arctan(1/3*sqrt (3)*(2*x + (-1/c)~(1/3))/(-1/c)~(1/3))
/c”7T - (=c72)7(2/3)*log(x72 + x*(-1/c)"(1/3) + (-1/c)”(2/3))/c"T)*e + 1/4%b
*xc”3*xd* (2*sqrt (3)*abs(c) " (2/3)*xarctan(1/3*sqrt (3)*(2%x~2 + 1/abs(c)~(2/3))*
abs(c)~(2/3))/c”4 - abs(c)~(2/3)*log(x"4 + x"2/abs(c)”~(2/3) + 1/abs(c)~(4/3
))/c”4 + 2xlog(abs(x”2 - 1/abs(c)”(2/3)))/(c™2*abs(c)~(4/3))) + 1/4*bxx"2*e
xlog(-(c*x™3 + 1)/(c*x"3 - 1)) + 1/2%a*x"2*xe + 1/2*%bxdxx*log(-(c*xx~3 + 1)/(
cxx"3 - 1)) + akxd¥x
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a+btanh™! (cx3)

d+ex

dx

334 [

Optimal. Leaf size=523

Je(d-+ex) Je(d-+ex) Je(d+ex) Ye(d+ex)
bPolyLog (2, Toie ) bPolyLog (2, Voire ) bPolyLog (2, Ve T i bPolyLog |2, Vs T ) bPolyl

+ +
2e 2e 2e 2e

[Out] ((a + bxArcTanh[c*x73])*Logld + e*x])/e + (bxLogl[(ex(1 - c~(1/3)*x))/(c~(1/
3)*d + e)]xLogld + exx])/(2%e) - (bxLogl[-((ex(1 + c~(1/3)*x))/(c”(1/3)*d -
e))]xLogld + exx])/(2xe) + (b*Logl[-((ex((-1)7(1/3) + c~(1/3)*x))/(c™(1/3)*d
- (-1)7(1/3)*e))]*Logld + e*x])/(2%e) - (bxLogl[-((ex((-1)7(2/3) + c~(1/3)*
x))/(c™(1/3)*d - (-1)7(2/3)*e))]*Logld + exx])/(2%e) + (b*Logl[((-1)7(2/3)*e
*(1 + (-1)7(1/3)*c™(1/3)*x)) /(c™(1/3)*d + (-1)7(2/3)*e)]*Logld + exx])/(2x%e
) — (bxLog[((-1)7(1/3)*ex(1 + (-1)7(2/3)*c™(1/3)*x))/(c(1/3)*d + (-1)7(1/3
)*xe)]*Logld + exx])/(2*e) - (b*PolyLog[2, (c~(1/3)*(d + e*x))/(c~(1/3)*d -
e)])/(2xe) + (b*PolyLogl[2, (c~(1/3)*(d + exx))/(c”(1/3)*d + e)])/(2%e) + (b
xPolyLog[2, (c™(1/3)*(d + exx))/(c™(1/3)*d - (-1)~(1/3)*e)])/(2xe) - (b*Pol
yLogl2, (c™(1/3)*(d + exx))/(c™(1/3)*d + (-1)7(1/3)*e)])/(2xe) - (b*PolyLog
[2, (c™(1/3)*(d + exx))/(c™(1/3)*d - (-1)7(2/3)*e)])/(2%e) + (b*PolyLogl2,
(c™(1/3)*(d + e*xx))/(c™(1/3)*d + (-1)7(2/3)*e)])/(2xe)

Rubi [F] time = 0.0615003, antiderivative size = 0, normalized size of antiderivative =
0., number of steps used = 0, number of rules used = 0, integrand size = 0, number of rules _

integrand size
0., Rules used = {}

dx

f a+btanh™ (cx3)

d+ex

Verification is Not applicable to the result.

[In] Int[(a + b*ArcTanh[c*x~3])/(d + e*xx),x]
[Out] (axLogld + exx])/e + b*Defer[Int] [ArcTanh[c*x73]/(d + e*xx), x]

Rubi steps

d+ex ax d+ex+ d+ex

& + btanh™ () f( «  btanh (cx3)) N

dx

alog(d + ex) tanh ™" (CX3)
o ees) ot (o)
e d+ex

Mathematica [C] time = 99.2102, size = 515, normalized size = 0.98

2 %/E(d+ex)
"2 %/Ed—i\/ge—e

3 3
(—PolyLog (2, ‘/E(dwx)) + PolyLog (2, \/E(dJrex)) + PolyLog (2

3
e Teir ) - PolyLog (2 2Vo(d
ca—e ca+e

b
alog(d + ex) N " 2 3ed-i

e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x"3])/(d + e*x),x]
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[Out] (axLogld + exx])/e + (b*(2%ArcTanh[c*x~3]*Logl[d + exx] - Logl(ex(1 - IxSqrt
[3] - 2*c™(1/3)*x))/(2xc™(1/3)*d + e - IxSqrt[3]*e)l*Logl[d + e*xx] + Logl[(ex*
(-I + Sqrt[3] - (2*I)*c~(1/3)*x))/((2%I)*c~(1/3)*d + (-I + Sqrt[3])*e)]*Log
[d + exx] + Logl[(ex(I + Sqrt[3] + (2%I)*c~(1/3)*x))/((-2%I)*c~(1/3)*d + (I
+ Sqrt [3])*e)]*Logld + exx] - Logl[-((ex(1 + c~(1/3)*x))/(c”™(1/3)*d - e))]*L
ogld + exx] - Logl[-((ex(-1 - I*Sqrt[3] + 2*xc~(1/3)*x))/(2*xc™(1/3)*d + e + I
*3qrt [3]*e))]*Logld + e*x] + Logld + e*x]*Logl[(e - c~(1/3)*e*x)/(c”(1/3)*d
+ e)] - PolyLogl[2, (c™(1/3)*(d + exx))/(c”(1/3)*d - e)] + PolyLog[2, (c~(1/
3)*x(d + exx))/(c™(1/3)*d + e)] + PolyLogl[2, (2%c”(1/3)*(d + ex*xx))/(2*c~(1/3
)*d - e - I*xSqrt[3]xe)] - PolyLogl[2, (2xc~(1/3)*(d + e*x))/(2%c~(1/3)*d + e
- IxSqrt[3]*e)] + PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*c~(1/3)*d - e + I*Sq
rt[3]*e)] - PolyLogl[2, (2*xc™(1/3)*(d + exx))/(2xc”(1/3)*d + e + I*Sqrt[3]*e
)1))/ (2%e)

Maple [C] time = 0.171, size = 182, normalized size = 0.4

aln (ex +d) N bln (ex +d) Artanh (Cxa) + b D In (ex + d) In (

e e 2e
_R1=RootOf(c_Z>~3 cd_7?+3 cd_Z~cd3~e)

-ex+ R1-d i d
R1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x"3))/(e*xx+d),x)

[Out] ax1ln(e*x+d)/e+b*1ln(e*x+d)/e*arctanh(c*x~3)+1/2*b/e*sum(1ln(e*x+d)*1n((-exx+_
R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1), R1=Root0f (_Z"3xc-3*_Z 2*c*d+3*_Z*cxd 2-
c*d"3-e73))-1/2%b/exsum(1ln(e*x+d) *1n((-e*xx+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_

R1), R1=RootOf (_Z 3%c-3% Z 2%ckd+3% Zkcxd 2-c*d~3+e~3))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log (cx3 + 1) —log (—cx3 + 1) alog (ex + d)
b f d 08X d)
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d),x, algorithm="maxima"

[Out] 1/2*b*integrate((log(c*x~3 + 1) - log(-c*x~3 + 1))/(e*xx + d), x) + axlog(ex
x + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx3) +a J
X

int 1
integra [ p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x7~3))/(e*xx+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x~3) + a)/(e*x + d), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**3))/(e*x+d),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

bartanh (cx3) +a
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~3) + a)/(e*x + d), x)
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a+btanhﬁ1@w3)

(d+ex)?

dx

335 |

Optimal. Leaf size=414

a+btanh™ (cx3) b+/c (\S/Ed + e) log (c2/3x2 — ex + 1) b+/c (\S/Ed —~ e) log (cz/3x2 + ex + 1) 3bed?e? log(d +
B e(d + ex) B 4 (cd3 - e3) - 4 (cd3 + e3) - c2d6 — b

[Out] -(Sqrt[3]*bxc~(1/3)*ArcTan[(1 - 2*c~(1/3)*x)/Sqrt[3]1])/(2x(c~(2/3)*d"2 + c~
(1/3)*d*e + e72)) - (Sqrt[3]*b*xc~(1/3)*(c”~(1/3)*d + e)*ArcTan[(1 + 2xc~(1/3

)*x) /Sqrt[31]1)/(2x(c*d"3 + e73)) - (a + bxArcTanh[c*x"3])/(ex(d + exx)) + (
b*xc”™(1/3)*(c™(1/3)*d - e)*Logl[l - ¢~ (1/3)*x])/(2x(c*xd”3 + e73)) + (b*xc~(1/3
)*(c™(1/3)*d + e)*Logl[l + c~(1/3)*x])/(2%x(c*xd”3 - e73)) - (3*bxc*d~2xe”2xLo

gld + exx])/(c”2*%d"6 - e76) - (bxc™(1/3)*(c”(1/3)*d + e)*Logl[l - c~(1/3)*x

+ ¢ (2/3)*x72]1)/ (4% (c*d"3 - €73)) - (bxc™(1/3)*(c~(1/3)*d - e)*Log[l + c~(1
/3)xx + ¢~ (2/3)*x72]) /(4% (c*d™3 + e73)) - (b*cxd™2*Logl[l - c*x73])/(2%ex(c*

d"3 + e73)) + (b*c*d™2*Log[l + c*x73])/(2%ex(c*d”3 - e73))

Rubi [A] time = 0.772685, antiderivative size = 414, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 12, integrand size = 18, ==
integrand size

= 0.667, Rules used = {6273, 12, 6725, 1871, 1861, 31, 634, 617, 204, 628, 260, 1860}

a+btanh™ (cx3) b+/c (\S/Ed + e) log (c2/3x2 — ex + 1) b+/c (\S/Ed —~ e) log (c2/3x2 + ex + 1) 3bed?e? log(d +
e(d + ex) B 4 (cd3 - 33) - 4 (cd3 + e3) - c2d6 — b

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x~3])/(d + e*x)~2,x]

[Out] -(Sqrt[3]*bxc~(1/3)*ArcTan[(1 - 2%c”~(1/3)*x)/Sqrt[3]1])/(2x(c~(2/3)*d"2 + ¢~
(1/3)*d*e + e72)) - (Sqrt[3]*b*xc~(1/3)*(c~(1/3)*d + e)*ArcTan[(1 + 2xc~(1/3
)*x)/Sqrt[3]]1)/(2%(c*d”3 + e73)) - (a + bxArcTanh[c*x73])/(ex(d + e*x)) + (
bxc™(1/3)*(c™(1/3)*d - e)*Logl[l - c~(1/3)*x])/(2x(c*d”™3 + e73)) + (b*c~(1/3
)¥(c™(1/3)*d + e)*Logll + ¢~ (1/3)*x])/(2%(c*d”3 - e73)) - (3*b*c*d™2xe"2xLo

gld + exx])/(c”2*%d"6 - e76) - (b*c™(1/3)*(c”(1/3)*d + e)*Logl[l - c~(1/3)*x

+ ¢ (2/3)*x72]) /(4% (cxd~3 - e73)) - (b*xc~(1/3)*(c”(1/3)*d - e)*Log[l + c~(1

/3)*xx + ¢ (2/3)*x72]) /(4% (cxd"3 + e73)) - (bkcxd™2xLogl[l - c*x~3])/(2xex*(c*

d"3 + e73)) + (bxcxd™2xLog[l + c*x"3])/(2%ex(c*d"3 - €73))

Rule 6273

Int[((a_.) + ArcTanh[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 - u™2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)"(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match

Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 6725
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Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 1871

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B
= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + Bxx)/(a + b*x"3), x] + Di
st[C, Int[x"2/(a + b*x~3), x], x] /; EqQ[a*B™3 - b*xA~3, 0] || !'RationalQ[a
/bl] /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 1861

Int[(CA) + (B_.)*(x_))/((a_) + (b_.)*(x_)~3), x_Symbol] :> With[{r = Numer
ator[Rt[-(a/b), 3]], s = Denominator[Rt[-(a/b), 311}, Dist[(r*(Bxr + Axs))/
(3*a*s), Int[1/(r - s*x), x], x] - Dist[r/(3*ax*xs), Int[(r*(B*xr - 2*A*s) - s
*(Bxr + A*s)*x)/(r"2 + r*xs*x + s”2*%x"2), x], x]] /; FreeQ[{a, b, A, B}, x]
&& NeQ[a*xB~3 - b*A~3, 0] && NegQ[a/b]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] &% NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 628

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 1860

Int[((A) + (B_)*(x_))/((a_) + (b_.)*(x_)73), x_Symbol] :> With[{r = Numer
ator[Rt[a/b, 3]], s = Denominator[Rt[a/b, 3]]}, -Dist[(r*(Bxr - Ax*s))/(3*ax
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s), Int[1/(r + s*x), x], x] + Dist[r/(3*a*s), Int[(r*x(Bxr + 2%Axs) + s*x(Bx*r
- Axs)*x)/(r"2 - r*s*x + s72*%x72), x], x]] /; FreeQ[{a, b, A, B}, x] && Ne
Q[a*B~3 - b*xA~3, 0] && PosQ[a/bl

Rubi steps
3cx
a+btanh™ (cx3) ; a+btanh™ (cx3) b f (d+ex)(1-c2x9) dx
f (d + ex)? e e(d + ex) e

x2
a+btanh™ (cx3) (3bc) f (d-+ex)(1-c2x5) dx

e(d + ex) " e

d2et de—e?x—cd%x? de—e%x+cd?x?

a+bmmH4@ﬁ) C%@f( ﬁﬂ3U%&Www+2W%&@nuﬂ+zwtémﬂﬁ0 *

e(d + ex) e

- de—e?x+cd?x?
a+btanh™ (Cxa) 3bcd?e? log(d + ex) .\ (3bc)f%dx (3bc )f

de—e2x—cd?x?

=

e(d + ex) B c2d6 — e 2e (cd3 - 63) 2e (cd3 + 63)
a+btanh™ (cx3) ) 3bed2e? log(d + ex) . (3be) [ ie;:jf dx . (3bc2d2) l % dx N (3bc
e(d + ex) c2d® — ¢ 2e (cd3 - 63) 2e (cd3 - 63) 2e
a+btanh™ (cx3) 3bed?e?log(d + ex)  bed?log (1 - cx3) bed? log (1 + cx3) (bCZ/:
e(d + ex) B c2db — ¢ 2 (cd3 + 63) ’ 2e (cd3 - 63)
a+btanh™ (cx3) b+/c (f/Ed - e) log (1 - %x) b+/c (\3/Ed + e) log (1 cx) 3bcd?
e(d + ex) ’ 2 (cd3 + 63) ’ 2 (cd3 - 63) (
a+btanh™ (cx3) b+/c (f/Ed - e) log (1 -~ \3/Ex) b+/c (\/_d + e) log (1 cx) 3bed?

Cdver) 2 (e + ) 2 (e - &)

[

\/_b\/_ta -1(1 zf") V3be (Yed +¢) tan ! (“zfﬁ") a+btanh™ (c2?) . bi/e (3

(c2/3d2 + +cde + 62) (cd3 + 63)  e(d+ex)

Mathematica [A] time = 0.558207, size = 534, normalized size = 1.29

1
- + +
41 e(d+ex) c2d6 — eb c2dbe — e7

Antiderivative was successfully verified.

[In] Integrate[(a + bk*ArcTanh[c*x~3])/(d + e*x)"2,x]

4a 2bcd?e? log (1 - c2x6) b+/c (—c4/3d4e + 2085 — cd®e? — ede* - e5) log (c2/3x2 — ex + 1) b+/c (c‘
+

[Out] ((-4xa)/(ex(d + exx)) + (2*Sqrt[3]x*b*c”(1/3)*ArcTan[(-1 + 2*c~(1/3)*x)/Sqrt

[311)/(c™(2/3)*d"2 + c~(1/3)*d*e + e72) - (2xSqrt[3]*bxc~(1/3)*(c~(1/3)*d +
e)*ArcTan[(1 + 2%c~(1/3)*x)/Sqrt[3]]1)/(c*d™3 + e73) - (4xbxArcTanh[c*x"3])
/(ex(d + exx)) + (2xb*xc™(1/3)*(c~(5/3)*d"5 - ¢~ (4/3)*d 4*e + cxd"3*e”2 + ¢~
(1/3)*d*e”4 - e”5)*Logl[l - c7(1/3)*x])/(-(c™2*d"6%e) + e77) - (2%bxc”™(1/3)*
(c(5/3)*%d"5 + c~(4/3)*d"4xe + c*d"3*e”2 + c~(1/3)*d*e”4 + e”5)*xLogl[l + c~(
1/3)*x]) /(- (c™2xd"6%e) + e77) - (12xbxc*d"2*e”2xLogl[d + exx])/(c"2*d"6 - e~
6) + (bxc™(1/3)*(2*%c~(5/3)*d"5 - c~(4/3)*d"4*e - c*d"3*e”2 - ¢~ (1/3)*d*e”4
- e75)*Log[l - c~(1/3)*x + c~(2/3)*x72])/(c”2*d"6%e - e77) + (b*xc™(1/3)*(2x%
c™(5/3)*%d75 + c~(4/3)*d"4*e - c*d"3xe”2 - ¢~ (1/3)*d*e”"4 + e”5)*xLogl[l + c~(1



179

/3)*xx + c~(2/3)*x72])/(-(c”2*d"6%e) + e77) + (2xbxcxd~2*e”"2xLog[l - c™2xx~6
1)/(c”2xd"6 - e76))/4

Maple [A] time = 0.039, size = 591, normalized size = 1.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~3))/(exx+d)"2,x)

[Out] -a/(exx+d)/e-b/(e*xx+d)/e*arctanh(c*x~3)-3xbxe 2xc*d~2/(c*d~3+e”~3)/(c*d"~3-e"
3) *1n(e*x+d) +b/ (2%c*d~3+2xe~3)*d/(1/c)~(2/3) *1n(x-(1/c)~(1/3))-1/2%b/ (2*c*d
~3+2%e73)*d/(1/c) " (2/3) *1n(x"2+(1/c) " (1/3)*x+(1/c)~(2/3) ) -b/ (2*c*d~3+2%e~3)
*d/(1/c)~(2/3)*37(1/2)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3) *x+1) ) -b*xe/ (2*c*d~3
+2%e73)/(1/¢c)~(1/3)*1n(x-(1/c) " (1/3))+1/2xbxe/ (2*%c*d~3+2*e~3) /(1/c) " (1/3) *1
n(x"2+(1/c)~(1/3)*x+(1/c) " (2/3)) -b*xe/ (2*xc*xd~3+2%e~3)*3"(1/2) /(1/c) " (1/3) *ar
ctan(1/3%37(1/2)*(2/(1/c)~(1/3) *x+1))-b/e*xc/ (2xc*xd"3+2%e~3) *d"2*1n(c*x~3-1)
+b/ (2%cxd”3-2*%e~3)*d/ (1/c) ~(2/3)*1n(x+(1/c)~(1/3))-1/2*b/ (2*c*d~3-2xe~3) *d/
(1/c)7(2/3)*1n(x"2-(1/c)~(1/3)*x+(1/c) ~(2/3) ) +b/ (2*c*d~3-2%e~3) *d/ (1/c) ~(2/
3)*37(1/2)*arctan(1/3*%37(1/2)*(2/(1/c)~(1/3)*x-1) )+b*e/ (2*¥c*d"3-2*e~3) /(1/c
)" (1/3)*1n(x+(1/c)~(1/3))-1/2%bxe/ (2*xc*d"3-2%e~3) /(1/c)~(1/3)*1n(x"2-(1/c)~
(1/3)*x+(1/c)~(2/3) ) -b*xe/ (2*xc*d~3-2xe~3)*37(1/2) /(1/c) ~(1/3) *arctan(1/3*37(
1/2)*(2/(1/c)~(1/3)*x-1) ) +b/e*c/ (2*xc*d~3-2%e~3) *d~2*1n (cxx~3+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d)~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*atanh(c*x**3))/(e*x+d)**2,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="giac")

[Out] Timed out
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x3 (a+b tanh ™" (c\/E))

1-c2x

3.36 dx

Optimal. Leaf size=195

bPolyLog (211 - ﬁ) x3 (a +btanh™ (C\/E)) x? (a +btanh™ (Cﬁ)) x (a +btanh™ (c\/E)) (a +bta

c8 3c? 2c4 c6

[Out] (-11xbxSqrt[x])/(6xc~7) - (5xbxx~(3/2))/(18%c”5) - (b*x~(5/2))/(15%c~3) + (
11xb*ArcTanh [c*Sqrt [x]])/(6%c™8) - (x*(a + bxArcTanh[cxSqrt[x]]))/c”6 - (x~

2% (a + b*ArcTanh[c*Sqrt[x]]))/(2%c”™4) - (x73*(a + b*ArcTanh[c*Sqrt[x]]))/(3

*c”2) - (a + bxArcTanh[c*Sqrt([x]])~2/(bxc™8) + (2x(a + b*ArcTanh[c*Sqrt[x]]
)xLog[2/(1 - c*Sqrt[x])])/c"8 + (bxPolyLog[2, 1 - 2/(1 - c*Sqrt[x])]1)/c"8

Rubi [A] time = 0.600731, antiderivative size = 195, normalized size of antiderivative =

1., number of steps used = 19, number of rules used = 10, integrand size = 26, number of rules

= 0.385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (211 - ﬁ) x3 (a +btanh™ (c\/E)) x? (u +btanh™ (C\/E)) x (u +btanh™ (C\/E)) (u +bta

c8 3¢2 2c4 ct

Antiderivative was successfully verified.

[In] Int[(x"3*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2*x),x]

[Out] (-11xb*Sqrtl[x])/(6*c”7) - (5%b*x~(3/2))/(18*c™5) - (b*x~(5/2))/(16%c~3) + (
11*b*ArcTanh [c*Sqrt [x]])/(6%c™8) - (x*(a + b*ArcTanh([c*Sqrt[x]]))/c"6 - (x~

2%(a + bxArcTanh[cxSqrt[x]]1))/(2*c”4) - (x"3*(a + bxArcTanh([cxSqrt[x]]1))/(3

xc”2) - (a + bxArcTanh[c*Sqrt[x]])~2/(b*c™8) + (2x(a + bxArcTanh[c*Sqrt[x]]
)*Log[2/(1 - c*Sqrt[x])])/c™8 + (b*PolyLogl[2, 1 - 2/(1 - c*Sqrt[x])])/c”8

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*xArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 302
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Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2+f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps
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1-c2x 1 —c2x2

3 -1 7 -1
f x (a + btanh (cﬁ)) e = 2 Subst [f x (a + btanh (cx)) dox, \/;)

x° (u+b tanhfl(cx))

2 Subst (fx5 (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f T 122 dax, x,
- +

c? c?

x3 (a +btanh™! (C\/E)) 2 Subst (f X3 (a + btanh_l(cx)) dx, x, \/E) 2 Subst
T 3¢? B A +

x? (a +btanh™ (c\/E)) x3 (a +btanh™ (C\/;)) 2 Subst (fx (a +btanh ™

2ct 3¢2 c®

bV b2 bR x (a +btanh™ (C\/E)) x? (a +btanh™ (cx/f)) 3 (a
A

95 15¢3 c® 2ct

11byx 56232 a2 btanh™ (C\/E) X (a +btanh™ (c\/E)) x? (a +bt

e 185 158 T 3¢ 2 )
1byx 5bx32 b2 116 tanh ™" (c\ﬁ) x (u +btanh™ (cﬁ)) x? (a + 1
e 183 156 6¢8 - c® -
11byx 5632 pao2 11D tanh ™’ (c\/E) x (a +btanh™ (C\/E)) x? (a +1
e 188 150 68 ) & -

Mathematica [A] time = 0.552083, size = 160, normalized size = 0.82

-1
90bPolyLog (2, —e2tanh (Cﬁ)) + 30ac®x® + 45actx® + 90ac2x + 90alog (1 - c2x) + 6bc®x™2 + 25bc3x¥2 + 15 ta
- 90c8

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2%*x),x]

[Out] -(165%bxcxSqrt[x] + 90*%axc™2*x + 25*b*c™3xx~(3/2) + 45%axc™4*x”2 + 6xb*xc”5x
x7(5/2) + 30*a*xc”6xx~3 - 90*b*ArcTanh[c*Sqrt[x]]~2 + 15xbxArcTanh[c*Sqrt [x]

Ix (=11 + 6%c™2%x + 3*c™4*x"2 + 2%c76%x”3 - 12*Log[l + E~(-2%ArcTanh[c*Sqrt[
x]11)]1) + 90%axLog[l - c”2*xx] + 90*b*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]]1)])
/(90%c~8)

Maple [A] time = 0.053, size = 309, normalized size = 1.6
P B8 (eyE 1) - S eyE) - 25 Artanh (evE) - 5 Artanh (evE) - 2 Artanh (cyE
5 eV o cVx) = s Artanh (cvx) - S Artanh (cvix) - — Artanh (cVx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(atb*arctanh(c*xx~(1/2)))/(-c~2*x+1),x)

[Out] -1/3/c ™ 2*a*xx~3-1/2/c”4*x"2*a-1/c 6*x*a-1/c"8*a*xIn(c*xx~(1/2)-1)-1/c 8*a*x1n(1
+c*xx”(1/2))-1/3/c"2xbxarctanh (c*x~ (1/2) ) *x~3-1/2/c"4*b*arctanh (c*x~ (1/2)) *x
~2-1/c”6*b*arctanh(c*x~(1/2))*x-1/c 8*b*arctanh(c*x~(1/2) )*1n(c*xx~(1/2)-1)-
1/c”8*bxarctanh (c*x~ (1/2) ) *In(1+c*x~(1/2))-1/4/c”8*b*1In(c*x~(1/2)-1)"2+1/c”
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8xbxdilog(1/2+1/2%ckx™(1/2))+1/2/c 8%b*1n(ckx~(1/2)-1)*1n(1/2+1/2%c*x™ (1/2)
)+1/2/c~8%bx1n(-1/2xcxx~(1/2)+1/2) *1n(1/2+1/2xcxx”~(1/2))-1/2/c~8%b*x1n(-1/2%
c*xx™(1/2)+1/2)*1n(1+c*x™(1/2) ) +1/4/c™8*b*1n(1+ckx™ (1/2))"2-1/15%b*x~ (5/2) /c
~3-5/18%b*x~(3/2) /c~5-11/6%b*x"~(1/2) /c~7-11/12/c"8xb*1n(c*x~(1/2)-1)+11/12/
c~8*bx1n(1+c*xx~(1/2))

Maxima [A] time = 1.79632, size = 332, normalized size = 1.7

——a +
c8 128

1 1 . (1 1
1 (243 +322 + 61 6log(czx—1)] (log(c x+1)log(—§c x+5)+L12(Ec x+5))b 11blog(c Y -
+ —
6 o c8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(at+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -1/6%a*x((2%c™4%x"3 + 3*%c™2*x"2 + 6%*x)/c”6 + 6*%log(c™2*x - 1)/c”8) - (log(cx*
sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”8

+ 11/12xb*log(c*ksqrt(x) + 1)/c™8 - 11/12xb*log(c*xsqrt(x) - 1)/c”8 - 1/180%(
12%bxc~5*x~(5/2) + 50*bxc™3*x~(3/2) + 45xbxlog(cksqrt(x) + 1)72 - 45%bxlog(
—cksqrt(x) + 1)72 + 330*b*ckxsqrt(x) + 15%x(2xb*c™6%x”3 + 3%b*xc™4*x"2 + 6%b*c
“2xx)*xlog(cksqrt(x) + 1) - 16x(2xbxc™6*x”3 + 3xb*c™4*x™2 + 6%b*c™2%x + 6%bx
log(c*sqrt(x) + 1))*log(-cxsqrt(x) + 1))/c”8

Fricas [F] time = 0., size = 0, normalized size = 0.

bx3 artanh (cﬁ) +ax®

2x -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(at+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")

[Out] integral(-(b*x~3*arctanh(c*sqrt(x)) + a*x~3)/(c™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

d
c2x -1 X

a3 bx® atanh (C\/})
gt
x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*atanh (c*x**(1/2)))/(-cx*2xx+1) ,x)

[Out] -Integral(a*x*x3/(c**2xx - 1), x) - Integral (bxx**3*atanh(c*sqrt(x))/(c**2x*
x - 1), %)

Giac [F] time = 0., size = 0, normalized size = 0.

f ) (b artanh (c\/E) + a)x3

dx
c2x -1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~3/(c™2*x - 1), x)
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xz(a+b tanh™! (c\/E))

1-c2x

3.37

Optimal. Leaf size=160

dx

bPolyLog (211 - ﬁ) x? (a +btanh™ (C\/E)) X (a +btanh™ (Cﬁ)) (a +btanh™ (C\/E)) 2log (1_5_\/;)

2
- - - +

c6 2c2 ct bc®

[Out] (-3*b*Sqrt[x])/(2%c”5) - (b*x~(3/2))/(6*c”3) + (3*bxArcTanh[c*Sqrt[x]])/ (2%
c™6) - (xx(a + bxArcTanh[c*Sqrt[x]]))/c”4 - (x72%(a + bxArcTanh[c*Sqrt[x]])

)/ (2*%c”2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c~6) + (2*(a + b*ArcTanh[c*Sqrt
[x]1)*Log[2/(1 - c*Sqrt[x])])/c"6 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

~6

Rubi [A] time = 0.428567, antiderivative size = 160, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 10, integrand size = 26, number of rules

= 0.385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (211 - ﬁ) x2 (a +btanh™ (c\/E)) X (a +btanh™ (c\/E)) (a +btanh™ (c\/E))z 2log (1_5\/;)
- - - +

c® 2c2 ct bc®

Antiderivative was successfully verified.

[In] Int[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2*x),x]

[Out] (-3*b*Sqrt[x])/(2%c”5) - (b*x~(3/2))/(6*c~3) + (3*bxArcTanh[c*Sqrt[x]])/ (2%
c"6) - (xx(a + bxArcTanh[cxSqrt[x]]))/c”4 - (x"2x(a + b*ArcTanh[c*Sqrt[x]])

)/ (2xc”2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”6) + (2+(a + b*ArcTanh[c*Sqrt
[x]11)*Logl[2/(1 - c*Sqrt[x])])/c”6 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

"6

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*xArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 302
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Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, xJ

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d_ ) + (e_.)*(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])"(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] &% IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps
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2 -1 5 -1
f X (a + btanh (c\/E)) e 2 Subt [f X (a + btanh (cx)) dox, \/E]

1-c%x 1 — c2x?

x3(a+b tanh_l(cx))
2 Subst ( f x3 (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f T 22 dx, x, \/E)
- +
c? 2

D) -1 -1 2 Subst ( f
x (a + btanh (cﬁ)) 2 Subst (fx (11 + btanh (cx)) dx, x, \/E) N

- 2¢? A
x (a +btanh™! (C\/E)) x2 (a +btanh™! (cx/z)) (a +btanh™! (c\/E))Z 2Sub
== A - 22 - beb +

3y 2 x (a+ btanh™ (cvx)) 22(a+ btanh™ (cvx)) (a+ btanh™ (

2C5 6C3 c4 2C2 b C6

3byx b2 3b tanh ™ (c\/E) X (a +btanh™ (c\/E)) x? (a +btanh™ (c\/E
ST el 2c6 B ct B 502

3byx bx¥? 3b tanh ™ (cx/a—c) x (a +btanh™ (cﬁ)) x? (a +btanh™ (c\/E
- 2c5 - 6c3 " 2cb B A h 202

Mathematica [A] time = 0.379533, size = 130, normalized size = 0.81

-1
6bPolyLog (2, —e2tanh (Cﬁ)) + 3actx? + 6ac’x + 6alog (1 - czx) + b33 + 3btanh ™ (c\/E) (c4x2 +2c%x -4 1og(

60

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2%*x),x]

[Out] -(9%bkxcxSqrt[x] + 6xa*xc™2*x + b*xc~3*x”~(3/2) + 3*%axc™4*x”2 - 6xbxArcTanh[c*S
qrt[x]]172 + 3*b*ArcTanh[c*Sqrt[x]]1*(-3 + 2%c™2%x + c”4*x"2 - 4xLog[l + E~(-
2xArcTanh [c*Sqrt[x]])]) + 6*%axLog[l - c”2*x] + 6*b*PolyLog[2, -E~(-2*ArcTan
hlc*Sqrt[x]]1)]1)/(6%xc™6)

Maple [B] time = 0.05, size = 276, normalized size = 1.7

(e =1) = 1 (1+ 0v5) ~ 2 Avtanh (evF) ~ 2 Artanh (eF) - = Artanh (c&) I (evE -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*xx~(1/2)))/(-c~2*x+1),x)

[Out] -1/2/c”2*x"2*a-1/c 4*x*a-1/c 6*a*xln(cxx~(1/2)-1)-1/c 6*a*xln(1+c*x~(1/2))-1/
2/c”2*b*arctanh(c*x”~(1/2))*x"2-1/c 4*b*arctanh(c*x” (1/2) ) *x-1/c 6*b*arctanh
(c*x~(1/2))*1n(c*x~(1/2)-1)-1/c " 6xb*arctanh (c*x~ (1/2) )*1n(1+c*xx~(1/2))-1/4/
c"6xb*1n(cxx~(1/2)-1)"2+1/c”6*xb*dilog(1/2+1/2xc*x”(1/2))+1/2/c”6*b*1n(c*xx" (
1/2)-1)*1n(1/2+1/2*%cxx~(1/2))+1/2/c”6*xbx1n(-1/2*c*x~ (1/2)+1/2)*1n(1/2+1/2*c
*x7(1/2))-1/2/c”6xb*1n(-1/2*xc*x™ (1/2)+1/2) *1In(1+cxx~(1/2))+1/4/c”6*xb*1n(1+c
*x7(1/2))72-1/6*%b*x"(3/2) /c~3-3/2%b*x~(1/2) /c"5-3/4/c"6*xbx1n(c*x~(1/2)-1)+3
/4/c”6xb*x1n(1+cxx”(1/2))
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Maxima [A] time = 1.75142, size = 281, normalized size = 1.76

-——a

2 ct c® c® 4 cb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima"

[Out] -1/2%ax((c™2*x"2 + 2xx)/c”4 + 2*log(c™2*x - 1)/c”6) - (log(cksqrt(x) + 1)%1
og(-1/2xc*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2))*b/c”6 + 3/4xb*log(cx
sqrt(x) + 1)/c™6 - 3/4*b*xlog(cxsqrt(x) - 1)/c”6 - 1/12%(2*%bxc”3*x~(3/2) + 3
xb*xlog(c*ksqrt(x) + 1)72 - 3xbxlog(-cxsqrt(x) + 1)72 + 18xb*ckxsqrt(x) + 3x*(b
*xCT4A*x"2 + 2%bkxc”2*x)*log(ckxsqrt(x) + 1) - 3k (b*c™4*x™2 + 2xb*c™2%x + 2%b*1
og(c*sqrt(x) + 1))*log(-c*xsqrt(x) + 1))/c”6

Fricas [F] time = 0., size = 0, normalized size = 0.

bx? artanh (C\/E) + ax?

2x -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c™2*x+1),x, algorithm="fricas")

[Out] integral(-(b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(c™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f ax2 ; f bx? atanh (c\/E)
_ Y —

2x -1 2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*atanh(cxx**(1/2)))/(-cx*2*x+1) ,x)

[Out] -Integral(axx**2/(c**2*x - 1), x) - Integral (b*x**2*atanh(c*sqrt(x))/(cx*2x%
x - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f ) (b artanh (C\/E) + a)xz

2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x"2/(c”2*x - 1), x)

1 1 . (1 1
1 (2240« 210g(c2x—1)] (log(c x+1)10g(—5c x+5)+L12(§c x+£))b 3blog(c x+1) 3
+ - +
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x(a+b tanh ™ (c\/E))

1-c2x

3.38

Optimal. Leaf size=120

dx

bPolyLog (211 - ﬁ) (a +btanh™ (cﬁ))z x (a +btanh™ (c\/E)) 2log (ﬁ) (‘1 +btanh™ (C\/g)) b
ct bct - c? " ct -

[Out] -((bxSqrt([x])/c”3) + (b*ArcTanh[c*Sqrt[x]])/c”4 - (x*(a + bxArcTanh[c*Sqrt[
x]1))/c”2 - (a + bxArcTanh[c*Sqrt[x]])~2/(b*c™4) + (2%(a + b*ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrtlx])])/c™4 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

4

Rubi [A] time = 0.259834, antiderivative size = 120, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 24, e -

integrand size
0.375, Rules used = {43, 5980, 5916, 321, 206, 5984, 5918, 2402, 2315}

bPolyLog (211 - ﬁ) (a +btanh™ (C\/Z))Z x (a +btanh™ (c\/E)) 2log (ﬁ) (ﬂ +btanh™’ (Cﬁ)) by

ct bct c2 ct c

Antiderivative was successfully verified.

[In] Int[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((b*Sqrt[x])/c”3) + (b*ArcTanh[c*Sqrt[x]])/c”4 - (x*(a + b*ArcTanh[c*Sqrt[
x]11))/c”2 - (a + bxArcTanh[c*Sqrt[x]])~2/(b*c™4) + (2%(a + bxArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrt(x])])/c"4 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

~4

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n- D*x(cxx)"(m - n + D*(a + b*xx™n) " (p + 1))/ (b*(m + nxp + 1)), x] - Dist[
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(a*c™nx(m - n + 1))/(bx(m + n¥p + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps

-1 3 -1
f X (a + btanh (c\ﬁ)) e = 2 Subt [f X (a + btanh (cx)) dox, \&)

1-c2x 1 — c2x?

x(u+b tanh_l(cx)

) i x, \/z)

c? 2

2 Subst ( f X (u +b tanh_l(cx)) dx, x, \/E) 2Subst (f 1-c2x2
- +

-1
X (a +btanh™ (C\/E)) (a +btanh™ (c\/E))z 2 Subst (f Mt?il—?x(cx) dx, x,
T c? - bct + 3
byx (a +btanh™ (C\/E)) (a +btanh™! (c\/E))z 2 (a +btanh ™ (c\/E)) |
- C3 B C2 B bct + C4
byx btanh™ (c\/E) x(a+b tanh ™" (C\/E)) (a+b tanh ™" (c\/E))z 2(a-
- C3 C4 B C2 B bC4 +
byx btanh™ (c\/E) x(a+b tanh ™" (C\/E)) (a+b tanh ™" (c\/E))z 2(a-
- - - +

c3 ct c? bct
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Mathematica [A] time = 0.219557, size = 96, normalized size = 0.8

bPolyLog (2, —e2 tanh_l(c‘/z)) +ac2x + alog (1 - czx) +btanh™ (cvx) (czx ~2log (e_Ztanh_l(Cﬁ) + 1) - 1) + bey/x

A

Warning: Unable to verify antiderivative.

[In] Integrate[(xx(a + bxArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((bxc*Sqrt[x] + a*c™2*x - b*ArcTanh[c*Sqrt[x]]~2 + b*ArcTanh[c*Sqrt[x]]*(-
1 + ¢c™2%x - 2*Log[l + E~(-2%ArcTanh[c*Sqrt[x]])]) + a*Logl[l - c~2*xx] + b*Po
lyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]]1)])/c~4)

Maple [B] time = 0.051, size = 243, normalized size = 2.

_Z_;C - c% In (c\/E - 1) - ;4 In (1 + C\/;) — IZ—;CArtanh (C\/;) - C%Artanh (C\/;) In (C\/E - 1) - C%Artanh (C\/;) In (1 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1) ,x)

[Out] -1/c”2*x*a-1/c 4*axln(c*x~(1/2)-1)-1/c 4d*a*x1ln(1+c*x~(1/2))-1/c"2*b*arctanh(
c*xx~(1/2))*x-1/c 4dxbxarctanh(c*x~(1/2) )*1In(c*x~(1/2)-1)-1/c"4*b*arctanh (c*x
“(1/2))*In(1+cxx™(1/2) ) -bxx~(1/2) /c~3-1/2/c”4*xb*1n(cxx~(1/2)-1)+1/2/c”4*b*1
n(1+c*xx~(1/2))-1/4/c”4xb*x1n(c*x~(1/2)-1) "2+1/c"4*xb*dilog(1/2+1/2*c*x~(1/2))
+1/2/c”4xb*1In(c*xx”~(1/2)-1)*1n(1/2+1/2%cxx”(1/2))+1/2/c”4*b*1n(-1/2*xc*x~ (1/2
)+1/2)*1n(1/2+1/2%c*xx~(1/2))-1/2/c”4xbx1n(-1/2*xcxx” (1/2)+1/2) *In(1+c*xx~(1/2
))+1/4/c”4*b*x1In(1+cxx~(1/2) )72

Maxima [A] time = 1.75246, size = 224, normalized size = 1.87

X log(CZx—l) (log(c x+1)log(—%c x+§)+Li2(%c x+%))b blog(c x+1) blog(c\/;—l) |
[ - ct " 2ct - 2ct o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -a*x(x/c”2 + log(c™2*x - 1)/c”4) - (log(c*sqrt(x) + 1)*log(-1/2*c*xsqrt(x) +
1/2) + dilog(1/2*cxsqrt(x) + 1/2))*b/c”4 + 1/2*%bxlog(c*sqrt(x) + 1)/c™4 - 1
/2¥b*xlog(cxsqrt(x) - 1)/c”4 - 1/4x(2xb*xc”™2*x*log(cksqrt(x) + 1) + bxlog(c*s
qrt(x) + 1)72 - bxlog(-c*xsqrt(x) + 1)72 + 4xb*cxsqrt(x) - 2*(b*c™2%x + bx*lo
g(c*xsqrt(x) + 1))*log(-c*xsqrt(x) + 1))/c™4

Fricas [F] time = 0., size = 0, normalized size = 0.

bx artanh (C\/E) +ax
c2x -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*x*arctanh(c*sqrt(x)) + a*x)/(c”™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

bx atanh (cx/i)

ax
- d —f—d
fczx—l x 2x -1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*atanh(c*x**(1/2)))/(-cx*2xx+1) ,x)

[Out] -Integral(axx/(c**2*x - 1), x) - Integral(b*x*atanh(c*sqrt(x))/(cx*2xx - 1)

, X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f— (b artanh (C\/E) + a)x

c2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(-c™2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x/(c™2*x - 1), x)
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a+btanh{%cvg)

1—c2x

dx

339 |

Optimal. Leaf size=78

bPolyLog (2,1 - ﬁ) (a +btanh™? (c\/;))z 2log (1_5—\/;) (a +btanh™ (c\/E))
- +

c2 bc? c2

[Out] -((a + bxArcTanh[c*Sqrt[x]])~2/(b*c™2)) + (2x(a + bxArcTanh[c*Sqrt[x]])*Log
[2/(1 - c*Sqrt[x])])/c™2 + (b*PolylLog[2, 1 - 2/(1 - c*Sqrt[x])])/c~2

Rubi [A] time = 0.125208, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 23, e .

0.174, Rules used = {5984, 5918, 2402, 2315}

integrand size

bPolyLog (2,1 - ﬁ) (,1 +btanh (C\/;))z 2log (1—5—\5) (a +btanh™ (cx/i))
— +

c? bc? c?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c~2*x),x]

[Out] -((a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”2)) + (2x(a + bxArcTanh[c*Sqrt[x]])*Log
[2/(1 - cxSqrt[x]1)])/c™2 + (bxPolylLog[2, 1 - 2/(1 - c*Sqrt[x])])/c™2

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLogl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, O
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2*f + d~2xg, 0]

Rule 2315
Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

c¥x]/e, x] /; FreeQl{c, d, e}, x] && EqQ[e + cxd, 0]

Rubi steps



195

1-c2x

1 - c2x2

-1 -1
J cebtenh ) dx:zsubst[f rlot bionh ) dx,x,\/;)

(a +btanh™ (C\/;))z 2 Subst (f Mt&lu_l—gl(cx) dx, x, \/E)
+

bc? c
log( :CX)
(a +btanh™ (C\/E))Z 2 (” +btanh™" (C\/z)) log (ﬁ) (2b) Subst (f 1-c22
- bCZ * C2 - c
(a +btanh™ (C\/E))Z 2 (u +btanh™ (cx/i)) log (1—§ﬁ) (2b) Subst (f log(zj) d:
T bc? " 2 * c?
] _(a + btanh ! (c\/i))z . 2 (u +btanh™ (c\/§)) 10g(1_§\/§) ) bLi, (1 - ﬁ)
bc? 2 2

Mathematica [A]

b (PolyLog (

time = 0.0968517, size = 75, normalized size = 0.96

20 (et () + 20 (209 41))) iogr— )

c2

Warning: Unable to verify antiderivative.

c2

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c™2%x),x]

[Out] -((a*Logl[l - c™2*x])/c"2) - (b*(-(ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] +
2xLog[1 + E~(-2*ArcTanh[c*Sqrt[x]]1)])) + PolyLog[2, -E~(-2%ArcTanh[c*Sqrt[x

11)1))/c™2
Maple [B] time = 0.046, size = 186, normalized size = 2.4
L (C\/; - 1) (1 + C\/_) - —Artanh (C\/—) In (C\/_ ) - —Artanh (C\/_) In (1 + C\/_)

1 (In(ev&

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(cxx~(1/2)))/(-c"2*x+1) ,x)

[Out] -1/c”2*a*x1n(cxx~(1/2)-1)-1/c " 2*a*xIn(1+c*xx~(1/2))-1/c " 2*¥b*arctanh(c*x~(1/2))
*1n(c*x~(1/2)-1)-1/c"2xb*arctanh (c*x~ (1/2) ) *In(1+c*x~(1/2))-1/4/c”2*b*1n(c*
x~(1/2)-1)"2+1/c”2xb*dilog(1/2+1/2xc*x~ (1/2) )+1/2/c”2*b*1n(c*x~ (1/2)-1) *1n(
1/2+1/2xcxx~(1/2))+1/2/c”2*b*xIn(-1/2*cxx~(1/2)+1/2) *1n(1/2+1/2*c*x~(1/2) ) -1
/2/c”2%b*xIn(-1/2*%cxx~(1/2)+1/2)*1n(1+c*x~(1/2) ) +1/4/c”2xbx1n (1+c*x~(1/2)) "2

Maxima [A]

time = 2.07543, size = 136, normalized size = 1.74

(log(c x+1)log(—%c x"‘%)*‘LiZ(%C x+%))b alog(czx—l) blog(c x+1)2—2blog(c x+1)log(

c2

c2 4.2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2)
)*¥b/c”2 - axlog(c™2xx - 1)/c”2 - 1/4x(bxlog(c*sqrt(x) + 1)72 - 2*bxlog(cxsq
rt(x) + 1)*log(-cxsqrt(x) + 1) - bxlog(-c*sqrt(x) + 1)72)/c™2

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

2x -1

integral | — ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

—f a dx_fbatanh(cx/})

c2x -1 ?x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**(1/2)))/(-c**2*x+1),x)

[Out] -Integral(a/(c**2*x - 1), x) - Integral(b*atanh(c*sqrt(x))/(c**2xx - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (c\/E) +a

c2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”(1/2)))/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/(c”™2*x - 1), x)
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a+btanh ™! cvx
[ (V%)

3.40 dx
x(1-c2x)
Optimal. Leaf size=69
o) a+btanh ™ cvVx 2 ~
—bPolyLog(Z,m—1)+ ( 5 ( )) +210g(2— ; x+1)(a+btanh 1(C\/§))

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2x(a + bxArcTanh[c*Sqrt[x]])*Logl[2 - 2/(1
+ c*Sqrt[x])] - b*PolylLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.24363, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 7, integrand size = 26, e .

integrand size
0.269, Rules used = {36, 29, 31, 1593, 5988, 5932, 2447}

2
2 a+btanh™! (cv/x

—bPolyLog (2, —_— - 1) + ( ( \/_)) +2log (2 -

cVx +1 b

) (a+ btanh™ (cyk)

cvx +1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*(1 - c~2*x)),x]

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2x(a + bxArcTanh[c*Sqrt[x]])*Logl[2 - 2/(1
+ cxSqrt[x])] - bxPolyLog[2, -1 + 2/(1 + cxSqrt[x])]

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 1593

Int[(u_)*((a_)*xx_ )" (p_.) + (b_.)*x(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x)*((d_ ) + (e_.)*x(x_)"2)),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQLc™2*%d + e, 0] && GtQ[p, 0]

Rule 5932
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Log[2 - 2/(1 + (e*xx)/d)]1)/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - ¢™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQlc"
2xd~2 - e~2, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq~m*(1 - u))
/Dlu, %11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x1]

Rubi steps

[= bl (V) ) (f ot DUt (00 g W)

x (1 - c2x) x =23
s [ R )
_faxt tanl;_l ) g [ [= iaai‘};:)(cx) ix, %, ﬁ)
- (a+ btan};_l (C\/;))Z +2(a+btanh™ (cvkx))log (2 - ﬁ) — (2bc) Subst f o (:
_ (a+b tan};_l (Cﬁ))z +2(a+btanh™ (cvi)) log (2 - +2C \/i) ~ bLi, (—1 + +2C x)

Mathematica [A] time = 0.124835, size = 72, normalized size = 1.04

—bPolyLog (2, e tanh_l(cﬁ)) —alog (1 - czx) +alog(x) + btanh™ (c«/&) (tanh_1 (C\/E) +2log (1 —e¢? tanh_l(cﬁ)))

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x*(1 - c™2%x)),x]

[Out] bxArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] + 2xLogl[l - E~(-2*%ArcTanh[c*Sqrt[x
11)1) + axLoglx] - axLogl[l - c~2*x] - b*PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]]
)]

Maple [B] time = 0.053, size = 217, normalized size = 3.1

—aln (C\/E - 1) +2aln (C\/;) —aln (1 + C\/E) —bArtanh (C\/E) In (C\/; - 1) + 2bArtanh (C\/E) In (C\/E) — bArtanh

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(cxx~(1/2)))/x/(-c”2*x+1) ,x)

[Out] -a*ln(c*xx~(1/2)-1)+2xa*x1ln(c*x”~(1/2))-a*x1ln(1l+c*x~(1/2))-b*arctanh(c*x~(1/2))
*1n(cxx™(1/2)-1)+2*xb*arctanh(c*xx~(1/2) )*1n(c*x~(1/2))-b*arctanh(c*xx~(1/2))*
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In(1+c*x™(1/2))-bxdilog(c*x~(1/2))-b*dilog(1+c*x~(1/2))-b*1In(c*x~(1/2))*1n(
1+c*xx™(1/2))-1/4*%b*x1n(c*x~(1/2)-1) “2+b*xdilog(1/2+1/2*%c*xx~(1/2) ) +1/2*b*1n(c*
x~(1/2)-1)*1n(1/2+1/2*c*x~(1/2) ) +1/2%b*x1n(-1/2*c*x~ (1/2)+1/2) *1n(1/2+1/2*c*
x7(1/2))-1/2*b*1n(-1/2*%c*x~ (1/2)+1/2) *1n(1+c*xx~ (1/2) ) +1/4*xb*x1n(1+cxx~(1/2))
2

Maxima [B] time = 1.62442, size = 215, normalized size = 3.12

1

—iblog(c x+1)2+%blog(c x+1)log(—c x+1)+iblog(—c x+1)2—(log(c x+1)log(—%c x+§)+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="maxima"

[Out] -1/4x%b*log(cksqrt(x) + 1)72 + 1/2%b*log(cksqrt(x) + 1)*xlog(-c*xsqrt(x) + 1)
+ 1/4x%bxlog(-c*xsqrt(x) + 1)72 - (log(c*ksqrt(x) + 1)*log(-1/2xc*sqrt(x) + 1/

2) + dilog(1/2*c*sqrt(x) + 1/2))*b - (log(cxsqrt(x))*log(-c*sqrt(x) + 1) +
dilog(-c*sqrt(x) + 1))*b + (log(c*sqrt(x) + 1)*log(-cxsqrt(x)) + dilog(c*sq
rt(x) + 1))*b - ax(log(cxsqrt(x) + 1) + log(c*sqrt(x) - 1) - log(x))

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

c2x? —x

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c”2*x"2 - x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

~ f “ f batanh (c\ﬁ)

c2x? —x c2x? — x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**(1/2)))/x/(-cx*2xx+1) ,x)

[Out] -Integral(a/(cx*2xxx*2 - x), x) - Integral(b*atanh(c*xsqrt(x))/(cx*2*xx**2 -

X), X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (C\/E) +a

(czx - 1)x



200

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x), Xx)
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a+btanh ™! cvx
[ (%)

3.41 dx
x2 (1—02x)
Optimal. Leaf size=117
2
2 c? (a +btanh™ (cxﬁ)) B a+ btar
—bc?PolyLog (2, a1l 1) + 2 +2c21og (2 ay - 1) (a +btanh™ (c\/§)) _

[Out] -((bxc)/Sqrt[x]) + b*c 2xArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c™2x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc”™2x(a + bxArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + c*Sqrt[x])] - bxc™2xPolyLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.363359, antiderivative size = 117, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 9, integrand size = 26, number of rules _

integrand size
0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

a+ bta

, 2 1) . c? (a +btanh™ (C\/E))Z
cyx +1 b

—bc?PolyLog (2 +2¢? log (2 -

)+ btanis” (e4) -

cVx+1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt([x]])/(x"2x(1 - c™2%*x)),x]

[Out] -((bxc)/Sqrt[x]) + b*c 2xArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c™2x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc”™2x(a + bxArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + c*Sqrt[x])] - bxc™2xPolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*x((a_.)*x(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]
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Rule 325

Int[((c_)*x D))" (m )*x((a_) + (b_)*x_)"(m_)) (p_), x_Symbol]l :> Simp[((c*
x)"(m + 1)*(a + bxx™n)"(p + 1))/(axcx(m + 1)), x] - Dist[(bx(m + n*x(p + 1)
+ 1))/(axc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.0/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (e*x)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c”2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"
2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]1]

Rubi steps
a+btanh™ (cx/}) a + btanh ™ (cx)

f x2 (1 - sz) dx = 2 Subst f x3 — c2x5 ax, %, \/;
3 a+b tanh_l(cx)
= 2 Subst f e (1 — szz) dx, x, \/x

-1 -1
= 2 Subst f a+h ta;h (cx) dx,x, \/E + (2c2) Subst ( f 4 -;szin;xz()cx) dx, x, \/E]
_ _(l + btanh‘l (C\/E) N C2 ([Jl + btanh_l (C\/E))z + (bC) Subst f ; dx. x \/; .
B X b x2 (1 - c2x2) Y
-1 2 -1 2

_ _% B a+btani1 (C\/§) .\ c (a+btarll?h (C‘/E)) 422 (a+btanh_1 (cﬁ))log(Z—

be

a+Dbtanh™ (cvx) E(a+ btanh™ (c\/i))z

= 7 +bc?tanh ™ (C\/E) — " + 2

+ 2¢2 (a + bta;
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Mathematica [A] time = 0.324301, size = 118, normalized size = 1.01

_ ) )
e otyog 2 ) e[ ™ o) 2112 ) )

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*%(1 - c~2xx)),x]

[Out] -(a/x) + 2%axc™2*Log[Sqrt[x]] - a*c™2xLogl[l - c~2*x] - b*xc™2*(1/(c*Sqrt[x])
- ArcTanh[c*Sqrt [x]]*(-((1 - c™2*x)/(c™2*x)) + ArcTanh[c*Sqrt[x]] + 2xLogl
1 - E7(-2*ArcTanh[c*Sqrt[x]])]) + PolyLogl[2, E~(-2*ArcTanh[c*Sqrt[x]]1)])

Maple [B] time = 0.057, size = 315, normalized size = 2.7

—c?aln (C\/; - 1) - g +2c%aln (C\/}) —c?aln (1 + C\/;) — c®bArtanh (C\/;) In (C\/; - 1) - J—ZzArtanh (C\/}) +2c%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(cxx~(1/2)))/x"2/(-c”2*x+1),x)

[Out] -c ™ 2*xa*xIln(c*xx~(1/2)-1)-a/x+2*c ™ 2*xa*In(c*x~(1/2))-c 2*xa*x1In(1+c*x~(1/2))-c~2%
bxarctanh(c*x~(1/2))*1n(c*x~(1/2)-1)-b*arctanh(c*x~(1/2)) /x+2*xc~2*b*arctanh
(e*xx~(1/2))*1In(c*x~(1/2) ) -c"2xb*arctanh (c*x~ (1/2) ) *In(1+c*xx~(1/2) ) -b*c/x~ (1
/2)-1/2xc”2*%bx1n(c*x~(1/2)-1)+1/2xc”2*%b*x1n (1+c*xx~(1/2) ) -c"2xb*dilog(cxx~(1/
2))-c”2xb*xdilog(1l+c*x~(1/2))-c™2*b*1ln(c*x~ (1/2) ) *1n(1+c*x™(1/2))-1/4*c™2*bx*
In(cxx~(1/2)-1)"2+c™2*%bxdilog(1/2+1/2%c*x™ (1/2))+1/2%c™2*b*1n(cxx~(1/2)-1)*
In(1/2+1/2%c*xx~(1/2))+1/2xc”2xb*1n(-1/2*xc*x~ (1/2)+1/2) *1n(1/2+1/2*c*x~(1/2)
)=1/2%c™2xbx1n(-1/2%c*x~(1/2)+1/2) *1n(1+c*x~(1/2) ) +1/4*c™2xbx1n(1+c*x~(1/2)

)72

Maxima [B] time = 1.7842, size = 335, normalized size = 2.86

—(log (c X+ 1) log (—% cVx + %) + Li, (% cVx + %))bcz - (log (C\/;) log (—c X+ 1) + Li, (—c X+ 1))1702 + (log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2)
)*¥bxc”2 - (log(c*xsqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*b*c”

2 + (log(cxsqrt(x) + 1)xlog(-c*sqrt(x)) + dilog(cxsqrt(x) + 1))*bxc™2 + 1/2
xb*c"2%log(cksqrt(x) + 1) - 1/2*%bxc”2*xlog(cxsqrt(x) - 1) - (c™2*xlog(cxsqrt(

x) + 1) + c”2*log(cksqrt(x) - 1) - c™2xlog(x) + 1/x)*a - 1/4*(b*c ™ 2xx*log(c
xsqrt(x) + 1)72 - bxc ™ 2xx*log(-c*sqrt(x) + 1)72 + 4xbxc*sqrt(x) + 2*bxlog(c
xsqrt(x) + 1) - 2x(bxc™2*xxxlog(c*sqrt(x) + 1) + b)*log(-c*xsqrt(x) + 1))/x

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

223 — 12

integral | - ,X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x72/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"3 - x72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

batanh (C\/E)

a
- —dx—f—dx
f@ﬁ_ﬂ 233 — 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx*x(1/2)))/x*x*2/(-cx*2xx+1) ,x)

[Out] -Integral(a/(cx*2xx*x*3 - x**2), x) - Integral(b*atanh(c*sqrt(x))/(ck*2*x**3

- X**2), X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (C\/E) +a

(czx - 1)x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x72/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x72), x)
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a+btanh ™! (C\/})
x3 (1—02x)

Optimal. Leaf size=157

dx

342 |

cvVx+1

) 1) . ct (a +btanh™ (cﬁ))z B c? (a +btanh™ (c\/E))

2
—bc*PolyLog (2, +2c*log (2 - a+tb
o og( b x og( c x+1)(

[Out] -(b*xc)/(6*%x~(3/2)) - (3*b*c~3)/(2*Sqrt[x]) + (3*b*c~4*ArcTanh[c*Sqrt[x]])/2
- (a + bxArcTanh[c*Sqrt[x]])/(2*%x72) - (c"2*(a + b*ArcTanh[c*Sqrt[x]]))/x

+ (c74*x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc~4*(a + b*ArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + c*Sqrt[x])] - bxc"4xPolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.455852, antiderivative size = 157, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 9, integrand size = 26, number of rules

= 0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

2 1) . ct (a +btanh™ (C\/E))Z B c? (a +btanh™ (c\/}))
“evx +1 b x

integrand size

~bc*PolyLog (2 +2c*log (2 -

)(a+b

cvx +1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt([x]])/(x"3*x(1 - c~2%*x)),x]

[Out] -(b*c)/(6*%x~(3/2)) - (3*b*c~3)/(2%Sqrt[x]) + (3*bxc~4*ArcTanh[c*Sqrt[x]])/2
- (a + b*ArcTanh[c*Sqrt([x]])/(2*x"2) - (c™2x(a + bxArcTanh[c*Sqrt[x]]))/x

+ (c74*(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2*c"4*(a + bxArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + c*Sqrt[x])] - bxc”4xPolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*x((a_)*xx_ )" (p_.) + (b_)*x(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + b*xx"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - pl

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x]) p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] Il In
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tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_)*x D))" @ )*((a)) + (b_)*(x_)"(m_ )" (p_), x_Symbol] :> Simp[((c*
) (m + D*x(a + bxx™n) " (p + 1)) /(axc*(m + 1)), x] - Dist[(b*x(m + n*x(p + 1)
+ 1))/(axc”n*x(m + 1)), Int[(c*x)"(m + n)*(a + bxx"n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, c, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + bkArcTanh([c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x )]*x(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (e*x)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c~
2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_]*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]1}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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a+btanh ™ (cv/x btanh~

f (\/_)dx:ZSubst fa+ 5&112 (cx) dx, x,\/x
x3(1—c2x) x5 —c2x7
1

_ > Qubst f a+btanh " (cx) dx, 3%

x> (1 - szz)
btanh™! btanh™
= 2 Subst fa il ar; (cx) dx, x, Vx | + (ZCZ) Subst fﬂ *otan (cx) dx, x, \/x
x x3(1-—c2x2)

a+btanh™ cvx) 1
=_ = ( )+'EGE)SUbSt[JAx4(1_4;x2)dx X, Vr] ( )Subst(

be a+btanh™ (C\/}) c? (u +btanh™ (C\/;)) c* (a +btanh™ (cﬁ))z 1
- + +

C6x32 2x2 X b

a+l

Y|

e bt (o) o brani! (o) | e (osbran” (o

T e 24/x - 2x? - x " b
be  3bc® 3 a+btanh™ (cyx) ¢ (a+btanh™ (cyx
= _6x_3c’/2 2\/_ + bc tanh™ ( \/E) - " ( ) - ( " ( )) +

Mathematica [A] time = 0.536917, size = 158, normalized size = 1.01

—6ac*x?log(x) + 6ac*x? log (1 — c2x) + 6acx + 3a + 9bc3x¥2 — 6bctx? tanh ™ (C4

—bc*PolyLog (2, e? t?’L‘“]ffl(c‘/’_‘)) -

6.
Warning: Unable to verify antiderivative.
[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c~2xx)),x]
[Out] -(3%a + bkxcxSqrt[x] + 6*axc™2*x + Oxb*xc~3*x~(3/2) - 6%bkxc~4*x~2*ArcTanh[c*S
qrt[x]]172 - 3*bxArcTanh[c*Sqrt[x]]1* (-1 - 2%c™2%x + 3*c™4%x"2 + 4*xc~4*x"2*Lo
gll - E7(-2xArcTanh[c*Sqrt[x]])]) - 6*a*xc”4*x"2xLog[x] + 6*a*xc”4xx"2*xLog[1
- ¢72%x])/(6*%x72) - b*c~4xPolyLog[2, E”(-2*ArcTanh[c*Sqrt[x]])]
Maple [B] time = 0.066, size = 348, normalized size = 2.2

b

—C aln(C\/_ )————+20 aln(cx/_)—c aln(l+C\/—)—c4bArtanh(cx/_)ln(C\/— )—ﬁArtanh(c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x)

[Out] -c 4*xaxln(c*xx~(1/2)-1)-1/2*a/x"2-c"2*a/x+2*xc 4*ax1ln(c*x~(1/2))-c 4*axln(1l+c
*x”(1/2))-c"4*b*arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)-1/2*b*arctanh(c*x~(1/2))
/x"2-c”2%b*arctanh(c*x~ (1/2)) /x+2*c " 4dxb*xarctanh(c*x~(1/2) ) *1n(c*xx~(1/2))-c”
4xb*arctanh (c*x”~(1/2) ) *1n(1+c*x~(1/2))-c 4*bxdilog(c*x~(1/2))-c 4*bxdilog(1
+c*xx”(1/2))—c"4xbx1n(c*x~ (1/2) ) *In(1+c*x~(1/2) )-1/4*c"4*b*1n(c*x~(1/2)-1)"2
+c " 4xb*xdilog(1/2+1/2%c*x~(1/2))+1/2*%c™4*xb*1n(c*x™ (1/2)-1)*1n(1/2+1/2*cxx~ (1
/2))+1/2%c”4*xbx1In(-1/2*cxx~(1/2)+1/2) *1n(1/2+1/2*%c*x” (1/2) ) -1/2*xc~4*b*1n (-1
/2xcxx”(1/2)+1/2) *1n(1+cxx™(1/2) ) +1/4xc ™ 4*xb*x1n (1+c*xx™ (1/2) ) "2-3/4*c”4*bx1n(
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cxx~(1/2)-1)-1/6*bxc/x~(3/2)-3/2xb*c~3/x~(1/2)+3/4*xc”4*xb*x1n(1+cxx~(1/2))

Maxima [B] time = 1.78481, size = 393, normalized size = 2.5

—(log (c X + 1) log (—% cVx + %) + Li, (% cVx + %))bc‘L - (log (C\/;) log (—c X + 1) + Li, (—c X + 1))bc4 + (log (c*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x73/(-c"2*x+1),x, algorithm="maxima"

[Out] -(log(c*sqrt(x) + 1)*log(-1/2xc*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥bxc”™4 - (log(cxsqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bxc”

4 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™4 + 3/4
xb*xc"4xlog(c*ksqrt(x) + 1) - 3/4xbxc”4xlog(cxsqrt(x) - 1) - 1/2%(2%c”4xlog(c
xsqrt(x) + 1) + 2xc”4*xlog(ckxsqrt(x) - 1) - 2*c™4xlog(x) + (2%c™2*x + 1)/x72

)*¥a - 1/12%(3*b*xc™4xx"2*log(cxsqrt(x) + 1)72 - 3xb*xc”4*x"2xlog(-c*sqrt(x) +

1)72 + 18%bxc”3*x"(3/2) + 2%bkcxsqrt(x) + 3*(2%b*xc™2*x + b)*log(ckxsqrt(x)

+ 1) - 3%(2xbxc”™4xx"2*xlog(cxsqrt(x) + 1) + 2%b*xc”™2*x + b)*log(-c*ksqrt(x) +
1))/x72

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

2t — 3

integral | -

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"4 - x73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x**3/(-c**2*xx+1) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f— bartanh (C\/E) +a

(czx - 1)x3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x~(1/2)))/x73/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x73), x)
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a+btanh{%cvg)
x4(1—02x)

Optimal. Leaf size=192

dx

343 |

_ _ 2 _
—bcSPolyLog (2, 2 1) B c? (a +btanh™! (cﬁ)) N b (a +btanh™ (cﬁ)) ) A (a +btanh™ (C\/}))
cVx+1 2x2 b

+2c°1
x

[Out] -(b*c)/(15%xx~(5/2)) - (5xbxc~3)/(18%x~(3/2)) - (11xb*c~5)/(6*Sqrt[x]) + (11
*xbxc~6*ArcTanh [c*Sqrt[x]])/6 - (a + bxArcTanh[c*Sqrt[x]])/(3*x73) - (c"2*(a

+ b*ArcTanh[c*Sqrt [x]]))/(2*xx"2) - (c"4*(a + b*ArcTanh[c*Sqrt[x]]))/x + (c
~6*(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2%c”6*(a + bxArcTanh[c*Sqrt[x]])*Logl[2

- 2/(1 + cxSqrt[x])] - b*c~6*PolyLog[2, -1 + 2/(1 + c*xSqrt[x])]

Rubi [A] time = 0.571181, antiderivative size = 192, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 9, integrand size = 26, e o e

= 0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

2 1) ) c? (a +btanh™ (c\/})) N c® (a +btanh™ (C\/E))z ) ct (a +btanh™ (cﬁ))
’ cyx +1

integrand size

+2¢°1

—bc®PolyL.
bc®Poly og(Z 72 2 "

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"4x(1 - c~2%*x)),x]

[Out] -(b*c)/(16xx~(5/2)) - (6xbxc~3)/(18%x~(3/2)) - (11xb*xc~5)/(6%Sqrt[x]) + (11
*xb*c~6%ArcTanh [c*Sqrt [x]])/6 - (a + bxArcTanh[c*Sqrt[x]])/(3*x~3) - (c™2x(a

+ b*ArcTanh[c*Sqrt[x]]1))/(2%x"2) - (c"4*(a + b*ArcTanh[c*Sqrt[x]]))/x + (c
“6x(a + bxArcTanh[c*Sqrt([x]]1)~2)/b + 2*c™6%(a + bxArcTanh[c*Sqrt[x]])*Log[2

- 2/(1 + cxSqrt[x])] - bxc™6*PolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a ) + (b_)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + bxx) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*((a_.)*x(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + bxx"(q - p))°n, x] /; FreeQl{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((£f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + bxArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
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*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x72), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int [((c_.)*(x_)) " (m_)*x((a_) + (b_.)*x(x_)"(n_)) (p_), x_Symbol] :> Simp[((c*
x)7(m + 1)*(a + b*x™n) " (p + 1))/ (a*ck(m + 1)), x] - Dist[(bx(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*x(a + bxx™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (exx)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c”2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]1}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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a+btanh™ (C\/E) a+btanh” (cx)
d = 2 f 7
f v (1 — sz) X Subst 7 — 20 dx, x, \/x
-1
— > SQubst f a+btanh "(cx) dx, 3%
x7 (1 - szz)
btanh™ btanh™
= 2 Subst f et ar; (cx) dx, x, Vx | + (202) Subst f a+btanh (cx) dx, x, \/x
X x° (1 - szz)

a+bta

a+btanh™ (cvx) 1 1
=- 30 ( ) + g(bc) Subst (f m dx, x, \/E) + (ZCZ) Subst (f

b 4+ btanht (C\/;C) ) 2 (a +btanh™ (C\/z)) 4 1 (bc3) Subst f !
3 xt (1

T15x52 3x3 2x? _ szz)
be 5bc3  a+btanh™ (C\/E) c? (a +btanh™ (C\/Z)) ct (a +btanh™ (c\/i
T 1552 T 1832 33 - 2x? - x

be 563 11pS a+btanh™ (cx/i) c? (a +btanh™ (C\/E)) c* (a + btanl

15652 18832 6k 313 B 22 x
b 563 11bd 11 a+btanh ! (cvx) 2 (a+btanh™
e 2 bcStanh” (C\/_)— (\/_)— ( (
1552 18x%2  64fx 6 3x3 2x2

Mathematica [A] time = 0.753271, size = 187, normalized size = 0.97

90ac*x? — 90ac®x3 log(x) + 90ac®x® log (1 - czx) + 45ac2x + 30a + 165bc>x>? + 25b

—bc®PolyLog (2, e ? tanhfl(c‘/’_()) _

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"4*(1 - c~2%x)),x]

[Out] -(30%a + 6*%bxcxSqrt[x] + 45*%axc™2*x + 25*%b*c~3xx~(3/2) + 90*axc™4*x"2 + 165
*xbxc”5xx~ (5/2) - 90%b*c”6xx”~3*ArcTanh[c*Sqrt[x]]~2 - 15xb*ArcTanh [c*Sqrt [x]

1% (=2 - 3*%c7™2%x - 6*%c74*x72 + 11*%c76%x"3 + 12*%c”6*x"3*xLog[l - E~(-2*%ArcTanh
[cxSqrt[x]]1)]) - 90*axc™6*x~3*Log[x] + 90*axc”6xx~3*Log[l - c™2xx])/(90*x~3

) - b*c”"6xPolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]])]

Maple [B] time = 0.062, size = 381, normalized size = 2.

2 2 2 2 2

21n(—£«/§+1)1n( N \/_)——bln(—g\/§+ )ln(l+cx/_)+—ln((:\/_ 1) ( \/‘)—ﬁ—ﬂ—(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"4/(-c”2*x+1),x)

[Out] -c"4x*xb*arctanh(c*xx~(1/2))/x+2*c " 6*xb*arctanh(cxx~(1/2))*1n(c*x~(1/2))-c”6*xbx*
arctanh(c*x™(1/2) ) *1n(c*x~(1/2)-1)+1/2*%c”6*xb*x1n(-1/2*cxx~(1/2)+1/2) *1n(1/2+
1/2%c*x~(1/2))-1/2%c”6*xbx1n(-1/2*xcxx” (1/2)+1/2) *1n(1+c*x~(1/2) ) +1/2*xc”~6*xb*1
n(c*xx™(1/2)-1)*1n(1/2+1/2xc*x”(1/2))-1/2%c"2*a/x"2-c"4*a/x-c"6*bxdilog(c*x™
(1/2))-c”6*xb*dilog(l+c*x™ (1/2))+2xc 6*ax1n(c*x~(1/2))-c 6*axln(c*x~(1/2)-1)
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—c”6*xa*x1ln(1+c*xx~(1/2))-1/4*c”6xb*1n(c*xx~(1/2)-1) "2+c"6*b*xdilog(1/2+1/2%c*x”
(1/2))+1/4*c”6%b*1n(1+c*xx~(1/2))"2-11/6%b*c”5/x~(1/2)-1/3*a/x"3+11/12*c”6%b
*1n(1+c*x~(1/2))-1/3*b/x"3*arctanh (c*x~(1/2))-11/12*c”"6*xb*x1n(c*xx~(1/2)-1)-1
/15xbxc/x~(5/2)-5/18*b*xc~3/x"(3/2)-c”6xb*1n(c*xx~ (1/2) ) *1n(1+c*xx~(1/2))-1/2%
c~2xb*arctanh(c*x™(1/2))/x"2-c"6xb*xarctanh (c*x~ (1/2) ) *1n(1+c*x~(1/2))

Maxima [B] time = 1.7959, size = 446, normalized size = 2.32

—(1og (c x + 1) log (—% cVx + %) + Li, (% cVx + %))bc6 - (log (C\/}) log (—c x + 1) + Li, (—c x + 1))bc6 -+ (log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x74/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2)
)*¥b*c™6 - (log(c*sqrt(x))*log(-c*xsqrt(x) + 1) + dilog(-cxsqrt(x) + 1))*b*c”

6 + (log(cxsqrt(x) + 1)*log(-c*sqrt(x)) + dilog(cksqrt(x) + 1))*b*c”™6 + 11/
12xb*c~6%1log(cksqrt(x) + 1) - 11/12xb*xc”6xlog(c*sqrt(x) - 1) - 1/6%(6*c™6%1
og(cxsqrt(x) + 1) + 6*%c”6*xlog(cksqrt(x) - 1) - 6*c™6xlog(x) + (6*kc™4*x"2 +
3xcT2xx + 2)/x73)*a - 1/180%*(45%b*xc”6xx"3*log(cxsqrt(x) + 1)72 - 45xb*c™6%*x
“3xlog(-c*sqrt(x) + 1)72 + 330*%b*xc~5xx~(5/2) + 50xb*c~3*x~(3/2) + 12xb*cxsq
rt(x) + 16%x(6xbxc™4*x"2 + 3xb*c”™2*%x + 2%b)xlog(cksqrt(x) + 1) - 15%(6xb*xc”6
*xx"3%log(cxsqrt(x) + 1) + 6%b*xc™4*x"2 + 3*bxc™2%x + 2xb)*log(-c*xsqrt(x) + 1
))/x"3

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

225 — A

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"5 - x74), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx*x(1/2)))/xx*4/(~cx*2xx+1) ,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (C\/E) +a

(czx - 1)x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c"2*x - 1)*x74), x)
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xz(a+btanhf1(avg))

3.44 dx
d+ex
Optimal. Leaf size=460
2 2 _ ZC(\/—_d—\/EW) 2 B 2c(\/—_d+\/5\/§)
bi?PolyLog (2,1 _ Cﬁﬂ) ) bd?PolyLog (2,1 ) bd?PolyLog (2,1 ) 24210
e3 263 2e3

[Out] -((b*xd*Sqrt([x])/(cxe”2)) + (b*Sqrt[x])/(2xc”3*%e) + (b*x7(3/2))/(6*%cxe) + (b
xd*ArcTanh [c*Sqrt [x]])/(c"2%e”2) - (bxArcTanh[c*Sqrt[x]])/(2xc”4*e) - (d*xx*
(a + b*ArcTanh[c*Sqrt[x]]))/e”2 + (x72*(a + b*ArcTanh[c*Sqrt[x]]))/(2*xe) -
(2xd~2*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e”3 + (d"2x(a + b
*xArcTanh [cxSqrt [x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((c*Sqrt[-d] -
Sqrtle])*(1 + c*xSqrt(x]))])/e™3 + (d"2*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*cx
(Sqrt[-d] + Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]))])/e”
3 + (b*d~2#PolyLog[2, 1 - 2/(1 + c*xSqrt[x])])/e”3 - (b*d~2*PolyLog[2, 1 - (
2xcx (Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))]
)/ (2%e”3) - (b*d"2*PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sq
rt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2%e~3)

Rubi [A] time = 0.783123, antiderivative size = 460, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 11, integrand size = 23, /e o
integrand size

= 0.478, Rules used = {43, 5980, 5916, 302, 206, 321, 6044, 5920, 2402, 2315, 2447}

2¢(V-d—evx 2c(V=d+fey/x
bdzPolyLog (2/1 _ \/E ) bdZPOIYLOg (2,1 - W) bdzPolyLog (2,1 - W) 2d2 103

cvx+1
e3 2¢e3 23

Antiderivative was successfully verified.

[In] Int[(x"2%(a + bxArcTanh[cxSqrt[x]]))/(d + e*x),x]

[Out] -((b*d*Sqrt[x])/(c*e”2)) + (b*Sqrt[x])/(2*c™3xe) + (b*x~(3/2))/(6*c*e) + (b
*xd*xArcTanh [cxSqrt [x]])/(c"2xe"2) - (b*ArcTanh[c*Sqrt[x]])/(2*xc”4*e) - (d*x*
(a + bxArcTanh[c*Sqrt[x]]))/e”2 + (x72%(a + bxArcTanh[cxSqrt[x]]))/(2xe) -
(2%d"2x(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e”3 + (d"2%(a + b
xArcTanh [cxSqrt [x]])*Log[(2*c*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] -
Sqrt[e]l)*(1 + cxSqrt[x]))])/e”3 + (d"2*(a + bxArcTanh[c*Sqrt[x]])*Log[(2*cx
(Sqrt[-d] + Sqrtlel*Sqrt(x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]))])/e”
3 + (b*d"2xPolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/e”3 - (bxd"2*PolyLogl[2, 1 - (
2xcx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))]
)/ (2%e~3) - (b*d~2%PolylLog[2, 1 - (2*c*(Sqrt[-d] + Sqrtle]l*Sqrt[x]))/((c*Sq
rt[-d] + Sqrtlel)*(1 + c*Sqrtlx]))1)/(2*e~3)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~"(m - 2)*(a + b*ArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
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d + exx™2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[(c™(
n - D*(cxx)"(m - n + 1)*x(a + b*x™n)"(p + 1))/(b*x(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((f_)*(x_))"(m_.)*((d_) + (e
_D)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, £, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*xx)]/(1 - c™2*x72), x], x] - Dist[(bxc)/e, Int[Log[(2*c*(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%cx(d + exx))/((cxd + e)*(1 + c*x))1)/e, x]1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 2447
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Int [Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps

d+ex d + ex?

2 -1 5 -1
f X (a +btanh (c\/E)) e 2 Subt [f x (11 +btanh (cx)) dox, \/E]

x3(a+b tanh_l(cx))

2 Subst (f x3 (a + btanh_l(cx)) dx, x, \/E) (2d) Subst (f — o dnx

e e
x? (a +btanh™ (c\/E)) (2d) Subst ( [x (a +b tanh_l(cx)) dx, x, \/E) (Zdz) S
- 2e - 2 *
dx (a +btanh™ (cx/f)) x? (a +btanh™ (cﬁ)) (bed) Subst ( / 1—9;;2 dx, x,
T e? i 2e " e?
bdvx byx bx3?  dx (a +btanh™ (cx/i)) x? (a +btanh™ (cﬁ)) &
T ce? " 2c3e " 6ce 2 " 2e o

bdvx byx bx¥2  bd tanh ™ (C\/;) btanh™ (cx/f) dx (a +btanh™ (c
- + + + - -
ce? 2c3e  6ce c2e? 2cte e?

bdvx byx bx¥2  bd tanh ™! (C\/E) btanh™ (C\/E) dx (a +btanh™ (c
- + + + - -
ce? 2c3e  6ce c2e? 2cte e?

bdyx . by/x N bx32 . bd tanh ™ (c\/E) btanh™ (C\/}) dx (a +btanh™ (c

ce? 2c3e  6ce c2e? 2cte e?

Mathematica [C] time = 2.96978, size = 558, normalized size = 1.21

b[3c4d2

Warning: Unable to verify antiderivative.

-1
-2V *C2d6+62(*d)+€>672 tanh <C\/§)

2d+e

-1
2V *C2d6+C2(*d)+€)872 tanh (C\/})

2d+e

2
T c2d _1( ceyx
—4isin ( y ]tanh (\/_T)+2 log|

2d+e

—PolyLog[Z, (

—PolyLog[Z, (

[In] Integrate[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] (-6*axd*e*xx + 3*xa*xe”2xx"2 + 6*axd”~2*xLogl[d + e*xx] + (b*x(2%ckex(-3*c™2xd + 2%
e)*Sqrt [x] + cxe”2*Sqrt[x]*(-1 + c™2xx) - 6%(c™2*d - e)*e*x(-1 + c”2*x)*ArcT
anh [c*Sqrt [x]] + 3*%e™2%(-1 + c™2*x) "2xArcTanh[c*Sqrt[x]] - 6*c”4*d"2*(ArcTa
nh[c*Sqrt [x]]*(ArcTanh[c*Sqrt[x]] + 2%Log[l + E~(-2xArcTanh[c*Sqrt[x]])]) -
PolyLog[2, -E~(-2%ArcTanh[c*Sqrt[x]])]) + 3*c™4xd"2x(2xArcTanh[c*xSqrt[x]]~
2 - (4xI)*ArcSin[Sqrt[(c™2xd)/(c”2*d + e)]]l*ArcTanh[(c*exSqrt[x])/Sqrt[-(c”
2xd*e)]] + 2x((-I)*ArcSin[Sqrt[(c”2*d)/(c"2*d + e)]] + ArcTanh[c*Sqrt[x]])*
Log[(-2xSqrt [-(c"2*xd*e)] + ex(-1 + E~(2%ArcTanh[c*Sqrt[x]])) + c™2*d*x(1 + E
~(2xArcTanh [cxSqrt[x]1])))/((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))] + 2x(Ix*Ar
cSin[Sqrt[(c™2*d)/(c™2*d + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c~2*d*e
)] + ex(-1 + E~(2*%ArcTanh[c*Sqrt[x]])) + c™2*d*x(1 + E~(2*ArcTanh[c*Sqrt [x]]
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)))/((c™2%d + e)*E”~(2xArcTanh[c*Sqrt[x]]1))] - PolyLogl[2, (-(c™2*d) + e - 2%
Sqrt[-(c™2xdxe)])/((c”2*d + e)*E~(2*¥ArcTanh[c*Sqrt[x]]1))] - PolyLog[2, (-(c
~2%d) + e + 2xSqrt[-(c”2*xdxe)])/((c”2*d + e)*E~(2xArcTanh[c*Sqrt[x]]1))]1)))/
c~4)/(6%e”3)

Maple [A] time = 0.06, size = 651, normalized size = 1.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(at+b*arctanh(c*xx~(1/2)))/(exx+d) ,x)

[Out] -axd*x/e”2+1/2*axx"2/e+a*d”2/e " 3*1n(c”2*e*xx+c~2*d) -b*arctanh (c*x™ (1/2)) *x*d
/e"2+1/2*b*arctanh(c*xx~(1/2))*x"2/e+b*arctanh(c*x~(1/2))*d"2/e"3*1n(c"2*ex*x
+c72*d) +1/6xbxx~(3/2) /c/e-b*d*x~(1/2) /c/e”2+1/2xbxx~(1/2) /c"3/e-1/2/c"2*b/e
“2%1n(c*x~(1/2)-1)*d+1/4/c”4*b*1n(c*x~(1/2)-1) /e+1/2/c"2xb/e"2%1n(1+c*x~ (1/
2))*d-1/4/c”4xbxIn(1+cxx~(1/2)) /e+1/2*%b*d"2/e " 3*x1n(c*xx~ (1/2)-1) *1n(c™2*e*xx+
c"2xd)-1/2%b*d"2/e"3*In(c*x~(1/2)-1)*1n((c*x(-d*e) " (1/2) —ex(c*x~(1/2)-1)-e)/
(cx(-d*e)~(1/2)-e))-1/2*b*xd"2/e"3*1n(c*x~ (1/2)-1) *In((c*x (-d*e) ~(1/2) +e* (c*x
“(1/2)-1)+e) /(c*x(-d*e) ~(1/2)+e) ) -1/2xb*d"2/e"3*dilog ((c* (-d*e) ~(1/2) —e*x (c*xx
~(1/2)-1)-e)/(cx(-d*e) " (1/2)-e))-1/2xbxd"2/e"3xdilog ((c*(-dxe) ~(1/2) +e*(c*x
“(1/2)-1)+e) /(cx(=d*e)~(1/2)+e))-1/2%b*d"2/e " 3*In(1+c*xx~(1/2) ) *1n(c~2*e*x+cC
~2xd)+1/2%b*d"2/e " 3*1In(1+cxx” (1/2) ) *1n((c*x (=d*e) ~(1/2) —ex (1+cxx~(1/2) ) +e) /(
cx(=d*e)~(1/2)+e))+1/2xbxd"2/e"3*1n(1+c*x~ (1/2) ) *In((c* (-d*e) " (1/2) +ex (1+c*
x~(1/2))-e)/(cx(=dxe)~(1/2)-e))+1/2*b*xd"2/e"3*dilog ((cx (-d*e) ~(1/2) —e* (1+cx*
x7(1/2))+e)/(cx(-d*e) " (1/2)+e) ) +1/2xbxd"2/e"3xdilog((c*x(-dxe) " (1/2) +e*x (1+c*
x7(1/2))-e)/(cx(-dxe)~(1/2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

1 2d210g(ex+d)+ex2—2dx +bfx210g(c x+1)d —bfx210g(_c x+1)
27 el 2 2 (ex +d) ¥ 2 (ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima"

[Out] 1/2%ax(2xd"2*xlog(exx + d)/e”3 + (exx"2 - 2%d*x)/e”2) + bxintegrate(1/2%x"2x%
log(cxsqrt(x) + 1)/(e*xx + d), x) - bxintegrate(1/2*x"2xlog(-cxsqrt(x) + 1)/
(exx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx? artanh (c\/E) + ax?
ex+d

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")
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[Out] integral ((b*x~2*arctanh(c*sqrt(x)) + a*xx~2)/(e*x + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*atanh (c*x**(1/2)))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (b artanh (C\/E) + a)xz

ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x"2/(e*xx + d), x)
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x(a+b tanh ™ (c\/E))

d+ex

3.45 dx

Optimal. Leaf size=374

> B 2c(\/—_d—\/5\/3_c) ) ( 3 ZC(\/—_d+\/E\/§) ) :
bdPolyLog (2,1 _ cﬁ+1) ) bdPolyLog (2,1 —(C (V) . bdPolyLog (2,1 —(C ) (VoA . 2d log(:ﬁ

e? 2¢2 2¢2

[Out] (b*Sqrt[x])/(cxe) - (bxArcTanh[c*Sqrt[x]])/(c"2*%e) + (x*(a + b*ArcTanh[c*Sq
rt[x]]1))/e + (2xd*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e"2 -

(d*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sq
rt[-d] - Sqrtle])*(1 + cxSqrt[x]))])/e”2 - (d*(a + b*ArcTanh[c*Sqrt[x]])*Lo
gl(2%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + cxSqrt[x]
))1)/e”2 - (b*d*PolyLogl[2, 1 - 2/(1 + c*xSqrt[x])])/e”2 + (b*d*PolyLogl2, 1

- (2%cx(Sqrt[-d] - Sqrtlel*Sqrtl[x]))/((c*Sqrt[-d] - Sqgrtle])=*(1 + c*Sqrt[x]
))1)/(2%xe~2) + (bxdxPolyLogl[2, 1 - (2xcx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*S
qrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]))])/(2xe~2)

Rubi [A] time = 0.484596, antiderivative size = 374, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 10, integrand size = 21, number of rules

= 0.476, Rules used = {43, 5980, 5916, 321, 206, 6044, 5920, 2402, 2315, 2447}

integrand size

o(V=d-ey) 2c(V=d+eva) ’
__2 ) bdPolyLo (2,1—2(—) bdPolyLo (2,1—— _
_deolyLog(Z,l E )+ yLog i) | oes i +2dlog(c ¥

cyx+1
e? 2¢2 2e2

Antiderivative was successfully verified.

[In] Int[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + ex*x),x]

[Out] (b*Sqrt[x])/(c*e) - (b*ArcTanh[c*Sqrt[x]])/(c"2%e) + (x*(a + b*ArcTanh[c*Sq
rt[x]]))/e + (2xdx(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e"2 -

(dx(a + bxArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*Sq
rt[-d] - Sqrtle])*(1 + c*Sqrtlx]))])/e”2 - (d*x(a + bxArcTanh[c*Sqrt[x]])*Lo

gl (2xcx (Sqrt[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrt[x]
))1)/e”2 - (bxd*PolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/e”2 + (bxd*PolyLogl[2, 1

- (2xcx(Sqrt[-d] - Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] - Sqrtl[e])*(1 + c*Sqrt[x]
))1)/(2%e”2) + (b*dxPolyLogl[2, 1 - (2*cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*S
grt[-d] + Sqrtle]l)*(1 + c*Sqrtlx]))])/(2*%e~2)

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4xn + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]
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Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, 4, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_)*(x D))" )*((a_) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_ ) + (e
_)*(x_)"2)"7(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, xJ}, Int[u, x] /; SumQ[u]] /; FreeQ[{a, b, c,
d, e, f, m}, x] & IntegerQ[q]l && IGtQ[p, 0] && (GtQ[q, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*x(1 + c*x))]/(1 - ¢c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2xc*x(d + e*x))/((cxd + e)*(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e72, 0]

Rule 2402

Int[Log[(c_.)/((d) + (e_)*(x))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 2447

Int[Loglu J1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]13}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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d+ex d + ex?

-1 3 -1
f x (a + btanh (cﬁ)) P [f x (a + btanh (cx)) drx, \/;)

(a+b tanh™ (cx)
2 Subst (fx (a + btanh_l(cx)) dx, x, \/;) (2d) Subst (f e X \/—)

e e

a+btanh™ (c
_x(o+btanh” (cyk))  (be)Subst ([ xR ) (2d) Subst (f ( PN
e e
by/x x(a+btanh_1 (c\/E)) d Subst (f Mi/tinh\/zicx) dx, x, \/_) d Subst (f a”i;:z
= + +
ce e 232 p

_ by/x B btanh™ (c\/E) s X (a +btanh™! (C\/E)) . 2d (a +btanh™ (C‘/;)) log (ﬁ

ce c2e e e2

_ by/x B btanh™ (C\/E) .\ X (a +btanh™ (cﬁ)) N 2d (” +btanh™ (c\/E)) log (ﬁ

ce c2e e 2
byx b tanh ™! (c\/E) X (a +btanh™ (cﬁ)) 2d (‘1 +btanh™" (C\/E)) log (15_\/}
e c2e - e " e2

Mathematica [A] time = 1.44733, size = 337, normalized size = 0.9

_ -1 - _ -1 - 2
Zb(—czdPolyLog(Z,—e 2tanh (C‘&))Hanh 1(C\/E)(2c2d log(e 2tanh (C‘&)+1)+C23x—6)+c2d tanh 1(C\/§) +ce\/§)

C2 e €2t
= -bd (PolyLog (2, _(Fix)

c2d—2c

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] (2*%axe*xx - 2*xaxd*Logl[d + e*x] + (2xb*(c*exSqrt[x] + c~2*d*ArcTanh[c*Sqrt [x]
172 + ArcTanh[cxSqrt[x]]*(-e + c™2%e*x + 2xc”2*d*Log[l + E~(-2xArcTanh[c*Sq
rt[x]]1)]) - c"2xd*PolyLog[2, -E~(-2xArcTanh[cxSqrt[x]1)]1))/c™2 - bxd*(2xArc

Tanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt[x]] + Logl[l + ((c™2*d + e)*E~(2*ArcTanh[cx*
Sqrt[x11))/(c™2xd - 2*c*Sqrt[-dl*Sqrtle] - e)] + Logll + ((c™2*d + e)*E~ (2%
ArcTanh [c*Sqrt[x]]1))/(c™2xd + 2*c*Sqrt[-d]*Sqrtle] - e)]) + PolyLogl2, -(((
c"2*d + e)*E~ (2*ArcTanh[c*Sqrt[x]]1))/(c"2xd - 2*c*Sqrt[-d]*Sqrtle] - e))] +
PolyLog[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c™2xd + 2xc*Sqrt[-d]*
Sqrtle] - e))]))/(2xe”2)

Maple [A] time = 0.057, size = 539, normalized size = 1.4

ax adIn (czex + czd) . b—xArtanh (C\/—)

e 2

bd In (czex + czd)

o2

bd In (czex + czd)
22

)bd

Artanh (C\/E) - In (C\/—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arctanh(c*x~(1/2)))/(exx+d) ,x)
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[Out] a/e*x-a/e”2xd*x1n(c 2*exx+c”2*d)+b*arctanh(c*x~(1/2))/e*x-b*arctanh(c*x~(1/2
))/e”2+%d*1n(c”2*e*xx+c”2*%d) -1/2*b/e"2*xd*1n (c*x~ (1/2) -1) *In(c~2*exx+c~2*d) +1/
2%b/e”2*xd*1n(c*x” (1/2)-1)*1n((cx (-d*xe) ~(1/2)—ex(cxx~(1/2)-1)-e) / (c*(—dxe) ~(
1/2)-e))+1/2xb/e"2*xd*x1n(cxx~(1/2)-1)*1n((c*x(-d*xe) " (1/2)+ex(cxx~(1/2)-1)+e)/
(cx(=dxe)~(1/2)+e))+1/2xb/e " 2xd*dilog((c*x(-d*e) " (1/2)-ex(c*xx~(1/2)-1)-e)/(c
*x(—dxe) " (1/2)-e))+1/2%b/e”2xd*dilog((c* (-d*e) ~(1/2)+ex(cxx~(1/2)-1)+e) / (c*(
-d*xe) " (1/2)+e))+1/2*b/e"2xd*x1n (1+c*x~ (1/2) ) *1n(c”2*exx+c~2xd) -1/2%b/e " 2*d*1
n(1+c*x™(1/2) ) *1In((c*x(-d*e) ~(1/2) —ex(1+cxx~(1/2) ) +e) / (cx(-dxe) ~(1/2)+e)) -1/
2%b/e”2*%d*1n(1+c*x” (1/2) ) *1n((c* (-d*e) ~(1/2)+ex (1+c*x~(1/2) ) -e) / (c*x (-d*e) ~(
1/2)-e))-1/2xb/e”2xd*dilog((c*x(-d*e) " (1/2)-ex(1+c*x~(1/2))+e)/(cx(-d*e)~(1/
2)+e))-1/2xb/e"2xd*dilog((c*x(-d*e) " (1/2)+ex (1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)
-e))+b*x~(1/2)/c/e+1/2/c”2xbx1n(c*x~(1/2)-1) /e-1/2/c” 2xbx1n(1+c*xx~(1/2)) /e

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

x dlog(ex +d) +bfxlog(c x+1)dx_bfxlog(—c x+1)
e 2 2(ex +d) 2 (ex +d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="maxima"

[Out] a*x(x/e - dxlog(exx + d)/e”2) + bxintegrate(1/2*x*log(cksqrt(x) + 1)/(e*x +
d), x) - bxintegrate(1/2*x*xlog(-cxsqrt(x) + 1)/(exx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx artanh (cﬁ) +ax
ex+d

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="fricas")

[Out] integral ((b*x*arctanh(c*sqrt(x)) + a*x)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*atanh(c*x**(1/2)))/(exx+d),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (b artanh (C\/E) + a)x

ex +d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x/(exx + d), x)
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3.46 dx

Optimal. Leaf size=318

a+btanh;lcV§
[ (V%)

d+ex

ZC(\/—_d—\/E\/}) ZC(\/—_d+\/E\/§) 9
bPOIYLOg (2,1 - m) bPOIYLOg (2,1 - W bPOIYLOg (2’1 — C‘/}_H) (ll + btanl
- - + +

2e 2e e

[Out] (-2*(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + b*ArcTanh[
c*Sqrt [x]]) *Log [ (2*c*(Sqrt [-d] - Sqrtlel*Sqrt(x]))/((c*Sqrt[-d] - Sqrtle])=*
(1 + cxSqrt[x]))])/e + ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*cx(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrt[x]))])/e + (bxPolyLogl[2,
1 - 2/(1 + c*xSqrt[x])])/e - (bxPolyLogl[2, 1 - (2*xcx(Sqrt[-d] - Sqrt[el*Sqr
t[x]))/((c*Sqrt[-d] - Sqrtle])*(1 + c*Sqrt[x]))])/(2xe) - (b*PolyLogl[2, 1 -
(2%c*x(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cx*Sqrt[x])
)1)/(2%e)

Rubi [A] time = 0.321541, antiderivative size = 318, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 5, integrand size = 20, e e =

= 0.25, Rules used = {6044, 5920, 2402, 2315, 2447}

integrand size

2c(\/:i—\/5\/§)
(c x+1)(cN/—_d—%)
2e 2e e

20(\/—_d+\/2\/§) )
bPolyLog (2,1 - ——————— _ 2 a+ btanl
) o8 ( (V1) (cV=d+) +bP01yL0g(2,1 ; \/§+1)+(

bPolyLog (2,1 -

Antiderivative was successfully verified.

[In] Int[(a + b¥ArcTanh([c*Sqrt[x]])/(d + e*x),x]

[Out] (-2*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + b*ArcTanh[
c*Sqrt [x]]) *Log [ (2%c*(Sqrt [-d] - Sqrtlel*Sqrt([x]))/((c*Sqrt[-d] - Sqrtlel])=*
(1 + c*Sqrt[x]))])/e + ((a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqr
t[e]l*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + cxSqrt[x]))]1)/e + (b*PolyLogl2,
1 - 2/(1 + cxSqrt[x])])/e - (b*PolyLogl[2, 1 - (2xc*(Sqrt[-d] - Sqrt[e]*Sqr
t[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))])/(2*xe) - (b*PolylLogl[2, 1 -
(2%c*(Sqrt [-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x])
)1)/(2%e)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_)*((f_)*(x_))"(m_.)*((d_ ) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"mx(d + e*xx~2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402
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Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gr, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int [Loglu_]*(Pq_)~(m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C+Polylogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps

-1 -1
J bt (o) dx:zsubst[f ARG dx,x,\/;)

d+ex d + ex?

a+b tanh_l(cx) a+btanh™ (cx)
= ZS b‘ - d 7N
[\ S e
Subst ( f a+i/tf1h \/_(CX) dx, \/§) Subst ( f Hli/tinh \/_J(ch) dx, x, \/x )
Ve ' Ve

) (VAR
Z(a +btanh™! (c\/_))log( ) X (a +btanh™ (C\/E))log W) . (61 +

e e

T+cy/x

) 1 2c \/—_—\/E\/;
2(a+ btanh™ (mﬂ))log(mﬁ) ) (a+btanh™ (cvx))log W) ) (a+

e e

. (Ve
2(a+btanh™ (cvix))log (ﬁ) . (a +btanh™ (cvi))log %) + o+

e e

Mathematica [C] time = 1.53407, size = 551, normalized size = 1.73

(—mez(—dhe)e—z tanh ™! (cy%) (2@+C2(_d)+€)e_2 tanh ™ (eyR)

b| PolyLog [2, = J + PolyLog (2, = ] — 2PolyLog

alog(d + ex) ~
e

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (axLogld + exx])/e - (b*((4*I)*ArcSin[Sqrt[(c~2*d)/(c"2*d + e)]]*ArcTanh[(c
xexSqrt [x])/Sqrt [-(c"2xd*e)]] + 4*ArcTanh[c*Sqrt[x]]*Log[l + E~(-2xArcTanh[
ckSqrt[x]]1)] + (2xI)*ArcSin[Sqrt[(c™2*d)/(c™2*d + e)]]*Logl(-2%Sqrt[-(c™2x*d
xe)] + ex(-1 + ET(2%ArcTanh[c*Sqrt[x]])) + c™2xd*(1 + E~(2%ArcTanh[c*Sqrt [x
11)))/((c”™2*%d + e)*E~(2xArcTanh[c*Sqrt[x]]))] - 2%ArcTanh[c*Sqrt[x]]*Logl[(-
2xSqrt [-(c"2xd*e)] + ex(-1 + E~(2*ArcTanh[c*Sqrt[x]])) + c”2*xd*x(1 + E~(2*Ar
cTanh[c*Sqrt[x]]1)))/((c™2%d + e)*E~ (2*ArcTanh[c*Sqrt[x]]))] - (2%I)*ArcSin[
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Sqrt[(c™2*d)/(c™2*d + e)]]*Log[(2*Sqrt[-(c"2*d*e)] + ex(-1 + E~(2xArcTanh[c
*Sqrt[x]])) + c™2xd*(1 + E~(2%ArcTanh[c*xSqrt[x]])))/((c™2*d + e)*E~(2*ArcTa
nh[c*Sqrt[x]]))] - 2%ArcTanh[c*Sqrt[x]]*Log[(2*%Sqrt[-(c"2xd*e)] + ex(-1 + E
~(2*ArcTanh[c*Sqrt[x]]1)) + c™2*d*(1 + E~(2*ArcTanh[c*Sqrt[x]]1)))/((c™2%d +
e)*E~ (2xArcTanh[c*Sqrt [x]]))] - 2*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])] +
PolyLog[2, (-(c™2%d) + e - 2xSqrt[-(c”2*xd*e)])/((c”2*d + e)*E~ (2xArcTanh[c*
Sqrt[x]1))] + PolyLogl[2, (-(c™2*d) + e + 2xSqrt[-(c”2*d*e)])/((c"2xd + e)*E
~(2xArcTanh [cxSqrt[x]]))]1))/(2*e)

Maple [A] time = 0.053, size = 462, normalized size = 1.5

aln (CZex + czd) bln (czex + czd)

+ Artanh (C\/E)

e e

N bln (cZex + czd)
2e

ln(cﬁ—l)—%ln(cﬁ—l)ln((c —de —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/(exx+d),x)

[Out] a/ex1n(c ™ 2*exx+c”2*d)+b/e*x1ln(c ™ 2*e*xx+c”~2*d)*arctanh(c*x~(1/2))+1/2*b/ex1n(c
*x7(1/2)-1) *1n(c™2%e*xx+c™2%d) -1/2%b*1n(c*x” (1/2)-1) /e*x1n((c*x(-d*e) " (1/2) -ex
(cxx™(1/2)-1)-e)/(c*x(-d*e) " (1/2)-e))-1/2*%b*In(c*x~(1/2)-1) /exIn((c* (-d*e) ~(
1/2)+ex(cxx~(1/2)-1)+e) /(cx(-d*e) ~(1/2)+e) ) -1/2%b/exdilog((c*x (-d*e) ~(1/2)-e
*x(cxx~(1/2)-1)-e)/(cx(-d*e)~(1/2)-e))-1/2*%b/e*dilog((c*x(-d*e) " (1/2)+ex (c*x~
(1/2)-1)+e)/(c*x(=d*e)~(1/2)+e) ) -1/2xb/ex1n(1+cxx~ (1/2) ) *1n(c™2*e*x+c”2*d) +1
/2%b*1n(1+c*x™(1/2)) /exIn((c*x(-d*e) ™ (1/2)-ex(1+c*x™(1/2) ) +e) / (c*x(-d*e) ~(1/2
)+e))+1/2xb*x1n(1+c*x”(1/2)) /exIn((c*(-d*e) ~(1/2) +ex (1+cxx~(1/2))-e) / (c*x (-d*
e)~(1/2)-e))+1/2xb/exdilog((c*x(-d*e) ~(1/2)-e*x(1+cxx~(1/2))+e) /(c*(-d*e) ~(1/
2)+e))+1/2xb/exdilog((cx(~d*xe) " (1/2)+e*x (1+c*xx~(1/2))-e) /(c*x(=dxe)~(1/2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

log(c x+1) _ flog(—c x+1) +ulog(ex+d)
2(ex +d) 2(ex +d) * e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima"

[Out] bxintegrate(1/2*xlog(cxsqrt(x) + 1)/(exx + d), x) - b*integrate(l/2*log(-c*s
grt(x) + 1)/(exx + d), x) + axlog(e*xx + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/}) +a
ex +d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*sqrt(x)) + a)/(e*x + d), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**(1/2)))/(e*x+d),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/(exx + d), x)
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-1
a+btanh™ (c/x
347 | ) g
x(d+ex)
Optimal. Leaf size=358
ZC(\/—_d—\/E\/}) ZC(\/—_d+\/E\/§) 5
bPolyLog (2,1 - TR vé)) bpolylog (2,1 " g tPolyLog (21- )  bPolyLog
2d 2d d d

[Out] (2x(a + b*ArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/d - ((a + b*ArcTanh[c
*Sqrt [x]])*xLog[(2xc*x(Sqrt[-d] - Sqrtle]l*Sqrt([x]))/((c*Sqrt[-d] - Sqrtle])*(
1 + cxSqrt[x]))])/d - ((a + bxArcTanh[c*Sqrt[x]])*Logl[(2*%c*x(Sqrt[-d] + Sqrt
[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + c*Sqrt[x]))])/d + (axLoglx])/d -
(b*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d + (b*PolyLogl[2, 1 - (2*c*(Sqrt[-d]
- Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + cxSqrtl[x]))]1)/(2%d) + (bx
PolyLogl[2, 1 - (2*c*x(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(
1 + c*xSqrt[x]))]1)/(2%d) - (bxPolyLog[2, -(c*Sqrt[x])])/d + (b*PolyLog[2, c*
Sqrt[x1])/d

Rubi [A] time = 0.58681, antiderivative size = 358, normalized size of antiderivative =

. . b f rul
1., number of steps used = 15, number of rules used = 11, integrand size = 23, ==
integrand size

= 0.478, Rules used = {36, 29, 31, 1593, 5992, 5912, 6044, 5920, 2402, 2315, 2447}

2¢(V=d-ev) 2V evR) )
—(c\/Z+1) R \/E)) ) bPolyLog (2,1 —(C ) (VoA . bPolyLog (2,1 - m) ) bPolyLog (2

2d 2d d d

bPolyLog (2,1 -

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]]1)/(xx(d + e*x)),x]

[Out] (2x(a + b*ArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/d - ((a + b*ArcTanh[c
xSqrt [x]])*xLog[(2*xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(
1 + c*xSqrt[x]))]1)/d - ((a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqrt
[e]l*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/d + (a*xLoglx])/d -
(b*PolyLogl2, 1 - 2/(1 + c*xSqrt[x])]1)/d + (bxPolyLogl[2, 1 - (2*c*(Sqrt[-d]
- Sqrtle]*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + cxSqrtlx]))])/(2%d) + (bx
PolyLog[2, 1 - (2%c*x(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(
1 + cxSqrt[x]))])/(2*d) - (bxPolyLog[2, -(c*Sqrtl[x])])/d + (b*PolyLog[2, cx*
Sqrt [x1]1)/d

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 1593
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Int[Cu_)*((a_.)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))*x(x )" (m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]
)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x
1 + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_.)*((d_) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"mx(d + e*xx"2)"q, x]}, Intl[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2%cx(d + e*xx))/((cxd + e)*x(1 + cxx))])/e, x]) /; FreeQ[{a, b, c, d, e}
, Xx] && NeQ[c™2*d"2 - €72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2+f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2447

Int[Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]1}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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a+btanh™ (C\/E) a + btanh ™ (cx)
=2
f dT o0 dx Subst f s dx, x, \/5)
-1
— 5 Subst f a+btanh " (cx) dx, 3,V
x (d + exZ)
ht ex (a + btanh™ (cx
— 5 Qubst f a+btan (cx)_ ( ( )) dx,x,\/E
dx d (d + exz)

x(a+b tanh_l(cx)

-1
2Subst [ 222060 4 5) - @) Subst ( fleten ) \/z)

B d d
_ a+b tanh_l(cx) a+b tanh_l(cx)
3 alog(x) ~ bLi, (—C\/E) N bLi, (c\/}) ) (2e) Subst (f( 2\/5(\/—_d—\/5x) + 2\/5(\/:”\/&))
d d d d
e Subst atbtanh ey Vx| +eSub

alog(x) bLi, (—c\/E) bLi, (c\/E) edubs f NariyS X, X, \Xx edub

= - + + —
d d d d

_ o(V=d-vevx
2(a+btanh™ (cvk)) log( 2\/_) (a+btanh™ (cyx)) log W (a-

T+c/x

- d - d

2¢(V=d—ey) (a-

2 (u +btanh™ (C\/E)) log (1+§\/§) (“ +btanh™ (C‘/E)) log (eV=d—ve)(1+evR)

- d d

2¢(V=d—eyk) (a-

2 (a +btanh™ (Cﬁ)) log (1+§\/§) (’1 +btanh™ (C‘/;)) log (eV=d-ve)(1+cyR)

B d d

Mathematica [A] time = 1.12444, size = 302, normalized size = 0.84

(Czd+€)€2 tanh ™! (C\/;) (c2d+e)e2 tanh ™! (C\/;)

_ _ -2 tanhfl(c x)) _
bPolyLog (2, EYE N ] + bPolyLog (2, EXEN e ) + 2bPolyLog (2,3 + 2alog(d

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*Sqrt[x]])/(xx(d + e*x)),x]

[Out] -(-4xb*ArcTanh[c*Sqrt[x]]~2 - 4xb*ArcTanh[c*Sqrt[x]]*Log[l - E~(-2xArcTanh[
cx3qrt[x]]1)] + 2xb*ArcTanh[c*Sqrt[x]]*Logl[l + ((c™2*d + e)*E~(2*ArcTanh[c*S
qrt[x]1))/(c™2xd - 2xcxSqrt[-dl*Sqrtle] - e)] + 2%b*ArcTanh[c*Sqrt[x]]*Logl

1 + ((c™2*xd + e)*E~(2%ArcTanh[c*Sqrt[x]]))/(c™2*d + 2*c*Sqrt[-d]*Sqrtle] -

e)] - 2xaxLog[x] + 2*axLogl[d + exx] + 2xb*PolyLog[2, E~(-2%ArcTanh[c*Sqrt[x

1101 + b*PolyLogl[2, -(((c™2%d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c™2xd - 2*c*S
qrt[-d]*Sqrtle] - e))] + b*PolyLog[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt [x]

1))/ (c™2*d + 2%cxSqrt[-d]*Sqrtle] - e))])/(2*d)

Maple [A] time = 0.062, size = 540, normalized size = 1.5

_aln (cZ(Zc + czd) o® In (;\/}) _bln (czedx + czd) Avtanh (C\/;) o bArtanh (c;ﬂ) In (C\/E) _bln (C2263;+ ch)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*arctanh(c*x~(1/2)))/x/(exx+d) ,x)

[Out] -a/d*1n(c”2*exx+c~2xd)+2*a/d*1n(c*x”(1/2))-b*arctanh(c*x~(1/2))/d*1n(c”2*ex*
x+c”2*xd) +2xb*xarctanh (c*x~ (1/2)) /d*1n(c*x~(1/2))-1/2%b/d*1n(c*xx~(1/2)-1)*1n(
cT2%exx+c”2xd)+1/2%b/d*1n(c*x~(1/2)-1) *1n((c*x (-d*e) " (1/2) -e*x (c*x~(1/2)-1)-e
)/ (cx(-d*e)~(1/2)-e))+1/2%b/d*1n(c*x”~(1/2)-1)*1n((c* (-d*e) ~(1/2) +ex (cxx~(1/
2)-1)+e)/(cx(-d*e) ~(1/2)+e))+1/2%b/d*dilog((c* (-d*e) ~(1/2)-e*x(cxx~(1/2)-1)-
e)/(c*x(-dxe)~(1/2)-e))+1/2xb/d*dilog((c* (-d*e) ~(1/2) +ex (cxx~(1/2)-1)+e)/ (c*
(=d*e)~(1/2)+e))+1/2xb/d*1n(1+c*xx~ (1/2) ) *1n(c™2*e*x+c~2%d) -1/2*b/d*1n (1+c*x
~(1/2))*1n((c*x(-dxe) " (1/2) —e*x (1+c*x™(1/2) ) +e) / (c*x(-d*e) ~(1/2)+e) ) -1/2%b/d*1
n(1+cxx~(1/2) ) *1n((c* (-d*e) ~(1/2) +ex(1+c*x~(1/2))-e) /(cx(-d*e)~(1/2)-e))-1/
2xb/d*dilog((cx(~-d*xe)~(1/2)-ex(1+c*xx~(1/2))+e)/(cx(-dxe) ~(1/2)+e))-1/2%b/dx*
dilog((cx(-d*xe)~(1/2)+ex(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))-b/d*dilog(c*x"
(1/2))-b/d*dilog(1+c*x~(1/2))-b/d*1n(c*x~(1/2) ) *1n(1+c*x~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

7 . x—b dx

(exg + dﬁ)x/& 2 (ex; + d\/§)\/§

_a(log(ex+d)_log(x))+bf log(c x+1) p log(—c x+1)
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="maxima"

[Out] -ax(log(e*x + d)/d - log(x)/d) + bxintegrate(1/2*log(c*sqrt(x) + 1)/((exx"(
3/2) + dxsqrt(x))*sqrt(x)), x) - b*integrate(1/2xlog(-c*sqrt(x) + 1)/((e*x”
(8/2) + d¥sqrt(x))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

ex? + dx

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*sqrt(x)) + a)/(e*xx”2 + d*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x/(e*xx+d) ,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

(ex + d)x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x), x)
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a+btanh ™! (C\/})

348 | dx
x2(d+ex)
Optimal. Leaf size=413
: T (V)
bePolyLog (2,1 _ cﬁ+1) i bePolyLog (2,1 (V1) (Vo) i bePolyLog (2,1 (Ve (VoG] ) bePolyLog (j
d? 242 242 d?

[Out] -((b*c)/(d*Sqrt[x])) + (b*xc~2*ArcTanh[c*Sqrt[x]])/d - (a + b¥ArcTanh[c*Sqrt
[x]1)/(d*x) - (2*ex(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/d"2 +

(ex(a + bxArcTanh[c*Sqrt[x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((cxS
grt[-d] - Sqrtle]l)*(1 + c*Sqrt(x]))])/d"2 + (ex(a + bxArcTanh[c*Sqrt[x]])*L
og[(2*%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + c*Sqrtlx
1))1)/d"2 - (axexLogl[x])/d"2 + (b*exPolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/d"2
- (bxexPolyLog[2, 1 - (2xc*(Sqrt[-d] - Sqrtlel*Sqrt([x]))/((cxSqrt[-d] - Sqr
tle])*(1 + c*xSqrt(x]))])/(2%d"2) - (b*e*PolyLog[2, 1 - (2xc*(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrt[x]))])/(2%d"2) + (b*e*Po
lyLog[2, -(c*Sqrt[x])])/d"2 - (b*ex*PolyLog[2, c*Sqrt[x]])/d"2

Rubi [A] time = 0.720063, antiderivative size = 413, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 13, integrand size = 23, e o e
integrand size

= 0.565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920, 2402, 2315,
9447}

2¢(V-d—/ev) 2¢(V=d++evx)
bolyLog (21 ) epobton (21~ G TRE) eravLos (21 ) e
- +

d? 242 242 d?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2x(d + e*x)),x]

[Out] -((bxc)/(d*Sqrt[x])) + (b*c 2xArcTanh[c*Sqrt[x]])/d - (a + b*ArcTanh[c*Sqrt
[x]1)/(d*x) - (2%ex(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/d"2 +

(ex(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*S
qrt[-d] - Sqrtle])*(1 + c*Sqrt(x]))])/d"2 + (ex(a + b¥ArcTanh[c*Sqrt[x]])=L
og[(2*%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrtlx
1))1)/d72 - (a*xexLogl[x])/d"2 + (b*exPolyLogl[2, 1 - 2/(1 + cx*Sqrt[x])])/d"2
- (bxexPolyLogl[2, 1 - (2%cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqr
tle])*(1 + cxSqrtlx]))])/(2%d"2) - (b*e*PolyLog[2, 1 - (2xc*(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrtlx]))])/(2%d"2) + (b*e*Po
lyLog[2, -(c*Sqrt[x])])/d"2 - (b*e*xPolyLog[2, c*Sqrt[x]])/d~2

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*x((a_)*x(x_ )" (p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - pl
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Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x]) p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int [((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1)) /(axck(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/ (a*xcn*x(m + 1)), Int[(c*x)"(m + n)*(a + b*xx™n)7p, x], x] /; FreeQl{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, c, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*(x_)"(m_.))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x™m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, O]

)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> Simp[axLoglx], x
] + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_ ) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, x1}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]1/(1 - c™2xx72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + ex*x))
/((c*xd + e)*x(1 + cxx))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%cx(d + exx))/((cxd + e)*(1 + c*x))1)/e, x]1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402
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Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gr, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int [Loglu_]*(Pq_)~(m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C+Polylogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps

f a+btanh™ (C\/;C) Jx = 2 Subst (f a + btanh ™ (cx) i \/;)

x%(d + ex) dx3 + ex®
-1
_ > Subst f a+ btanh “(cx) dx, %,V
x3 (d + exz)
”S a+btanh™(cv) 2¢) Subst f a+b tanhfl(cx) dy. x \/;
ubst ( f ————dxx, \/E) ) %
- d - d
1 a+btanh™} (cx)
4+ btanh™ (c\/E) (bc) Subst (f m dx, x, \/§) (2e) Subst (f (T -
= — —+ —
dx d d

be a+btanh™ (cy7)  (bc) Subst (f i, \/E) (2¢) Subst ( [ —“b‘“m;h_l(f
+

d+/x dx d a2

be  b2tanh™ (C\/J—C) a+btanh™ (C\/J—C) aelog(x) beLiy (—C\/E) beLi, (cxf
N d ) dx T T e T R

be  b2tanh™ (C\/E) a+btanh™ (cx/}) aelog(x) beLi, (—C\/E) beLi, (cxf
N d ) dx T2 T e T &2

be  bcAtanh™ (cx/z) a+btanh™ (c\/E) 2e (‘Z +btanh™' (C\E)) log (—1 Jj ﬁ)
= — + — —_ +
d\/& d dx d?

be  bcPtanh™ (c\/}) a+btanh™ (c\/E) 2e (“ +btanh™' (C\/g)) log (1+jﬁ)
N d ) dx ) Pz *

be  b2tanh™ (C\/E) a+btanh™ (C\/J_c) 2e (” +btanh™ (c\/E)) log (ﬁ)
A d ) dx ) iz ’
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Mathematica [A] time = 1.62432, size = 360, normalized size = 0.87

,1 71 71

_(c2d+e)62tanh (C‘&) _(czd+e)e2tanh (C ") 1 (czd+e)e2tanh (c\ﬁ

4 e[PolyLog {2, PRI o + PolyLog|2, ERIERar N + 2tanh (C\/E) log R ey
4ctd?

2bc

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2x(d + e*x)),x]

[Out] -(a/(d*x)) - (2*xaxexLog[Sqrtl[x]])/d"2 + (a*exLogld + exx])/d~2 + 2%bkxc~4x*(-
((c*d) /Sqrt[x] + ArcTanh[c*Sqrt[x]]*((d*(1 - c™2*x))/x + exArcTanh[cxSqrt[x

1] + 2%exLog[1 - E~(-2%ArcTanh[c*Sqrt([x]])]) - e*PolyLog[2, E~(-2*ArcTanhl[c
*xSqrt[x]]1)])/(2%c™4%d"2) + (e*x(2xArcTanh[c*Sqrt[x]]*(-ArcTanh[c*Sqrt[x]] +

Logl[l + ((c™2%d + e)*E~(2*%ArcTanh[c*Sqrt([x]]))/(c™2*d - 2xc*Sqrt[-d]*Sqrt[e

] - e)] + Logl[l + ((c™2%d + e)*E~(2*%ArcTanh [c*Sqrt[x]]))/(c”2*d + 2*xc*Sqrt[
-d]*Sqrt[e] - e)]) + PolyLogl2, -(((c™2xd + e)*E~(2+ArcTanh[c*Sqrt[x]]))/(c

~2xd - 2*xcxSqrt[-d]*Sqrtle] - e))] + PolyLog[2, -(((c"2*d + e)*E~(2*ArcTanh
[c*Sqrt[x]]1))/(c™2xd + 2xcxSqrt[-dl*Sqrtle]l - e))]))/(4*c™4%d"2))

Maple [A] time = 0.068, size = 620, normalized size = 1.5

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"2/(e*xx+d) ,x)

[Out] axe/d”"2*x1n(c”2*xexx+c~2*d)-a/d/x-2*a/d"2*xex1n(c*xx~(1/2))+b*arctanh(c*x~(1/2)
Yxe/d"2%1n(c"2%e*xx+c”2*d) -b*arctanh (c*x~(1/2))/d/x-2*b*arctanh(c*x~(1/2)) /4
~2%ex1n(c*x”(1/2))-bxc/d/x~(1/2)-1/2%c"2%b/d*1n(c*x~(1/2)-1)+1/2%c~2*b/d*1n
(1+c*x~(1/2) ) +b/d"2*e*dilog(c*xx™ (1/2) ) +b/d"2*exdilog (1+c*x~(1/2))+b/d"2%ex*1l
n(c*x~(1/2))*1n(1+cxx~(1/2))+1/2*b/d"2*e*1n(c*x™ (1/2)-1)*1n(c™2*exx+c~2*d) -
1/2*b/d"2xex1n(c*x~ (1/2)-1)*In((cx(-d*e) ~(1/2)-e*x(c*x~(1/2)-1)-e) / (cx(-d*e)
~(1/2)-e))-1/2*b/d"2*ex1n(c*x~ (1/2)-1) *1n((cx(-d*e) ~(1/2)+ex (c*x~(1/2)-1)+e
)/ (cx(-d*e)~(1/2)+e))-1/2+b/d"2*e*xdilog((cx (-d*e) ~(1/2)-e*(c*x~(1/2)-1)-e)/
(c*x(-d*e)~(1/2)-e))-1/2xb/d"2xe*dilog((c*x(-d*e) " (1/2)+ex(c*x~(1/2)-1)+e)/(c
*(=d*xe) " (1/2)+e))-1/2%b/d"2xex1n(1+c*x~(1/2)) *1n(c~2*e*x+c~2xd) +1/2*b/d"2xe
*1n(1+c*x™(1/2))*1In((cx (-d*e) ~(1/2) —ex (1+c*x™(1/2))+e) /(cx(-d*e) ~(1/2)+e) )+
1/2%b/d"2xex1n(1+c*xx~(1/2) ) *1n((cx(-d*e) ~(1/2) +e*x (1+c*xx~(1/2))-e) / (cx (-d*e)
~(1/2)-e))+1/2*%b/d"2xe*xdilog((c* (-d*e) " (1/2) —ex(1+c*x~(1/2))+e) /(cx(~d*xe)~(
1/2)+e))+1/2xb/d"2xe*xdilog((c*x (-d*e) " (1/2)+ex (1+c*xx~(1/2))-e)/(cx(-d*e)~(1/
2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

. elog(ex+d) elog(x) 1 +bf log(c x+1) o bf log(—c x+1)
d? d? dx

T . 5 3 5 3
Z(exE +dx5)\/§ 2(ex5 +dx5)\/§
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x72/(e*x+d),x, algorithm="maxima")
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[Out] ax(exlog(e*xx + d)/d~2 - exlog(x)/d"2 - 1/(d*x)) + bxintegrate(1/2*log(c*sqr
t(x) + 1)/((exx~(5/2) + d*x~(3/2))*sqrt(x)), x) - b*integrate(l/2*xlog(-c*sq
rt(x) + 1)/((exx~(5/2) + d*x~(3/2))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (c\/E) +a
ex3 + dx?

integral

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="fricas")

[Out] integral((bxarctanh(c*sqrt(x)) + a)/(exx”3 + d*x"2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x*x(1/2)))/x**2/(e*xx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f bartanh (C\/}) +a

d
(ex + d)x? *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((e*xx + d)*x"2), x)
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a+btanh ™! (C\/})

349 | dx
x3(d+ex)
Optimal. Leaf size=506
) ) _2(Vd—eyx) 5 _2(Vdryevh)
_bezPolyLog (2,1 _ m) ) be“PolyLog (2,1 —(c\/§+1)(c«/—_d—\/2) ) be“PolyLog|2,1 —(c\/}+1)(c ) i be2Pe
a3 243 243

[Out] -(b*xc)/(6xd*xx~(3/2)) - (b*c™3)/(2*%d*Sqrt[x]) + (bxcke)/(d"2xSqrt[x]) + (b*c
“4xArcTanh [c*Sqrt [x]])/(2%d) - (bxc~2*exArcTanh[c*Sqrt[x]])/d"2 - (a + b*Ar
cTanh [c*Sqrt[x]])/(2xd*x"2) + (ex(a + bxArcTanh[c*Sqrt[x]]))/(d"2*x) + (2*e
~2%(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/d~3 - (e”2*(a + bx*Arc
Tanh [c*Sqrt [x]])*Log[(2xc*(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((c*Sqrt[-d] - Sqrt
[e])*(1 + c*Sqrt[x]))])/d"3 - (e”2*(a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqr
t[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtle]l)*(1 + cxSqrt[x]))])/d"3 +
(axe”™2xLog[x])/d"3 - (bxe~2*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d~3 + (b*e”2
xPolyLog[2, 1 - (2*cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtle])*
(1 + c*xSqrt[x]))]1)/(2%d"3) + (bxe~2*PolyLog[2, 1 - (2%c*(Sqrt[-d] + Sqrtl[e]
*xSqrt [x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2xd"3) - (b*e~2*Poly
Log[2, -(cxSqrt[x])])/d~3 + (bxe"2*PolyLogl[2, c*Sqrt[x]])/d"3

Rubi [A] time = 0.872401, antiderivative size = 506, normalized size of antiderivative =

. . b f rul
1., number of steps used = 24, number of rules used = 13, integrand size = 23, ==
integrand size

= 0.565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920, 2402, 2315,
2447}

: VTN | =
roytog(21- £) werobos(en- (EET) weravtos(ad- (EGET) e
4 * 243 * 243 -

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(d + e*x)),x]

[Out] -(b*c)/(6*%d*x~(3/2)) - (b*xc~3)/(2*d*Sqrt[x]) + (b*cxe)/(d"2*Sqrt[x]) + (bxc
“4xArcTanh [c*Sqrt [x]])/(2%d) - (bxc~2*exArcTanh[c*Sqrt[x]])/d"2 - (a + bxAr
cTanh [c*Sqrt[x]])/(2*d*x"2) + (ex(a + bxArcTanh[c*Sqrt[x]]))/(d"2xx) + (2*e
~2x(a + bxArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/d~3 - (e"2x(a + bxArc
Tanh [c*Sqrt [x]]) *Log [(2*c* (Sqrt [-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrt
[e])*(1 + c*xSqrt[x]))])/d"3 - (e”2+(a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqr
t[-d] + Sqrtlel*Sqrt[x]))/((c*xSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/d~3 +
(axe”™2xLog[x])/d~3 - (bxe~2*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d"3 + (b*e~2
*PolyLog[2, 1 - (2*cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])x
(1 + cxSqrt[x]))])/(2%d"3) + (b*e"2%PolylLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtle]
*Sqrt [x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]))])/(2xd"3) - (bxe~2*Poly
Log[2, -(cxSqrt[x])])/d~3 + (b*xe~2xPolyLog[2, c*Sqrt[x]])/d"3

Rule 44

Int[((a_) + (b_)*(x_))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593
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Int[Cu_)*((a_.)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b¥ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + 1)*x(a + b*xx™n) " (p + 1))/(a*cx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQlb, 01)

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*(x_)"(m_.))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && '(EqQ[m, 1] && NeQ[a, 0]

)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[axLoglx], x
] + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_)) " (m_.)*((d_) + (e
_D)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, x1}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] & IntegerQ[q]l && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xcx(d + ex*x))
/((c*xd + e)*(1 + c*x))]/(1 - c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
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Logl[(2%cx(d + e*xx))/((cxd + e)*(1 + c*xx))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - 72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2447

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQIC, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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x3(d + ex) dx® + ex”

-1
= 2 Subst [f a+btanh (cx) dx, x, ﬁ)

x° (d + exz)

f a+btanh™ (C\&) Jx = 2 Subst [f a+btanh™ (cx) ex \/;)

-1 btanh™!
2 Subst ( [ g \/z) (2¢) Subst ( I s(d—;) dx, x, \/;)
d B d
1 I
a+btanh™! (c\/E) (bc) Subst (f m dx, x, ﬁ) (2e) Subst ( f a+b taxsh (cx) dx,
2dx2 * 24 - 7

bc a+btanh™ (C\/E) e (a +btanh™ (c\/E)) (bc3) Subst (f m dx, x, A

T T eddR 20:2 * 2x * 24

be b bee a+btanh (cvx) e(a+btanh™ (cvi)) (bc) Subst ( |
+

T 6dx32 2d+/x * d2/x - 2dx? * d?x

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™ (c\/E) a+btanh™ (c\/E)
YN AR 2d - iz - 2dx2 '

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™ (c\/E) a+btanh™ (c\/E)

T e 2k | dyr 24 iz 202

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™ (C\/J_c) a+btanh™ (c\/E)
BT Y N AN 2d - 72 - 2022 '

be bc3 bce  bc*tanh™ (C\ﬁ) bc%e tanh ™ (C\/E) a+btanh™ (cx/z)

T 2k | dyr 24 2 202

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™’ (c\/E) a+btanh™ (c\/E)

YN AR 24 Iz 202

Mathematica [A] time = 2.67282, size = 394, normalized size = 0.78

(czd+e)32tanh_l(c X) (c2d+e)ez tanh_l(cﬁ) (C2d+e)62tanh_1(5\/§

2.2 _ B -1
b[3e x [PolyLog [2, Ty )+ PolyLog (2, R ]+ 2tanh (c\/E) (log(—CZd_ZC N

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(d + e*x)),x]

[Out] -(3*%a*xd™2 - 6*akxd*xexx - 6*akxe”2xx"2*Logl[x] + 6xaxe”2*x"2xLogld + exx] + bx(
cxd*Sqrt [x]*(d + 3*c™2xd*x - 6%e*xx) - 3xArcTanh[c*Sqrt[x]]*(d*x(-1 + c™2%x)*

(d + c™2%d*x - 2%e*xx) + 2%e”2xx"2%ArcTanh[c*Sqrt[x]] + 4xe”2*x"2*Log[l - E
(-2*%ArcTanh [c*Sqrt[x]]1)]) + 6%e”2*x"2*PolyLog[2, E~(-2*%ArcTanh[c*Sqrt[x]])]

+ 3%e72xx7 2% (2xArcTanh [c*xSqrt [x]] * (-ArcTanh [c*Sqrt [x]] + Log[l + ((c”™2xd +

e)*E”~ (2xArcTanh [cxSqrt [x]]))/(c™2xd - 2*c*Sqrt[-d]*Sqrtle] - e)] + Logl[l +
((c™2*%d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c™2+d + 2*cxSqrt[-d]*Sqrtle] - e)]

) + PolyLog[2, -(((c™2%d + e)*E~(2xArcTanh[cxSqrt[x]]))/(c™2*d - 2*c*Sqrt[-
dl*Sqrtle] - e))] + PolyLogl[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”
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2%d + 2*c*Sqrt[-d]*Sqrtle] - €))]1)))/(6%¥d"3*x"2)

Maple [A] time = 0.072, size = 741, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(e*xx+d) ,x)

[Out] -1/2*a/d/x"2+1/2xb/d"3*e"2*1n(c*x~(1/2)-1)*1In((cx(-d*e)~(1/2)-e*(c*x~(1/2) -
1)-e)/(cx(=d*e) ~(1/2)-e))+1/2%b/d"3*e”2*1n(1+c*x~ (1/2) )*1n(c™2*e*x+c~2*d) -1
/2%¥b/d"3*%e” 2xIn(1+c*x~(1/2) )*1n((c*(-d*e) " (1/2) —ex(1+cxx~(1/2) )+e) / (c*x (-d*e
)" (1/2)+e))-1/2*%b/d"3*e"2x1n(1+c*x~(1/2) ) *1n((cx (-d*e) ~(1/2) +ex (1+c*x~(1/2)
)—e)/(c*x(-d*e) " (1/2)-e))-b*arctanh(c*x~(1/2))*e”2/d"3*1n(c"2*e*xx+c~2*d) +2*b
*arctanh(cxx~(1/2))/d"3*e"2x1n(c*x~(1/2))-1/2%c”2xb/d"2*1n (1+c*xx~(1/2) ) *e+1
/2xc”2*xb/d"2*x1n(c*x™ (1/2)-1) *e+1/2%b/d"3*e " 2*1n(cxx~ (1/2)-1)*1n((c* (-dx*e) ~(
1/2)+ex(cxx~(1/2)-1)+e) /(cx(=d*e) " (1/2)+e))-b/d"3*e"2*In(c*x~ (1/2) ) *1n(1+c*
x7(1/2))-1/2%b/d"3*e"2*%1In(c*x~ (1/2)-1) *1n(c"2*e*xx+c~2*d) +a/d " 2*e/x-1/2*b*ar
ctanh (c*x~(1/2))/d/x"2+2*a/d"3*e"2*1n(cxx~(1/2))-b/d"3*e"2+dilog(c*x~(1/2))
-b/d"3%e"2xdilog(1+c*x~(1/2))+1/2%b/d"3*e"2*dilog((c*x (-d*e) " (1/2)-e*x (c*xx™ (1
/2)-1)-e)/(cx(-d*e) " (1/2)-e))+1/2xb/d"3*e"2xdilog((c*(-d*e) " (1/2)+e* (c*xx™ (1
/2)-1)+e) /(cx(-d*e) " (1/2)+e))-a*e”2/d"3*1n(c " 2*exx+c”~2*d)-1/2*b/d"3*e~2xdil
og((c*x(-d*e)~(1/2)-ex(1+c*x~(1/2))+e)/(cx(~d*e)~(1/2)+e))-1/2%b/d"3*e~2*dil
og((c*x(-dxe)~(1/2)+ex(1+c*x~(1/2))-e)/(cx(~d*e)~(1/2)-e))-1/4*c~4*b/d*1n(c*
x~(1/2)-1)+1/4*c”4xb/d*1n(1+c*x”~(1/2) ) +b*arctanh(c*x~(1/2))/d"2*e/x-1/6*b*c
/d/x”(3/2)+bxc*xe/d~2/x~(1/2)-1/2%b*c~3/d/x~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 (Zezlog(ex+d)_26210g(x)_Zex—d)+bf 10g(C\/§+1) b log(—c\/E+1)

54 3 3 2+2 7 5
2 d d dox Z(exE + dxi)\/i 2(69(E + dxi)\/i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="maxima"

[Out] -1/2xax(2*e”2*log(e*x + d)/d"3 - 2xe"2xlog(x)/d"3 - (2*exx - d)/(d"2*x"2))
+ bxintegrate(1/2xlog(c*sqrt(x) + 1)/((exx~(7/2) + d*x~(5/2))*sqrt(x)), x)
- bxintegrate(1/2*log(-c*sqrt(x) + 1)/((exx~(7/2) + d*x~(5/2))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

ext + dxs

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”(1/2)))/x73/(e*x+d) ,x, algorithm="fricas")
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[Out] integral((b*arctanh(c*sqrt(x)) + a)/(exx"4 + d*x"3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx*x(1/2)))/x**3/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

(ex + d)x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*xx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((e*xx + d)*x”3), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)

245




100

(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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